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Abstrakt: Hlavmm cilem disertace je prozkoumat moznost spontanniho narusenf 

symetrie prostrednictvfm silne yukawovske interakce. Technicky se 
pfedpoklada naruseni symetrie skalarnimi a fermionovymi propagatory 
spise nez skalarnimi vakuovymi stfednfmi hodnotami. Myslenka 
je nejdfiv ukazana na pfikladu jednoducheho modelu s abelovskou 
symetrii a posleze aplikovana na realisticky model elektroslabych in- 
terakcf. Disertace se navic zabyva nekterymi obecnejsimi, modelove 
nezavislymi otazkami, tykajfcfmi se nejen diskutovaneho modelu silne 
yukawovske dynamiky, ale rovnez sirsf tffdy modelu s dynamickym gen- 
erovanim fermionovych hmot. Prvni z techto otazek je problem mixingu 
fermionovych „flavoru" za prftomnosti fermionovych self-energii s obec- 
nou impulsovou zavislostf. Konkretne je diskutovano, jak v takovych 
modelech definovat CKM matici, ktera, jak je ukazano, muze vyjit 
v principu neunitarni. Dalsi otazkou je problem pocftam hmot kali- 
bracnich bosonu v pripade, ze je symetrie narusena fermionovymi self- 
energiemi. Krome odvozeni vzorce pro hmotovou matici kalibracnich 
bosonu jsou take nalezeny korekce k souvisejici Pagelsove-Stokarove 
formuli. 
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Conventions and notations 



For reader's convenience we list here some of the conventions and notations which are used 
throughout the text: 

• We use the "natural" units, i.e., we set c = h = 1. 

• A four-vector is denoted as p = (po,Pi,P2,P3) an d a three-vector as p = (pi,P2,P3)- 

• For the Minkowski metric tensor we use the "West Coast" convention, i.e., 



/ i o o o \ 
o-ioo 

0-10 

\0 -1 J 



(1) 



Thus, for a dot-product of two four- vectors p and k we have 

P ■ k = g^k'' = p k -pk. (2) 

According to the sign of the quadrate p 2 = p ■ p, we call a four- vector p 

time-like ^> p 2 > , 
light-like (null) <^> p 2 = , 
space-like -v^ p 2 < . 

The 75 matrix is defined as 75 = i7°7 1 7 2 7 3 . 
We will frequently use the chiral projectors 

ft-^, ft-^3S (3 ) 

and correspondingly the left-handed and right-handed fermion fields ipi = P^ip and ipR = 
/'/,".•• 

For the totally antisymmetric Levi-Civita tensor (symbol) e^ vpa we adopt the sign con- 
vention £0123 = +1- 

Charge conjugation ip c of a bispinor ip is defined as (for details see appendix [Aj) 

^ = C^ T . (4) 

Analogously to (j4j), we define also the "charge transpose" A c of a matrix A in the Dirac 
(bispinor) space as 

A c = CA T C- 1 . (5) 
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CONVENTIONS AND NOTATIONS 



The Pauli matrices are denoted by cr's (rather than by r's): 

*1 = ( J J ) , *2 = ( j J , ^3 = ( o ) - (6) 

We define operator d as /<9 M g = f{d tx g) — (d^f)g. 

The Feynman "slash" notation for four-vectors (j> = p^j^) or partial derivatives (0 = 
will be extensively used throughout the text. 

In analogy with the standard Dirac conjugation for bispinors z/> = V> 7o we a l so define 
"Dirac conjugation" for matrices: 

A = 7o^7o- (7) 



Apart from the normal commutator [A, B] = AB — BA of two matrices A and B, we 
define also the "generalized commutator" 

{A,Bj ee AB-BA. (8) 



The trace is denoted by Tr and is always taken over all indices. If some indices are not 
traced over, it is explicitly indicated. 

The zero and unit matrices are most often denoted simply as and 1, respectively. Oc- 
casionally, the symbols and 1 are used as well, in order to emphasize their matrix 
character. If the matrix dimension is not clear from the context, we indicate it by a 
subscript. 

Convention for representing the Green's functions in Feynman diagrams is the following: 
Full Green's functions: a black blob 

1PI Green's functions: a shaded blob 





Chapter 1 
Introduction 



1.1 Electroweak and chiral symmetry breaking 

One of today's experimental certainties is the following observed elementary particle spectrum. 
First of all, there are three generations of massive and electrically charged fermions^, the quarks 
and the charged leptons. On top of these, there are three electrically neutral fermions, the 
neutrinos, at least some of which having non-zero, though as yet undetermined masses. And 
finally, these "standard" fermions interact in a specific way with the vector (i.e., spin-1) bosons: 
with eight massless gluons and with four electroweak (EW) vector bosons: with the massless 
photon, the massive Z boson and two equally heavy W + and W~ bosons. 

So much for what experimentalists tell us, let us now focus on theorists' achievements. The 
way how to arrive at a consistent^] interacting quantum field theory (QFT) of fermions and 
vector bosons has been known already for a long time. It is the gauge principle, whose essence 
is, broadly speaking, the requirement of invariance of the Lagrangian under local (position- 
dependent) action of some Lie group. This requirement leads to necessity of introducing the 
appropriate affine connection - the coveted vector gauge bosons. The gauge principle was 
originally formulated with Abelian U(l) group and eventually generalized by Yang and Mills 
jlj to non-Abelian groups. 

As formulated, the gauge principle can be directly applied only to interactions of fermions 
with the photon and with the gluons. The former case is the famous quantum electrodynamics 
(QED) with the underlying symmetry group being the Abelian electromagnetic U(l) em one, 
whereas the latter case is the no less famous quantum chromodynamics (QCD) with the non- 
Abelian symmetry group §U(3) C . 

However, the Z and W bosons cannot be incorporated into this scheme that straight- 
forwardly. Generally speaking, the problem is in their massiveness: Directly applied gauge 
principle yields strictly massless vector bosons. In order to overcome this problem, another 
deep QFT result has to be invoked: the Nambu-Goldstone (NG) theorem El [7j. It con- 
siders the situation of the spontaneous symmetry breaking (SSB), i.e., the situation when the 
symmetry of the equations of motion (i.e., of the Lagrangian) is higher than the symmetry of 
their solutions (i.e., in particular of the vacuum state and of the Green's functions). The NG 
theorem states that if the symmetry in question is global (position-independent), then there 
emerge certain number of massless scalar (i.e., spin-0) states in the spectrum, the NG bosons. 

The crucial non-trivial finding [SJ M, EE] , called the Englert-Brout-Higgs-Guralnik-Hagen- 
Kibble mechanism or shortly just the Higgs mechanism, is that the NG theorem can be fruitfully 

1 By "fermions" we will always mean "spin-^ fermions". 

2 By "consistent" we mean merely "renormalizable" . We neglect here the question of short distance behavior 
of the theory, as well as much deeper question whether an interacting QFT does exist at all [5] . 
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combined with the gauge principle. That is to say, one can consider the situation of spontaneous 
breaking of a local rather than a global symmetry. In such a case no NG bosons appear, but 
instead some of the gauge bosons obtain mass. Number of such massive gauge boson is the 
same as the number of the NG bosons, present if the broken symmetry were global. In terms of 
the degrees of freedom it can be interpreted as that the "would-be" NG bosons are transformed 
into the longitudinal polarization states of the gauge bosons. This is often paraphrased as that 
the gauge bosons become heavy by "eating" the NG bosons. 

The observed spectrum of the EW gauge bosons together with the pattern of their mutual 
interactions, as well as their interactions with fermions, can be accommodated by the assump- 
tion of electroweak symmetry breaking (EWSB). That is to say, one first assumes existence of the 
EW gauge symmetry with the underlying group SU(2)l x U(1)y, corresponding to four massless 
gauge bosons. Subsequently, this gauge symmetry is assumed to be spontaneously broken down 
to its electromagnetic subgroup U(l) em , leaving only one gauge boson, the photon, massless, 
whereas the other three ones, Z and W ± , obtain this way no n- vanishing masses. 

Another issue are the fermion masses. They are protected by any symmetry that treats 
independently the left-handed and the right-handed components of the fermion fieldsJl A 
symmetry of such properties is called chiral. The electroweak symmetry is chiral, hence not 
only the gauge boson, but also the fermions are massless at the level of Lagrangian. 

However, mere EWSB does not necessarily imply that the fermion masses are no longer 
protected. The problem is that there may exist a larger chiral symmetry than the electroweak 
one. In fact, the "minimal" Lagrangian consisting only of the standard fermions and their 
electroweakly symmetric interactions enjoys the rather large symmetry0 U(3) g£ x \](3) UR x 
V(3)d R x U(3)i L x U(3) ej! , which is obviously chiral. Of course, it contains the gauged symmetry 
U(1)y as a subgroup and also some of its subgroups are anomalously broken. Still, however, 
even though the electroweak symmetry gets broken, there remains enough chiral symmetry 
to protect the fermion masses. Of course, unless something breaks somehow (explicitly or 
spontaneously) this residual chiral symmetry. 

Thus, (almost) all that remains to satisfy a theorist's mind in the quest of finding a consistent 
QFT framework describing the Nature is to invent a suitable mechanism(s) of the electroweak 
and chiral symmetry breaking. That is to say, to enhance the currently observed particle spec- 
trum and its electroweakly symmetric interactions with some new dynamics (to be eventually 
experimentally observed), being at the level of Lagrangian electroweakly symmetric too and 
making the two required jobs: First, to spontaneously break the electroweak symmetry and 
second, to break (explicitly or spontaneously) the chiral symmetry. Needless to say that the 
latter implies the former, but the reverse is not true. 

1.2 Ways out 

A suitable mechanism of EWSB (and of chiral symmetry breaking) remains an open question, 
experimental as well as theoretical. To date there are no experimental clues. On the other hand, 
being one of the most urgent issues of the last decades' particle physics, there are naturally many 
theoretical proposals of such a mechanism, though none of them being completely satisfactory 
and widely accepted. 

The most prominent example of models aspiring to account for the EWSB is no doubt the 
Standard Model (SM) [TTJ [T21 [32] • There are at least three reasons for its popularity: It is 



3 Strictly speaking, this is true only for the fermion masses of the Dirac type, not of the Majorana type. 
4 For simplicity we assume at the moment that there are no right-handed neutrinos. 
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historically the first such model, it is in a way a minimal EWSB model and finally it is "user- 
friendly" in the sense of allowing for perturbative calculations. The SM introduces an SU(2)l 
scalar doublet, known as the Higgs doublet. The key ingredient is the form of its potential, 
chosen in such a peculiar way that the electrically neutral real component of the Higgs doublet 
develops a non- vanishing vacuum expectation value (VEV), breakingthe electroweak symmetry 
down to the electromagnetic one. The Higgs doublet also inevitabhxl couples to fermions. The 
corresponding Yukawa interactions happen to break explicitly all chiral symmetries except for 
those being a subgroup of the EW symmetry. Thus, after EWSB no residual chiral symmetry 
remains to protect the fermion masses, which indeed emerge as products of the Yukawa coupling 
constants and the Higgs field VEV. 

The SM can be generalized by assuming other scalar representations than one doublet. The 
common feature of such generalizations is more free parameters, allowing for better parame- 
terization of observed phenomena such as neutrino masses, CV violation, etc. Most straight- 
forwardly, one can consider two scalar doublets and arrive at the Two-Higgs-Doublet Model 
(2HDM) [131 UJ)]. While in SM there remains after EWSB only one real scalar degree of freedom 
(the Higgs boson), whose mass is the only free parameter of the EWSB sector, in 2HDM the 
situation is considerably more complicated and allowing for richer phenomenology. Further, 
instead of adding just more doublets, one can also consider a scalar triplet p21 [El EE] , charged 
singlet P32 [2D] and doubly charged singlet [211 [22] ■ All possibilities can be naturally combined. 

One of the virtues of these models with condensing scalars (MCS) is their "transparency" in 
the sense that the particle spectrum is directly readable from the Lagrangian. This is connected 
with another positive feature, that they are weakly coupled^ and thus practical, as one can use 
the perturbation theory. On the other hand, these models have also certain drawbacks. For 
instance, they always possess at least as many free parameters as there are distinct massive 
fermions, since their masses are proportional to the Yukawa coupling constants. In other words, 
the hierarchy of fermion masses is not explained, but merely parameterized^ 

However, the most serious problem of the MCS is probably the one connected with the very 
assumption of the existence of elementary scalars. Unless there is some special symmetry, the 
scalar masses are not stable against quadratic radiative corrections. In other words, they tend 
to be of order of the theory's cut-off, which is presumably either the grand unification scale 
(10 15 — 10 16 GeV) or even the Planck scale (10 19 GeV). On the other hand, the scalar masses 
should be at the same time well below the theory's cut-off. This follows from the requirement 
that the Landau poles of the scalar self-couplings, which are proportional to the scalar masses, 
do not occur below the theory's cut-off. In order to keep scalar masses reasonably low one has 
to fine-tune their bare masses with an incredible accuracy, which is considered unnatural [23J. 
This mismatch between the "natural" and the "required" values of the scalar masses is just the 
hierarchy problem of the SM (and generally of all MCS). 

One way out is to invent some kind of symmetry protecting the scalar masses, in much the 
same way as the chiral symmetry protects the fermion masses. Such symmetry has been really 
invented [2H [221 [2S1 [23 [2E1 [2H] and is known as the supersymmetry (SUSY). Its characteristic 
feature is presence of both fermions and bosons in the same irreducible representations, the 
supermultiplets. Thus, if SUSY is unbroken, the protection of fermion masses by the chiral 
symmetry implies protection of masses of the scalars from corresponding supermultiplet. 

5 According to the Gell-Mann's Totalitarian principle: "Everything not forbidden is compulsory." 
6 Perhaps with the exception of the top quark Yukawa coupling(s). 

7 A philosopher would assert that after all any physical theory is merely a parameterization of experimen- 
tal data and there is nothing such as an "explanation" . Still, there are better parameterizations and worse 
parameterizations and one of the criteria how to distinguish one from another is the number of their tunable 
parameters. 
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The first and most straightforward attempt to apply the general idea of SUSY on the SM 
is the Minimal Supersymmetric Standard Model (MSSM) [301 13T1 [32] . It invokes the M = 1 
SUSY algebra and puts the standard fermions and the SM gauge bosons into the chiral and 
gauge supermultiplets, respectively. In order to avoid the gauge anomaly it postulates two 
Higgs doublets (thus, the MSSM includes as a part the 2HDM) and puts them into chiral 
supermultiplets. 

If SUSY were exact, we would observe for each particle also its superpartner with the 
same mass and the spin differing by 1/2. However, none of those superpartners has been 
observed. Thus, SUSY has to be broken. Moreover, it has to be broken softly, i.e., in such a 
way that the very reason for using SUSY, i.e., stabilizing the Higgs mass, is not jeopardized. 
Actually, finding a reliable mechanism for such SUSY breaking appears to be probably the 
most serious theoretical problem of the MSSM (and of its various non-minimal extensions), 
although proposals of solutions do exist. Anyway, from phenomeno logical point of view the 
best one can do at the moment is to merely parameterize this soft SUSY breaking. This 
is achieved by breaking SUSY explicitly by adding operators with positive mass dimension 
into the Lagrangian. Such SUSY breaking has the desired property that the scalar masses 
are renormalized only logarithmically. On the other hand, it also introduces many new free 
parameters into the model, as is after all common when dealing with a phenomenological 
Lagrangian. In fact, these form the vast majority of those infamous 124 free parameters [33] of 
MSSM. 

Another way of tackling the problem of EWSB is to realize that EWSB actually does happen 
due to already known dynamics, namely due to the QCD dynamics of quarks and gluons. 
Broadly speaking, as the QCD dynamics becomes strong at the scale Aq CD ~ 200 MeV, the 
quarks form condensates that break their chiral symmetry. The point is that at the same time 
these condensates break also the EW symmetry, just according to the correct pattern, i.e., down 
to the U(l) em - Moreover, the ratio of the resulting masses of the EW gauge bosons is correct 
in the sense that p = lJl However, there is a slight problem that the very magnitude of these 
masses is about 2 600 times smaller than the experimentally measured values. Another problem 
is the fermion mass spectrum: As the QCD dynamics breaks the quark chiral symmetry down 
to the vectorial subgroup SU(iVf) (in the case of Nf quarks), whereas the chiral symmetry in 
the lepton sector remains unbroken, the net result of QCD is that the quarks come out all 
equally massive and the leptons remain all equally massless, both with flagrant contradiction 
with experiment. 

Nevertheless, the inspiration is obvious. Most straightforwardly, one can assume [3H [35] 
that on top of the color gauge symmetry SU(3) C there exists also its "scaled-up copy". That is 
to say, there exists so called technicolor (TC) gauge symmetry with the corresponding group 
Gtc being SU(A^rc) an d new fermions called the technifermions (sometimes referred to as the 
techniquarks, in order to emphasize the analogy with QCD), being, analogously to the ordinary 
quarks, charged under both TC and EW groups, so that their condensates contribute to the 
EW gauge boson masses. The scale Atc, at which TC dynamics becomes strong, must be 
about roughly Atc ~ 500 GeV in order to account for the measured magnitudes of EW gauge 
boson masses. 

However, since the TC dynamics couples only to the technifermions, the mass spectrum 
of the standard fermions remains unaffected by it. In order to fix this problem the class of 
Extended TC (ETC) models was invented [SSlEZ]- The basic idea is to gauge the flavor (gener- 
ation) symmetry of the standard fermions and include in the representations of the correspond- 
ing gauge group Getc also the technifermions. Obviously, by construction it is Gtc C Getc 



8 For the precise definition of the p-parameter see Eq. (I6.25[) thereinafter. 
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and actually it is assumed that Getc is spontaneously broken down to &rc- As the standard 
fermions and the technifermions are coupled to each other, the consequent technifermion chiral 
symmetry breaking gives rise also to standard fermion masses. 

The simple picture sketched above, with the TC dynamics being just a scaled-up version of 
QCD, turned out to be a bit too naive from the phenomenological point of view. Thus, the idea 
of walking was proposed [381 ESJ HHJ UH H2] : The TC dynamics is such that the corresponding 
coupling constant does not run, like in QCD, but rather walks, i.e., stays almost constant over 
a large extent of scales. 

The two paradigms described above, the SUSY extensions of SM and the ETC theories, are 
probably the most popular classes of models, describing the anticipated (and experimentally 
searched for) physics beyond SM. This by no means means that no other proposals exist. To 
mention at least some them: There are ideas like the Top quark condensate (121111] and Topcolor 
[15] HB] models, inspired by the surprisingly large mass of the top quark. There are attempts 
known as the Little Higgs models |171 HH H9] trying to explain the lightness of the Higgs boson 
by assuming that it is a pseudo-NG boson of some spontaneously broken approximate global 
symmetry. There are models of EWSB based on the assumption of existence of extra dimensions 
[50J. And finally, is has been also recently attempted to gauge the fermion flavor symmetries 
in an ETC manner, but without introducing the technifermions and the corresponding TC 
dynamics [511 |52j [53] . 

1.3 This thesis 

This thesis concerns with three main topics, being mutually thematically related, but possessing 
a different level of originality and generality. 

1.3.1 Strong Yukawa dynamics 

Most of the models of EWSB mentioned in the previous section contains either weakly coupled 
elementary scalars, or strongly coupled gauge bosons. There is also a third logical possibility 
- the strongly coupled elementary scalars. One particular realization of this possibility was 
proposed in Refs. jSU [55] JH1 The key idea is that it is not solely the scalar dynamics (i.e., 
the self-couplings in the scalar "potential") which is responsible for the EWSB, but rather the 
Yukawa dynamics. More precisely, mutual interactions of scalars and fermions are assumed to 
form EWSB propagators of both the scalars and the fermions. In order to do so, the Yukawa 
dynamics must be presumably strong. 

As can be inferred from the thesis' name, building of such a model of EWSB based on a 
strong Yukawa dynamics is its leading (but by no means the only) subject. However, instead of 
jumping directly into the realm of EW interaction, first in part [I] we show the main ideas on a 
simple toy model, in which only an Abelian U(l) symmetry is broken dynamically via the non- 
perturbative solutions to the equations of motion. Since the full model of EW interactions will 
be rather complicated (at least numerically), the Abelian toy model can serve as a laboratory for 
exploring some general features, which hold even in the more complicated EW SU(2)l x U(1)y 
model. 

The "Abelian" introduction in part His done in two consecutive steps: First, in chapter |2]we 
give a more intuitive and diagrammatical introduction to the very idea with the emphasis on the 
differences from the MCS. Second, in chapter [3] we redo the analysis from the previous chapter 



Strongly coupled scalars have been employed, for instance, also in the context of SUSY in Ref. |56| . 
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in a more formal way, relying less on intuitive diagrammatical considerations and allowing 
better for eventual generalization in next part. 

Only in partHJJwe apply the idea of strong Yukawa dynamics on a realistic model of EWSB. 
First, in chapter H] we define the model in terms of its Lagrangian and the particle content 
and present in this context also a convenient parameterization of the fields. In chapter [5] we 
prepare the ground for the eventual demonstration that the EWSB by strong Yukawa dynamics 
is possible; technically, we construct the space of the propagators (the Ansatz) on which we 
will be looking for the EWSB solutions. Finally, in chapter E] we write down the relevant 
equations of motion whose solutions are expected to exhibit the coveted EWSB. We give also 
some numerical evidence that the proposed scenario is viable and the concept is not empty. 

The parts HI and HT1 are based on Refs. [SS1[57| and [Ml EE], respectively, but treat the subject 
in more detailed and technical way. 

1.3.2 Fermion flavor mixing in models with dynamical mass gener- 
ation 

The model of EWSB with strong Yukawa dynamics, discussed in part [Til brings some more 
general, model-independent questions, which are common for a wider class of models with 
dynamical fermion mass generation, including in particular also the ETC models. 

The first of such problems, discussed in this thesis, is the problem of fermion flavor mixing. 
Let us first briefly review how it is treated in MCS. Once the scalars develop their VEVs, the 
Yukawa coupling terms give rise to fermion bilinear terms - the mass terms. However, as the 
Yukawa interactions tie together fermions from different generations, so do consequently also 
the resulting fermion mass terms. In other words, one ends up with fermion mass matrices 
which are in principle arbitrary complex 3x3 matrices. In particular, they are generally not 
diagonal. However, the mass spectrum is easily revealed by looking for their eigenvalues. It 
is also comfortable to have the Lagrangian expressed directly in terms of the fermion fields, 
creating and annihilating the fermions with definite masses. Such a basis of fermion fields is 
called the mass eigenstate basis and obviously it is the basis in which the mass matrices are 
diagonal (and non-negative). It can be obtained by unitary rotations of the original basis. 

The original basis is commonly referred to as the weak eigenstate basis. The reason for 
that is that the interaction terms of the fermions and the EW gauge bosons are in this basis 
flavor- diagonal (i.e., they do not link together fermions from different families). However, in the 
course of mass-diagonalization of the Lagrangian this changes: Applying the above mentioned 
unitary transformations of the fermion fields leads to the emergence of non-diagonal flavor 
transitions in the charged current interaction Lagrangian, i.e., in the interaction Lagrangian of 
fermions with the W ± bosons J*°l Strength of such inter-flavor interactions is in the quark sector 
parameterized by the 3x3 Cabibbo-Kobayashi-Maskawa (CKM) matrix in the flavor space, 
which is by construction automatically unitary. 

So much for the situation in the MCS. The main lesson is that in these models the treatment 
of the fermion flavor mixing relies on the presence of mass matrices in the Lagrangian. In models 
with dynamical fermion mass generation, however, the situation is different. Typically, instead 
of constant, momentum-independent mass matrices in the Lagrangian one obtains rather their 
momentum-dependent generalizations - the fermion one-particle irreducible (1PI) parts of the 
propagators, the self-energies. Due to their momentum dependence they cannot be interpreted 
as Lagrangian quantities and hence it is not a priori clear how to treat the fermion flavor 

10 Interestingly enough, the interactions with photon and the Z boson remain flavor-diagonal, so that there 
are no flavor changing neutral currents (FCNC) at the tree level. 
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mixing: How to define the mass eigenstate basis and how to (in the case of quarks) define and 
calculate the CKM matrix. 

This question is discussed in part |TTT] and a solution is proposed. It is shown that de- 
pending on details of momentum dependencies of quark self-energies the appropriately defined 
CKM matrix can be in general non-unitary. As this subject is discussed thoroughly already in 
Rcf. [59J , the part IIHI is relatively concise and consists only of chapter [7J 

1.3.3 Gauge boson masses 

Another model-independent problem common in various models with dynamical fermion mass 
generation is the problem of the gauge boson masses. Typically the situation is as follows: There 
are some fermion fields, sitting in representations of some gauge group (not necessarily a simple 
one). Some dynamics (whose precise details are not essential for the present discussion) generate 
self-energies of these fermions, which in turn induce breaking of the gauge symmetry down to 
some of its subgroup (not necessarily the trivial one). Thus, as the SSB is "proportional" to 
the fermion self-energies, so must be also the resulting non-vanishing masses of some of the 
gauge bosons, arising due to the Higgs mechanism. 

The question how to calculate the gauge boson masses in terms of the fermion self-energies 
is discussed in detail in part[IVl Although the issue has already been discussed in the literature, 
we present more systematic and more general treatment and find some flaws in the way it has 
been treated in the literature so far. Namely, we point out the problem of symmetricity of 
the gauge boson mass matrix. Although we improve the situation at least to the extent that 
we can calculate the mass matrix of the EW gauge bosons as symmetric (assuming arbitrary 
number of fermion generations and the most general fermion mixing, as well as contribution 
from massive Majorana neutrinos), in more general theories (depending on the gauge group 
and the fermion representations) the problem resists. This is one of the reasons why the results 
obtained in part [TV] have not been published yet. 

Part |IV] is organized as follows: First, in chapter [8] we review, primarily for the sake of 
establishing the notation, some "textbook" facts and state the key assumptions under which 
we in the subsequent chapter [9] derive the master formula for the gauge boson mass matrix 
in terms of the fermion self-energies. The chapters [TU] and [TT] are then dedicated to specific 
application of the general gauge boson mass matrix formula on the Abelian toy model and 
EWSB model from parts [I] and Ull respectively. 

1.3.4 Appendices 

In order to make the text reasonably self-contained, we also, after summarizing and concluding 
in chapter [12j provide for the reader's convenience several appendices. In appendix [A] we define 
the notion of fermion charge conjugation and state some of its properties. Appendix [B] is 
devoted to reviewing the way how to quantize a general fermion field. We introduce for this 
purpose the method of Faddeev and Jackiw, which we later, in appendix [UJ apply also to the 
more constrained Majorana fermion field. In appendix |D] we discuss possible parameterizations 
of multicomponent fermion fields with the emphasis on the Nambu-Gorkov formalism, which 
is used extensively throughout the main text. Similar analysis, although in less detail, is done 
also for multicomponent scalar fields in appendix [Ej 



CHAPTER 1. INTRODUCTION 



Part I 
Abelian toy model 



29 



Chapter 2 

An informal introduction 



In this chapter we give a brief, less formal but more intuitive introduction to the very idea of 
breaking a symmetry by scalar two-point functions, rather than by a one-point function. For 
this purpose we employ a toy model with underlying Abelian symmetry. The idea will be, still 
on the example of an Abelian symmetry, rephrased more formally in the next chapter [3] and 
eventually, in the subsequent part [HI applied on a realistic model of spontaneous breaking of 
the electroweak symmetry. 

This chapter, as well as the following one, is based on Refs. 15 7\ . 

2.1 Motivation 

We consider a complex scalar field <fi and a massless fermion field if). Their Lagrangian reads 

£ = ^ + (^0)t(^0)-^(0) + £ Yukawa , (2.1) 
with the scalar potential given by 

V{<j>) = M 2 0V+^A(0V) 2 (2.2) 
and the Yukawa part assumed to be 

^Yukawa = ]j4 ] R<t> + V" V W 'L<f>* ■ ( 2 -3) 

The Yukawa coupling constant y can be in fact considered real without loss of generality. Indeed, 
if we write y = \y\e ia , we can always eliminate the phase e 1Q by redefining, e.g., <f> — > e ia <ft. We 
will deliberately keep y complex, however, as it will help us to keep track of which of the two 
interaction terms in (I2.3P will be actually used in the particular vertices of the loop diagrams 
later on. 

Notice that the Yukawa interactions (12. 3p are not the most general ones, they are postulated 
to have a rather special form. In particular, the terms 

^Yukawa = V'^L^R^ + v'^R^L^ (2.4) 

would have to be included in order to have the most general Yukawa interactions. 

Let us investigate the symmetries of the Lagrangian. First, we observe that the Lagrangian 
remains invariant under the phase transformation of the fermion field, if) — > [if)]' = e ia if), i.e., 
under the vectorial symmetry U(l)v- This corresponds to the fermion number conservation. 
Apart from this (rather uninteresting) vectorial symmetry, the Lagrangian is invariant also 
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under axial U(1)a symmetry, which is going to play a more important role in our considerations. 
Unlike the vectorial symmetry, the axial symmetry acts not only on the fermion, 

U(1) A : ip — ► M = e iQe75 7/>, (2.5a) 

but also on the scalar: 

U(1) A : — ► [0]' = e" 2i ^0, (2.5b) 

where 9 is the parameter of the U(1)a transformation and Q is the axial charge. Notice that 
the Lagrangian ( 12. ip is invariant under U(1)a, (I2.5p . due to the absence of the Yukawa terms 
of the type ( 12. 4p . One can view it also from the opposite perspective: The terms ( 12. 4p are 
forbidden by the requirement of U(1)a invariance. 

Notice that the axial U(1)a symmetry is in fact anomalously violated. We will ignore this 
problem in this chapter; in fact it can be (and will be, in the next chapter) easily fixed by 
introducing additional fermions with appropriately chosen axial charges. 

The basic observation is that potential fermion mass terms 

£mass = -m^ L 1p R + \l.C. (2.6) 

are forbidden by the underlying axial symmetry U(1)a- Thus, in order to generate the fermion 
mass, the axial symmetry has to be broken somehow. This breaking may be either explicit 
(i.e., by suitable symmetry-breaking terms, added to the Lagrangian) or spontaneous (i.e., by 
symmetry-breaking solutions of the equations of motion). Here we are going to explore the 
latter possibility, because later on, in part [TT1 we will apply the ideas of the present Abelian toy 
model to the realistic model of electroweak interaction, where the spontaneous breaking of the 
symmetry is a must if one insists on a renormalizable theory of massive vector bosons. 

We are now going to check what are the actual possibilities of breaking spontaneously the 
axial symmetry. Before doing that let us just remark that the spontaneous symmetry breaking 
(SSB) will be in any case a non-perturbative effect: If a Lagrangian (in particular its interaction 
part) possesses some symmetry, then the symmetry is preserved at any order of the perturbative 
expansion. 



2.2 SSB by a one-point function 

First of all, let us see how the task of spontaneous breaking of the axial symmetry and the 
associated fermion mass generation is solved traditionally: We review here basically the 0(2) ~ 
U(l) linear a-model (601 E] (whose generalizations lie in the very heart of the MCS). The key 
assumption is that scalar "mass" squared (or more precisely, the scalar mass parameter in the 
potential ( 12. 2p ) is negative: M 2 < (but still with A > 0, in order to have the Hamiltonian 
bounded from below). In consequence the classical scalar field configuration which minimizes 
the Hamiltonian, the "vacuum", is not 0o = 0, but rathei0 



with 



-2M 2 

« = \/^— • ( 2 - 



x Wc deliberately choose </> to be real. 
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The quantization process basically consists of quantizing the field fluctuation around the 
vacuum - the classical minimum 0o- Thus, in our case, the true dynamical variable to be 
quantized is not 0, but rather its shifted value — 0o- In the language of the quantum field 
theory we say that the scalar field develops the non-vanishing vacuum expectation value 
(VEV) 

(0) ee (O|0(*)|O> = JL. (2.9) 

Now we can conveniently rewrite the original complex field as 

= -^(v + a + m), (2.10) 

where a and tt are real fields, whose VEVs are by construction vanishing. Upon plugging this 
decomposition into the Lagrangian (12. ip and using the definition (12.81) of v we find that a 
(whose analogue in the SM is known as the Higgs boson) has the non-vanishing mass 



M a = V-2M 2 (2.11a) 

= y/\v, (2.11b) 

while tt is massless, 

M n = . (2.12) 

The Green's one-point function (12. 9p is obviously non- invariant under the U(1)a- Thus, 
the axial symmetry is spontaneously broken (with the corresponding NG boson being just the 
massless pseudo-scalar field tt) and the fermion's masslessness is no longer protected. Indeed, 
upon performing the shift — > — 0o i n the Yukawa Lagrangian (12. 3 p the fermion mass terms 
(12. 6p emerge, with the mass^] m given by 

m = ~y. (2.13) 

Finally, note that the SSB of the axial symmetry is really a non-perturbative effect, as advertised 
above, since the expression (I2.8P for v is non-analytical at A = 0. 



2.3 SSB by a two-point function 

In the previous section the axial symmetry was broken by formation of the scalar's one-point 
function (0), (12 .9p . It is natural to ask whether it is possible to break the axial symmetry 
also by some other Green's function, non-consistent with the axial symmetry. Apart from the 
one-point function, the next-to-simplest possibility is a two-point function - the propagator. 
The ordinary two-point function of the type (00^) (or, equivalently, (0^0)), however, does not 
serve well for this purpose, since it is invariant under the axial symmetry. However, there is 
another possibility: the function (00) (or (0^0^)), which clearly violates the axial symmetry. 

A detailed and more formal discussion of the very mechanism of generating such "anoma- 
lous" two-point functions is going to be the topic of the next chapter. Now we choose to discuss 

2 What we inconsistently call here the fermion "mass" , should be more appropriately called merely a fermion 
"mass parameter". The actual mass, i.e., the pole of the fermion propagator, is of course given by |m|. 
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these issues at more intuitive and heuristic level, focusing mainly on the consequences for the 
particle spectrum. 

Let us begin with the scalar itself; the following reasoning is adopted from [55]. For the 
sake of present considerations, we will consider the one-particle irreducible (1PI) part of (00) 
to be momentum-independent; later on when formalizing our considerations we will take into 
account a general momentum dependence. Thus, let us for the moment assume that the 1PI 
parts of the symmetry-breaking propagators of the type (00), (0'0 ) are somehow generated 
by means of the dynamics of the theory. Namely, we assume the 1PI scalar propagators (and 
the corresponding Feynman rules) to have form 

= - <(J)>- ~ = > ( 2 - 14a ) 

)ipi = - " = ( 2 - 14b ) 



vUt 



with fj, being a complex constant with the dimension of mass. The corresponding full propaga- 
tors are 

(2.15a) 



(P 9 „2* 



(p 2 -M 2 ) 2 - \n 2 \ 2 ' 

(2.15b) 



~(p 2 -M 2 ) 2 - |/i 2 | 2 



In derivation of the full propagators (I2.15P we assumed that the 1PI corrections to the "normal" 
propagators (00^), (<fi'<fi) vanished: 

(00t) lpi = _ - = 0, (2.16a) 

(0 f 0)lPI = " ►Qj^ " = - ( 2 ' 16b ) 

The assumption about the existence of the constant 1PI propagators (00)ipi, (0V^)iPi; (I2.14p . 
is equivalent to the assumption about the existence of the effective scalar quadratic terms of 
the type 00, 0^0^ in the Lagrangian: 

£scalar,frec = (^0)^0) - M 2 0+0 - ^* 2 00 ~ ~/^W ■ (2-17) 

Decomposing now the complex field to its real and imaginary part as 

= -L(0 1 + i0 2 ) (2.18) 

and appropriately rotating the real fields 01,2, one can diagonalize the free scalar Lagrangian 
(I2.17P and one finds the spectrum to be 

M 2 2 = M 2 ±H 2 . (2.19) 
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The corresponding mass eigenstates <p>i t 2 are real scalar fields and can be expressed as certain 
linear combinations of the original 0^2 fields: 



cos 9 — sin 9 
sin 9 cos 9 



y?2 



(2.20) 



or, more compactly, as [55] 
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where the mixing angle 9 is given by 



7=2 



tan26> 



((pi + 'vp 2 ) , 



Im /i 2 



(2.21) 



Re/x 2 



(2.22) 



Thus, in a nutshell, we conclude that the assumption about the existence of non-vanishing 
scalar two-point functions of the type (4>4>), {4> <l> ) inevitably leads to splitting of the complex 
scalar <ft with the mass M 2 into two real scalars (pi, <p2 with different masses M\ and Mf, 
respectively. 

Let us now turn our attention to the fermion. Once the axial symmetry is broken by 
formation of the scalar propagators (<p<f)), (cj^cfy), nothing protects the fermion from acquiring 
a mass. Recall that the potential fermion mass terms (12. 6p read 



C 



fermion. mass 



mij) L ijj R - m*if) R if) L . 



(2.23) 



Such effective mass terms are actually equivalent to the formation of 1PI parts of the fermion 
propagators, connecting the left-handed and right-handed chiral fields: 



{iPriPl) 1PI 



-imP R , 
—\m*PL . 



(2.24a) 
(2.24b) 



However, instead of seeking directly for the fermion mass m itself, let us consider its general- 
ization: The momentum-dependent complex self-energy S(p 2 ). The fermion 1PI propagators 
are therefore assumed to have form 



(ipRlpL) 



1PI 



1PI 




-i£(pV;? 



(2.25a) 



(2.25b) 



and the corresponding full propagators read 

{^l^r) = 

0>R^l) = 




1— — ^ - F L 



p 2 - |S(p 2 )| 2 

y - is(p 2 )i 2 



p 



R ■ 



(2.26a) 
(2.26b) 



36 



CHAPTER 2. AN INFORMAL INTRODUCTION 




Figure 2.1: Diagrammatical representation of the equation (I2.30p . Cf. the Feynman rules (j2.15p . 
(J2J25D, (1226]). 



Analogously to the scalar case, we again assumed that there are no 1PI corrections to the 
fermion propagators (4>l4>l), (4'r4 , r) (i-e., proportional to p, see appendix ID]) : 



(^r^r) 



1P1 



1PI 




(2.27a) 



(2.27b) 



Finally, it is also useful to see how the 1PI and full propagator of the fermion field ip = ipL + ipR 
look like: 



1PI 




-i[Z*(p 2 )P L + Z(p 2 )P R ], 



p 



|S(p»)|= 



(2.28a) 



(2.28b) 



Now we can see that with the self-energy X(p 2 ) the fermion mass squared m 2 can be easily 
revealed as the pole of the propagator. That is, as the solution of the equation 



m 



\Ti(m 



2\ 1 2 



(2.29) 



Now the question is how the fermion self-energy X(p 2 ) can be actually generated. The key 
role is here played by the symmetry-breaking scalar propagators (00), {(jycjy). For instance, 
the 1PI propagator (V'lV^ipi can be calculated via the loop diagram containing the full scalar 
propagator (00) , as depicted in Fig. 12.11 Using the explicit formulae f!2.15p , ( I2.25P , ( I2.26P for 



the propagators, the diagram in Fig. 12.11 can be translated as 



iS(p 2 



d 4 k 



(2tt) 4 k 2 - |S(P)| 2 [(k - p) 2 - M 2 } 2 - 



(2.30) 



A similar diagram as that in Fig. 12.11 can be drawn also for {iPri/jl)ipi, just instead of 
there would be rather (0^0^). Therefore only the substitution £ <r» S* and // — > /i* would have 
to be done in Eq. (12.30 p . together with y — > y*, as this time the second term of the Yukawa 
interactions (12. 3p would come into play. 
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The equation (I2.30P is an integral equation for the unknown complex function X(p 2 ). The 
equation is non-linear and homogenous: It obviously possesses the trivial solution £(p 2 ) = 0. 
We are of course seeking for a non-trivial solution. 

Notice the convergence properties of the integral in (I2.30P : It converges even for a con- 
stant fermion self-energy, since the kernel (the scalar propagator (00), fl2.15aj) ) asymptotically 
behaves like 1/fc 4 and the whole integrand thus as 1/fc 6 . The physical reason for this is the 
following: The scalar propagator (00) is in fact a difference of the propagators of the scalar 
mass eigenstates <pi, <f 2 , introduced in ( I2.20p : 



,2i0 



{(<Pm) - , (2.31) 



as can be shown using (I2.2ip (note also that, by assumption, {<pi<fi2) = ((/Wi) = 0)- Indeed, 
taking into account the relations (I2.19P and f!2.22p . the explicit form (12.1 5ap of (00) in terms 
of \i can be rewritten as 

1 2W 



(p 2 — M 2 ) 2 — |/i 2 | 2 ' 2 6 \p 2 -M 2 p 2 -M 2 )' ^ 2 ' 32 ^ 

which is nothing else than (I2.3ip . These convergence properties of the integral suggest that the 
resulting non-trivial solution S(p 2 ), if it exists, should be UV-fmite. In fact, we can estimate 
from the behavior of the kernel in (12.301) for large exterior momentum that £Qo 2 ) should behave 
like l/p 4 for large p 2 . 

Now that we have generated the fermion propagators (4>l4>r), {ipRtpi,), we can turn back 
to the question how the scalar propagators (00), (ft ft), whose existence was only assumed 
so far, can be generated. One could ask whether it is possible to draw Feynman diagrams 
for the scalar IPI functions (00)ipi, (0'0 )ipi in a similar way, as we have just done for the 
fermion propagators. Indeed, it turns out that with the fermion chirality-changing functions 
(^l^r), {^r^l) at disposal such diagrams can really be drawn. An example of such a diagram 
is depicted in Fig. 12.21 for the Green's function (00) 1PI . 

Before proceeding further it should be noted that the very existence of diagrams such as 
that in Fig. 12.21 forces us to revise our assumption that the IPI functions (00)ipi, (0V^)ipi 
are momentum-independent (i.e., proportional to complex constants fi 2 , /i 2 *, respectively). 
Instead, let us generalize the Eqs. (I2.14p in a similar manner as we did before for the fermion IPI 
propagators: Let us promote the constants /i 2 , fi 2 * to complex functions, i.e., to the momentum- 
dependent self-energies II(p 2 ), U*(p 2 ). That is, we assume that Eqs. (I2.14p now modify as 

(00)ipi = -ilV), (2.33a) 
(0 t t )iPi = -ilTV) (2.33b) 
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and the corresponding full propagators are given by 

n( P 2 ) 



' (p 2 - M 2 ) 2 - \U(p 2 )\ 2 



(2.34a) 



<*W = v-A")'-inwr (2 ' 34b) 

cf. f)2.15p . (We do not present the Feynman rules again, as they are of course the same as those 
in (I2.14p . (12.151) .) The scalar spectrum is now given by the equation 

Ml 2 = M 2 ±\U(Ml 2 )\, (2.35) 

which is just a generalization of (12.191) . 

Now we can write down the equation depicted diagrammatically in Fig. 12.21 

2 „ 2 r d A k £(fc 2 ) £((£;- p) 2 ) 

-i (p) - -2y J fc2 _ ^(^p ( fc _ p )2_ | E ((j fc _ p )2)|2 • ( 2 - 36 ) 

The minus sign on the right-hand side is for the fermion loop, while the factor of 2 comes from 
Tr [PlPl] — 2 (there is no combinatorial factor). Note that since the fermion self-energy £(p 2 ) 
presumably behaves like l/p 4 at large p 2 , the integral in (I2.36P does converge. In fact, it does 
converge as long as the S(p 2 ) decreases, no matter how slowly (the limit case is S(p 2 ) = const., 
in which case the integral (I2.36P diverges logarithmically). Consequently, since S(p 2 ) is a 
decreasing function, the equation (I2.36P suggests that IT(p 2 ) is a decreasing function too. 

Having upgraded the constant scalar propagators (</>0)ipi, (</>^)ipi, (I2.14p . to momentum- 
dependent ones (12.331) . we should also accordingly revise the Eq. (I2.30p for the fermion self- 
energy. Not surprisingly, the result is 

2 2 f d A k Z*(k 2 ) U{{k-p) 2 ) 

_1 ^ ~ V J (270* k2 - \^(k 2 )\ 2 l(k-p) 2 -M 2 ] 2 - |n((£;-p) 2 )| 2 ' (2 ' 3?) 

Notice that since H{p 2 ) is assumed to be a decreasing function, the convergence behavior of the 
integral (I2.30p has been actually improved. 



2.4 Summary 

Let us recapitulate the results of this chapter. While in the case M 2 < the axial symmetry 
is broken down by the dynamics of the scalar itself, through its VEV (i.e., constant one-point 
function (</>)), we have shown that in the case M 2 > the axial symmetry can be presumably 
broken by the common (i.e., Yukawa) dynamics of both the scalar and the fermion. The SSB 
of the axial symmetry is driven by the two-point functions of the type (cfxp) and (iPl^r), or 
more precisely, by their 1PI parts II and E. They are functions of momentum squared and are 
tight together by the system of equations (I2.36P and ( I2.37p . which we state here again for the 
reader's convenience]! 

-iU(p) - -2y J ^4 fc2 _ | E(jfc2) | 2 (fc _ p)2 _ | E((jfc _ p)2) | 2 > ( 2 - 38a ) 

_. y( 2) 2 [jPk_ s*(fc 2 ) n((fc- P ) 2 ) 

{P ' " J (27r) 4 k 2 - |S(A; 2 )| 2 [{k - p) 2 - M 2 ] 2 - \Tl((k - p) 2 )\ 2 ' K ' 



3 



Recall that y = \y\e la can be considered real, without loss of generality. The elimination of the e IQ by 
redefinition <fi — > e la cj), mentioned above, corresponds to redefinition IT — > e 2lQ IT in equations (j2.38[) . 
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In order to have SSB, these equations must posses some non-trivial solution (apart from the 
obvious trivial solution H(p 2 ) = S(p 2 ) = 0, corresponding to no SSB). 

The equations (12.381) are subset of the Schwinger-Dyson (SD) equations [SH E21 [63] . They 
can be understood as a formal summation of all orders of the perturbation theory, therefore 
they themselves are non-perturbative. This is in accordance with our previous claim that any 
SSB must be a non-perturbative effect. 

The SD equations constitute in principle infinite "tower" of coupled integral equations for 
all Green's functions of the theory, not only the two-point functions. For practical calculation 
one usually has to truncate this "tower" at some level. We truncated it at the level of three- 
point Green's functions, which we approximate by the bare ones. Although we will in the 
following chapters derive the SD equations in a more formal way, we will still use the same 
truncation scheme, i.e., we will always neglect the three- and more-point functions in non- 
perturbative calculations. (Nevertheless, there will be some perturbative calculations of the 
three-point functions.) 

Since the scalar mass M is the only mass scale in the Lagrangian, the fermion mass m, as 
calculated from the Eq. (12.291) . will necessarily have the form 



Here f(y) must be a function only of the Yukawa coupling constant y, since it is the only 
dimensionless parameter of the SD equations (12.381) . whose solution E is. This function is 
non-perturbative, i.e., non-analytic in y. Moreover, inspired by the situation in the Nambu- 
Jona-Lasinio (NJL) model [6U EH], where schematically f(y) ~ exp(— 1/y), one hopes that 
the a small change in y (within the same order of magnitude) might produce a much larger 
(by several orders of magnitude) change in f(y). Put another way, different Yukawa coupling 
constants, yet of the same order of magnitude, can potentially produce a large hierarchy in 
the fermion spectrum. This is to be compared with the situation in case of condensing scalar, 
Sec. 12. 2[ where the fermion mass m depends linearly on y: 



m 



Mf(y). 



(2.39) 



m 




(2.40) 
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Chapter 3 

Formal developments 



While the previous chapter served as a rather intuitive and informal introduction, now we are 
going to treat the same subject more rigorously and in more detail. In particular, we discuss 
here in detail which parts of the scalar and fermion self-energies are actually needed for the sake 
of demonstration of spontaneous breaking of the axial symmetry and we show how to arrive 
more decently at the Schwinger-Dyson equations, derived in the previous chapter in a rather 
clumsy way. Finally, we also give some numeric evidence of viability of the presented scheme. 

3.1 The model 
3.1.1 Lagrangian 

We consider a complex scalar field <fi and two species of massless fermions, ipi and ip2, with the 
Lagrangian 

C = ^li^l+^2i^ 2 + («9 / ,0) t (^0)-M 2 0V + ^Yukawa- (3.1) 

The Yukawa interactions are again not the most general ones: 

^Yukawa = Vl^XL^XR^ + lll^lR^lL^ 

+ U2'ip2Rlp2L(f> + V*2^2L^2R<P ] • (3.2) 

In particular, the terms with interchanged -H- <fy, 

£ Yukawa = Vl^lL^lR^ + Vl^lR^lL^ 

+ m4>2R?p2L^ + y$2L^2R§ , (3.3) 

are absent. On top of it, also the Yukawa interaction terms mixing both fermion species (i.e., 
the terms proportional to, e.g., ipn^R.) are missing. 

The Yukawa coupling constants y±, 2/2 can be again without loss of generality considered 
real, since the phase can be eliminated by a redefinition of the corresponding fermion fields (e.g., 
by phase transformations of ipm and ip2R,)- Nevertheless, we keep them deliberately complex 
for similar reasons as in the previous chapter. 

Notice that we do not consider in the Lagrangian fl3.ll) the scalar self-interaction term 

£selnnt. = -~\{^<t>) 2 . (3.4) 

This is due to the lesson learned in previous chapter that within the present scheme of breaking 
the symmetry solely by the Yukawa dynamics, through formation of appropriate fermion and 
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scalar two-point functions, the pure scalar dynamics of the type (13.41) is dispensable, in contrast 
to the breaking of the symmetry by scalar VEV, discussed in Sec. 12.21 Thus, from now on we 
will systematically neglect the scalar self-interactions of the type (13 .4p in the rest of this text. 
Of course, in more phenomenologically oriented treatment the scalar self-interactions would 
have to be included, as they are not protected by any symmetry and they would be generated 
anyway by means of radiative corrections. 



3.1.2 Symmetries 

Let us investigate the symmetries of the Lagrangian. First, we observe that the both fermion 
numbers are separately conserved, which corresponds to the vectorial symmetry U(l)vi xU[l)v 2 - 
Just for the sake of later references let us write the transformation of ipi under U(l)y j asj 

U(l) Vj : A — ► [A]' = e"V^, (3.5) 
where 9y j are the parameters of the transformation and the generators t^y. are given by 

j Q y . if i = j , 

hvj = n - f ■ , ■ ( 3 - 6 ) 
[0 if % ^ j , 

where Qy t are some non-vanishing real numbers. (Needless to say that <p transforms trivially 
under 11(1)^, i-e., t^y. = 0.) The fermion numbers are conserved separately for both fermion 
species due to the specific form of the Yukawa interactions, namely due to the lack of the mixing 
terms; otherwise there would be only one U(l)v symmetry, corresponding to the global fermion 
number conservation of both fermion species. 

Apart from the vectorial symmetry, there is also axial symmetry, which is going to play a 
more important role in our considerations. In contrast to the case of vectorial symmetries, this 
time, instead of two independent axial symmetries U(1)ax x U(1)a 2 (which would be present in 
absence of the Yukawa interactions), there is rather a single axial symmetry U(1)a- It acts on 
the fermions as 



U(1) A : A — ► m' = e^^Vi (3.7a) 



and on the scalar as 



U(1) A : — >■ [0]' = e i9A ^ A 0. (3.7b) 

The fermion U(1)a generators t^A are given by 

U,A = Qi,A75, (3.8) 

with the axial charges Q\ a and Q2 a (being of course non-vanishing real numbers) constrained 
by 

Q1A + Q2A = 0. (3.9) 
The scalar U(1)a generator t^A then reads 

*M = ~2Qi,a (3.10a) 

= +2Q 2 , A . (3.10b) 



x No sum over the fermion specie index j is assumed, here, as well as in the rest of the text. 
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Note that the axial symmetry UJ(1)a with the action ( 13. 7p in fact forbids the Yukawa interactions 

£ Yukawa, (13. 3ft. 

Due to the existence of the axial symmetry, one might concern whether this symmetry is 
not anomalous. At the moment this question is actually not too urgent, as the axial symmetry 
is global. However, later on in chapter [TO] (more precisely, in Sec. II 0. 2j) we will gauge it and 
consequently it will become obligatory to remove the axial anomaly in order to have a consistent 
gauge quantum field theory. Nevertheless, the theory is in fact anomaly free already at this 
moment. This is thanks to the introduction of the two fermion species ipi and ip2 with opposite 
axial charges, see Eq. (l3.9p Fl The condition (13. 9p . primarily necessary for the theory to be 
invariant under U(1)a, is precisely the condition for cancelation of the axial anomaly. This is 
ultimately the reason why we have introduced two fermion species instead of only one and why 
we have chosen the Yukawa interactions to have the special form (13. 2p . 



3.1.3 Nambu— Gorkov formalism 

As noted in the previous chapter, the axial symmetry has to be (spontaneously) broken in order 
to allow for the generation of the fermion masses. We assume that this symmetry breakdown 
will be driven by formation of the scalar propagators of the type (00) and (0^0^)- Thus, it 
turns out to be convenient to reparameterize the theory in terms of new degree of freedom: 
The Nambu-Gorkov doublet $, defined as^| 

• - U ) ^ 

and introduced originally for fermions in Refs. |66] in the context of the theory of supercon- 
ductivity. The point is that now the propagator ($<&t) contains the two symmetry-breaking 
propagators (00), (<f>'(/y), together with the two symmetry-conserving propagators (00^), (0V)> 
and allows this way to treat them all on the same footing: 



<•**> - ( w> <;>;> ) ■ (3 - i2 » 

The free, full and 1PI scalar propagators of the form (13.121) will be discussed in more detail in 
Sec. 13.2.11 Now let us note the key property of the Nambu-Gorkov field $: It is real in the 
sense that its charge conjugate (i.e., basically the Hermitian conjugate) is proportional to itself: 

$ = <Ji$ tT , (3.13) 

where the Pauli matrix <j\ acts in the two-dimensional space of the Nambu-Gorkov doublet 

(J3HD. 

Let us rewrite the action of U(1)a on the scalar field from the basis 0, (I3.7bl) . to the 
Nambu-Gorkov basis $: 

U(1) A : $ — ► [$]' = e ieA **' A $ , (3.14) 
where the generator t^ t \ is expressed in terms of t^, (I3.10p . as 

«w = ( V 1 . ) ■ < 3 - 15 > 



A 



2 In this respect the two fermion species ipi and ip2 can be regarded as analogues of the leptons and quarks, 
respectively. 

3 This is special case of more general definition (|E.3[) . discussed in detail in appendix [El 
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We now rewrite the theory in terms of the Nambu-Gorkov field $. The free scalar part of 
the Lagrangian (13. II) . 

Scalar = (d^ (&><!>)- M* ft <f> , (3.16a) 

is easily rewritten in terms of $ as 

Scalar = \ (^) f (^$) - ^ M ^ . (3.16b) 

The Yukawa Lagrangian ( 13. 2 p can be written compactly in terms of $ as 

£ Yukawa = ^ $i % 4>i $ , (3.17a) 
i=l,2 

or equivalent ly as 

^Yukawa = ^ & A ^ Vi • (3.17b) 

i=l,2 

The equivalence of the two apparently different expressions (I3.17al) and (13.17bp is just a con- 
sequence of the reality of the field $. The coupling constants Y; L are doublets operating in the 
space of the Nambu-Gorkov field $ and are defined as 



The conjugate coupling constants % are defined in accordance with (J2J), i.e., as 

% = 7o r/7o, (3.19) 

so that we have explicitly 

Yi = (yiP R ,ylP L ) , Y 2 = (y 2 P L ,y* 2 P R ) . (3.20) 

3.2 Propagators 

In this section we will first introduce the notation for the scalar and fermion propagators, then 
we will state the form of the propagators that we will be looking for in the next section in 
the quest for demonstrating the SSB and finally we will say something about what kind of 
spectrum is to be expected. 

3.2.1 Scalar propagators 

Let us begin with the scalar. We denote the full scalar propagator (in the Nambu-Gorkov basis 
$) a£| 

$ $ 

iG$ = = M . (3.21) 



4 From now on we will usually not explicitly indicate the momentum arguments at propagators and self- 
energies, unless they will not be obvious from the context. 
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Notice that there are no arrows on the scalar line as a consequence of the reality of the field $. 
The free propagator 

i£>* = (3.22) 
determined by the free scalar Lagrangian ( I3.16p . is in the momentum representation given by 

\ 



I 1 

p 2 -M 2 



\ 







1 



(3.23) 



P 



M 2 J 



The scalar self-energy II , defined as 

-in = (<M>t> 1PI = - - , 



(3.24) 



is now given in terms of the bare and full propagators by 



n = d^-g^ 1 



The meaning of this expression is that it actually corresponds to the geometric series 

= (iV-n)- 1 . 



(3.25) 



(3.26a) 
(3.26b) 



In other words, II is indeed the 1PI part of the full propagator G<p. 

The reality condition (13 . 13[) of $ has important impacts on the form of the propagators. It 
induces a non-trivial symmetry of the scalar propagator 

G$ = aiG$o~i. (3.27) 

This condition must be satisfied also by the free propagator D$ (and, indeed, it is satisfied, 
see explicit form (13.231) of D$), as it is just a special case of G<p. Thus, the self-energy II must 
satisfy the analogous condition too: 



n = o-iII T <7i, 
as can be inferred from the expression (13.251) . 

3.2.2 Fermion propagators 

Similarly in the fermion sector, the full propagators of the fermion fields ar^ 5 ' 



(3.28) 



iG, 




(3.29) 



5 We assume here implicitly that the fermion numbers U(l)vi and U(l)v 2 are separately conserved even once 
the dynamics is taken into account. Otherwise we would have to consider propagator of the field ip = ( £ ) with 
non-vanishing off-diagonal elements, breaking U(l)vi x U(l)v 2 spontaneously down to common fermion number 
symmetry U(l)v- 
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Note that since ipi — 4>iL + i>M, the propagators (V^i) contain all the particular propagators 
($%iri>iL), (ipmipiR), (ipnipiR), (ipiR^iL) j which have been treated in the previous chapter sepa- 
rately. The Lagrangian (13 .ip contains no fermion mass terms, consequently the free propagators 

iSi = {1>rfi) (3.30) 

are in momentum space given simply by 

fir 1 = p. (3.31) 

The fermion self-energies Sj, 

A ^-^ V>; 

-iS< = (^)ipi = — <-( V<- , (3.32) 



are now given by 



= Sr'-G^, (3.33) 



which again correspond to the geometric series 

Gtpi — Si + Si Sj fij + fij Sj S'j Sj 5j + . . . (3.34a) 
= (fiT 1 -Si)" 1 , (3.34b) 

so that Sj are indeed nothing else than the IPI parts of the full propagators, as indicated in 
3.2.3 Ansatze for the self-energies 

The self-energies Sj and IT, as the agents of the SSB of the axial symmetry, will be subject of 
our searching in the next section. In fact, our aim will be merely to demonstrate the possibility 
the SSB itself, we will not be interested in, e.g., the symmetry-preserving results. Therefore it 
is unnecessary to treat the self-energies in the full generality, it is sufficient to focus only on 
their symmetry-breaking parts. In other words, is useful to consider a suitable Ansatz for the 
self-energies. 

The first step in constraining the otherwise in principle (almost) completely arbitrary self- 
energies is to impose the Hermiticity conditions 

— , (3.35a) 

n = n f (3.35b) 

(where S 4 = 7 Sj7 , cf. 0). These conditions have no relation to the pattern of the SSB, in 
fact they are merely of a technical character. They will serve us for two purposes: First, they 
will reduce the number of unconstrained parts of the self-energies (i.e., reduce the number of 
independent SD equations) and second, they will eventually ensure that the resulting fermion 
and scalar spectrum (more precisely, the masses squared) will be real. In order to understand 
better the Hermiticity conditions (13.351) . it is also useful to realize that the same conditions 
would hold if the self-energies were (momentum-independent) mass parameters in a Hermitian 
Lagrangian. 
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The Hermiticity conditions ( I3.35p . together with the scalar symmetry condition (13. 28 p . lead 
to the self-energies of the specific form 

Si = f(A L P L + A R P L ) + (S'Pi + SP,), (3.36a) 

n - ( n- n" ) • < 336b > 

where Al, Ar, IT at and E, IT are respectively real and complex, but otherwise arbitrary functions 
of p 2 . 

In order to further meaningfully constrain the self-energies, it is worth considering their 
relation to the axial symmetry U(1)a, which is assumed to be broken by them. In particular, 
it is important to know that the non-invariance of the self-energies under U(1)a is measured 
by the quantities 

^iU,A~ *i,A Si = [Sf, ^a], (3.37a) 

ni$, A -t$,An = [n,t$, A ] (3.37b) 

(cf. definition (jHJ)). This can be seen in two ways. First, more formally, one can directly study 
the transformation behavior of the self-energies under U(1) A , induced by the transformation 
rules (l3.7aj) and (13. 14|) of ipi and $, respectively. The corresponding self-energies Sj and II 
then transform as 

U(1) A : Si — > [Si]' = e ieA ^ A Sie- ieA * l - A (3.38a) 

= E i -i0 A (£ i t i ,A-*i > A£ i )+0(0 A ) ( 3 - 38b ) 

and 

U(1) A : n — > [II]' = e ieAi ^ A n e - ieA ^ A (3.39a) 

= U - i6 A (UU A - U A U) +0{6\), (3.39b) 

respectively. We see that the non-invariance of the self-energies under U(1)a is indeed propor- 
tional to the corresponding quantities (I3.37p . Another way of seeing it, less formal but perhaps 
more illuminating, is to imagine that the self-energies are momentum-independent (except for 
the ^ in Sj) and thus being interpretable as mass parameters of some effective Lagrangian: 

C cS = -^^E 4 ^-Vn$. (3.40) 

4=1,2 

(Accordingly, this effective Lagrangian is basically the mass Lagrangian for the fermions and 
scalar and it also contains corrections to the kinetic terms for the fermions, due to above 
mentioned f being substituted by Upon performing the U(1)a transformations (I3.7ap 

and (I3.14p . the Lagrangian (I3.40p transforms as 

U(1) A : Ces — ► [£ e ff]' = - J2^ ie ~ i9AkA ' EieieAti ' A ^ i ~ ^^"^ne'^f 

i=l,2 

(3.41a) 

= £ cff - \9 A ^2 $i hA - ti,A Si)^i 

4=1,2 

- he A & (n u sA - u sA n) $ + o(e 2 A ) . (3.4ib) 
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Again, the change of the Lagrangian (l3.4Up . i.e., the model's non-invariance under the axial 
symmetry U(1)a, driven by the self-energies Sj, II, is again proportional to the quantities 

A33ZD. 

We can now check explicitly how the self-energies of the specific form ( I3.36|) break the axial 
symmetry U(1)a- Short calculation reveals the symmetry-breaking quantities ( I3.37P to be 

[X^ jA J = 2Q i , A (£P R -£*P L ), (3.42a) 
[n,t 0iA ] = -4Qi, A ( £ "J 1 ) = +4Q 2iA ( ^ ) ■ (3.42b) 

We see that in equations ( I3.42p some form-factors from the self-energies ( I3.36P are projected 
out. Namely, the form-factors A^, Ar and Ily are missing, which means that they do not break 
the symmetry. However, our aim here is to focus on the very mechanism of the SSB, or more 
precisely, to demonstrate that the SSB can happen. For this purpose the symmetry-preserving 
parts of the self-energies, while important for a more phenomenologically oriented analysis, 
are not essential. We will therefore systematically neglect them and rather consider only the 
symmetry-breaking part of self-energies (13.361) . i.e., the parts X and II. The Ansatz for the 
self-energies will be therefore considered to be 

Si = Z*P L + i;P R , (3.43a) 

11 = ( IF ) • (3 - 43b) 

Notice that this Ansatz is in accordance with the Ansatz considered in the previous chapter. 
The corresponding full propagators follow immediately: 

G * = i + |yV (3 - 44a) 

P ~ \ z -'i\ 

r 1 f p 2 - M 2 II \ 

* ~ ( P 2 - m 2 ) 2 - |n| 2 V n* p 2 — m 2 J ^ 44bj 

This of course corresponds to the same equations for the spectrum as in the previous chapter: 

m 2 = l^iim 2 )] 2 , (3.45a) 
M 2 2 = M 2 ± |n(Mf j2 )| , (3.45b) 

cf. Eqs. fl2~29l) . fl2T35]l . 

Fet us finally remark that we could analyze in the same way also the vectorial symmetries 
U(l)v r It is evident from the form (13.61) of the corresponding generators t^y., which are just 
pure real numbers without any 75, that this time we would have 



■'it u i 



*i,vj = WS.-Ei) = (3.46) 



for any Si. Therefore the vectorial symmetries cannot be broken by the fermion self-energies 
(ipiipi) ~ Si (not to mention the self-energy of the scalar, which does not couple to the vectorial 
symmetries at all), which is after all expected. The only possibility to break the vectorial 
symmetries would be to consider the fermion self-energies also of the type (ip^ipi), {ip^f), where 
ipl denotes the charge conjugated of ipi. This would lead to the generation of the Majorana 
self-energies. We will actually explore this possibility later on in the context of neutrinos. 



3 For more detail on charge conjugation of fcrmions see appendix 1X1 



3.3. DYNAMICS 



49 



O 



Figure 3.1: A tadpole diagram, contributing to scalar VEV. 



3.3 Dynamics 

Our general strategy in demonstrating the spontaneous breakdown of the axial U(1)a symmetry 
will be to search for the symmetry-breaking parts of the propagators, i.e., the parts £, and II 
of the self-energies Sj and II, respectively, as shown in the previous section. We have already 
mentioned the important observation that at any finite order of perturbative expansion the 
U(1)a symmetry remains preserved and the self-energies and II vanish. The SSB is therefore 
necessarily a non-perturbative effect and to treat it one has to employ some non-perturbative 
technique. The technique used here are the Schwinger-Dyson (SD) equations, which represent 
a formal summation of all orders of perturbative expansion and as such they provide the desired 
non-perturbative treatment. 

At this point a remark concerning the scalar VEV and the associated issue of tadpole terms 
in the SD equations is in order. Recall that we neglected the scalar self-coupling (13.41) . This 
was done on the basis of argument that the scalar self-coupling is not essential for the proposed 
mechanism of SSB, as it is not driven by the scalar VEV, formed solely by scalar dynamics, 
but rather by the scalar and fermion propagators, formed by the Yukawa dynamics. However, 
the Yukawa dynamics can give rise to the scalar VEV too, as shown schematically in Fig. 13.11 
Thus, to be be consistent with the motivation of neglecting the scalar self-coupling (13 .4p . we 
will neglect the possible tadpole diagrams as well. More precisely, we will neglect them from the 
very beginning, i.e., we will derive the SD equations already under the assumption of vanishing 
scalar VEV. Again, we stress that in principle the scalar VEV should be taken into account, 
as it is not protected by any symmetry. 



3.3.1 Cornwall— Jackiw— Tomboulis formalism 

There are various methods how to derive the SD equations. Here we are going use the method 
based on the Cornwall- Jackiw-Tomboulis (CJT) formalism [57]. We first define the appropriate 
effective potential and then we search for its stationary points with respect to the variations 
of the full propagators (or, equivalently, the self-energies, since the free propagators are fixed). 
This will lead to the integral SD equations, by solving which one can find the full propagators. 
We follow this program first for general self-energies Ej, II and only then we will take into 
account the specific Ansatz (13.431) . 

The CJT effective potential is defined as 




(3.47) 



i=X,2 
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-iVo = I 1 



where 



Figure 3.2: The two-particle irreducible (2PI) diagrams contributing to V<i- 

V*\G^ = -i/(^4 Tr { H^G*) ~ S-'G^ + l} , (3.48a) 

V 9 [G*] = UJ-^Tr^HD-'G^-D-'Gz + l}. (3.48b) 

The factor of 1/2 at V$ is due to the reality of the Nambu-Gorkov field otherwise there 
would be the factor of 1 in the case of complex $. Similarly for the fermions, since they are 
complex fields, the factor at is 1. For the real (i.e., Majorana) fermions there would be the 
factor of 1/2 too (this will actually be the case later on when dealing with Majorana neutrinos). 
Finally, the minus sign at V 1 p i is due to the fermion nature of fy. 

The quantity V2 is what actually defines the dynamics. It is the sum of all two-particle 
irreducible (2PI) vacuum diagrams ("bubbles"), see Fig. 13.21 More formally, it is given by the 
vacuum-to-vacuum amplitude 

<0|S|0> = l-(27r) 4 5 4 (0)iV r 2 , (3.49) 

where S is the S"-matrix given by Yukawa interaction Lagrangian (13. 2p . 

The effective potential V[G] is a functional of the full propagators of all fields in the theory, 
denoted collectively as G = (G$, G^, G^ 2 ). According to Ref. [57], the SD equations correspond 
to its stationary point, i.e., to the point in the space of the full propagators where the partial 
functional derivatives of the effective potential vanish. The SD equations are thus naively given 

f& - 0. 

However, one has to be careful. An attention has to be taken concerning the direction of allowed 
variation. It may happen that the fields in question have some symmetry, which induces also 
the symmetry of the corresponding propagator. Thus, while looking for the stationary point 
of the effective potential V, one has to make sure that the variations of the propagator respect 
this symmetry. 

Indeed, in our case it is the scalar Nambu-Gorkov field $, which possesses the non-trivial 
symmetry ( I3.13p . inducing the symmetry (I3.27P of the propagator. Therefore we will search 
for the stationary point of V not on the whole space of all propagators, but rather only on its 
subspace, defined by the constraint (I3.27p . 

Technically, extremizing of a function V(G) (generalization to the functional V[G] is straight- 
forward) over a multivariable G, constrained, e.g., by the condition G = f(G), is achieved by 
means of the method of Lagrange multipliers: One first constructs a new function (the Lagrange 
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function) V(G, A) = V(G) — A(G — f(G)). Now, instead of minimizing V(G) with respect to 
the constrained set of variables G, one minimizes V(G, A) with respect to the whole (uncon- 
strained) set of both the variables G and A. Having obtained the result, one can eliminate 
the A from the result in favor of G and get this way the final result satisfying the prescribed 
condition G = f(G). 

Let us now apply the method of Lagrange multipliers to the problem of extremizing the 
functional V[G] on the subset constrained by (I3.27p . Thus, instead of extremizing just V[G] 
with respect to variations of the propagators, we introduce the new functional V\[G, A], defined 
as 



V\[G, A] = V[G\ + V*, X [G*,\], (3.51) 



where 



V*, A [G*,A] ee y^Tr{A(G $ -a 1 G'I(T 1 )}, (3.52) 
and extremize it with respect to both the propagators G and the Lagrange multiplier A: 

0, (3.53a) 
0. (3.53b) 



SG 
5X 



Recall that the Lagrange multiplier A is not a number, but rather a momentum- dependent 2x2 
matrix, operating in the two-dimension Nambu-Gorkov space (in other words, it has the same 
structure as G&). 

Before continuing, let us make a technical aside. It turns out to be more convenient to 
calculate not directly the functional derivatives (I3.53p . but rather their matrix transpose. Put 
another way, since V\ (as well as all V, V$, etc.) is a pure number (not a matrix), we make 
all differentiations with respect to G T and A T , rather than with respect to G and A. This is 
because of the matrix identities 

d 

— ^detA = A~ x detA, (3.54a) 
dA T v ' 

d 

Ti{AB) = B, (3.54b) 



dA T 

holding for any matrices^ A, B. (For completeness, recall also another useful and well known 
identity, used in our calculations: Trln A = lndet A.) 

We start with the differentiation with respect to A. The direct calculation reveals 



6V X 6 V* 



^(Gs-mGgai). (3.55) 



5 A T 5 A T (2tt) 

Demanding that it vanishes we just obtain the constraint (13.27P for G$ and through (I3.25P also 
the constrain (I3.28P for II. 

Let us proceed with the differentiation with respect to the propagator The particular 
derivatives are 

SV * A-nL^-a?) = -4^n (3.56) 



SGJ ' 2(2ir)"V * I 2(2?r) 



7 Provided A 1 does exist, otherwise the right-hand side of p.54a[) is adj A, which exists always. 
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and 



SGI 



(27T) 



(3.57) 



Thus 



SVx 
SGI 



'2(2tt) 4 ~ ' (2tt 
This must vanish, so that we can express II from it as 



SV 2 
5GI 



(3.58) 



in 



-2(A-oi A t oi) -2(2tt; 



4 SV 2 
SGI ' 



(3.59) 



Now we must somehow eliminate the Lagrange multiplier. For this we make use of the equation 



(|3.53bp . or more precisely, of its consequence ( 13. 28ft : 

-m = -iain T ai 



+2 ( A -^V) -2(2.^(0 



(3.60a) 
(3.60b) 



We can now sum the two equations (13.591) and (13.601) to eliminate the Lagrange multiplier A 
and to obtain the final scalar SD equation: 



-(27T) 



SV 2 ( 5V 2 

+ 0"! 



SGI 



SGI 



0"i 



(3.61) 



From this equation it is manifestly evident that n will indeed satisfy the condition (13. 28 p . 

The fermions are much easier, since ipi are complex (i.e., Dirac) fermions and therefore there 
is no special constraint on the form of their propagators. (For real, i.e., Majorana fermions 
there would be constraint if) = ip c ] this situation will in fact arise in chapter |6j where we will 
in the context of electroweak interactions discuss the neutrinos.) The fermion SD equation is 
therefore given simply by 



6V 



SVx 
SGI 







(3.62) 



Some algebra reveals 



sv, 



SGI 



S 



-i 



•(27T) 



(3.63) 



and the SD equation consequently reads 



(3.64) 
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3.3.2 Hartree— Fock approximation 

To proceed further, we have to specify V 2 . In principle, it is an infinite sum of all 2PI diagrams, 
as can be seen in Fig. 13.21 We truncate this series at the simplest possible diagrams, i.e., we 
consider only the very first one in Fig. 13.21 This particular choice of V 2 is called the Hartree- 
Fock approximation. Since the Yukawa interactions do not mix the fermion species (i.e., there 
are no interactions of the type ipiip24>) an d in the Hartree-Fock approximation there is only one 
fermion loop in each diagram, V2 can be written as a sum of independent contributions from 
the two fermion species, 

V^G*, Gfa, G^ 2 ] = V2,i[G<s>, G^.] , (3.65) 

i=l,2 

where the particular terms on the right-hand side are given as 

-iV 2 ,[Gz,G^] = -^J^^^YiG^YiG^G^k-p)}. (3.66) 

This expression is easily understood according to Fig. 13.31 The minus sign on the right side is 
for the fermion loop, while the factor of 1/2 is a combinatorial factor. The trace in (I3.66P is over 
both the fermion and the Nambu-Gorkov scalar space. However, since the couplings constants 
Yi, Yi are rectangular matrices, one has to be careful when applying the rule about the cyclicity 
of the trace. E.g., one can move Y^ from the beginning of the trace to its end; then, however, 
the trace is only over the fermion space; the trace over the Nambu-Gorkov space would be in 
such a case already effectively implemented by the matrix multiplication YI G<j> Yi. 
The functional derivatives of V2 relevant for the SD equations (13.611) . f)3.64p are 

? J Tr^G^Y.G^k-p)}, (3.67a) 

(2^ j-0^ T ^{ Y ^ G ^ k )^ G ^ k -P)}- ( 3 - 67b ) 

Notice that the particular traces in (I3.67P are only over the indicated space. Therefore the rule 
about cyclicity of the trace (in terms of the quantities Y i7 YI, G^, G$) is no longer applicable. 
One can now verify that the following identity holds: 



5V 2 
SGl(p) 

sv 2 

tGlip) 



8v 2 ( sv 2 \ T 

5GI ai {6GlJ 



(3.68) 
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i=l,2 



£ ( % 






Figure 3.4: Diagrammatical representation of the SD equations (13.701) in the Hartree-Fock 
approximation. 



It holds due to the property of the Yukawa coupling constants Yj, (I3.18p . 



with the transpose * being understood only in the two-dimensional Nambu-Gorkov space. 
We stress, however, that the identity (I3.68P holds only within our special form (I3.66P of V 2 ; in 
another than the Hartee-Fock approximation (13.661) may no longer be true. 

Now we can plug the functional derivatives (I3.67P of V 2 into the general forms (I3.6ip , (I3.64p 
of the SD equations and with the help of the identity (I3.68P we obtain 



(3.69) 



-in 




(3.70b) 



(3.70a) 



see Fig. E31 



3.3.3 Employing the Ansatz 



The SD equations (13.701) hold generally, for any form of the propagators, unconstrained by any 
Ansatz. Now it is time to put our Ansatz (13.431) back into game. 
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If we just mechanically plug the Ansatz f )3.43[) into the SD equations ( 13. 70 p . we obtaii 



— i 



o n p 
n; o 



d 4 fc 1 1__ ( \ Vl \ 2 {k ■ t) yf S lfc £ u 

(2vr) 4 fc 2 - |£ lfc | 2 £2 _ | Sw |2 ^ yl S ^ ^(j. . £) 

d 4 k 1 1 / \y 2 \ 2 (k ■ I) yf £ 2fe £*, 

(2vr) 4 k 2 - |£ 2fc | 2 £ 2 - |£ 2 ,| 2 V Z/ 2 2 S 2fe S 2£ |y 2 | 2 (A;-£) 



-i(£^P i + £ lp P*) = | 



-i(s; p p L + s 2p p fl ) = y 



(3.71a) 



d A k 



(2vr) 4 /c 2 - |E lfc | 2 (£ 2 - M 2 ) 2 - |ILJ 2 



x 



yi \^(f - m ) + yf s lfe n* p L + sj fc n, p* 



(3.71b) 



d A k 



(2vr) 4 /c 2 - |S 2fc | 2 (£ 2 - M 2 ) 2 - |ILJ 2 



x 



1 2/2 



2iL( f)2 



M ) + y 2 2 S 2fc n, P L + yf £* fe U* e P R 



where we denoted 



k — p . 



(3.71c) 



(3.72) 



Each of these three matrix equations comprise in fact two independent (not related by the 
complex conjugation) scalar equations. Of these altogether six scalar equations let us first 
discuss the following three ones: 










-%i| 



I Vi I 



ml 



d A k 



k Q 



(2tt) 4 k 2 - \Z lk \ 2 £ 2 - \Z u \ 2 2 ' /y -'' 



d A k 



k r , 



(2vr) 4 k 2 - |£ 2fc | 2 £ 2 - |E 



2£\ 



— M 2 



d A k ft 
(2tt) 4 k 2 - |S lfc | 2 [I 2 - M 2 ) 2 - |ILJ 2 ' 
d 4 £; ft £ 2 — M 2 

(2tt) 4 fc 2 - |S 2fc | 2 (£ 2 - M 2 ) 2 - |n £ | 2 ' 



(3.73a) 
(3.73b) 

(3.73c) 



(The last two equations are strictly speaking not scalar, because as they contain ft, they are 
proportional to i>. Nevertheless, the true scalar equations can be easily projected out; effectively 
it suffices to make the replacement ft — > (k -p)/p 2 .) Of course, these equations have to be 
discarded, as they do not comply with the Ansatz (13.431) . This is after all manifested in the 
pathological fact that their left-hand sides are vanishing. Nevertheless, it is useful to take a quick 
look at their right-hand sides. The integrals in all three equations (13. 73j) are UV-divergent for 
any decreasing or constant self-energies EL Since we assume that the symmetry-breaking 
self-energies S i; El must be UV-finite, i.e., decreasing (see the discussion at the end of this 
section), we conclude that even if we included the symmetry-preserving self-energies into our 
Ansatz (so that the left-hand sides of (13.73P would not be vanishing), they would come out 
necessarily UV-divergent. This is because symmetry-preserving self-energies (as well as any 
other symmetry-preserving Green's functions) contain, apart from possible non-perturbative 
parts, also perturbative parts, i.e., the parts calculable within the usual perturbation theory 
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Figure 3.5: Diagrammatical representation of the SD equations (I3.74p for the symmetry- 
breaking parts of the propagators. 



using the symmetry-preserving interactions from the (symmetric) Lagrangian. 
We are thus left with the remaining three equations: 

_ • tt = o *2 f d4fe ^lfc _ 2 *2 f d4fe S 2fc S 2£ 

p " yi J (2tt)4 P - |E lfc |2 & - |£ w | 2 y2 J (2tt)4 P - |S 2fc |2 P - |S 2£ |2 



2 / d 4 fc sj fc n, 



(3.74a) 

-iE lp = yi J — fc2 _ ^-p ^ _ M2) ; _ ^-p , (3.74b) 

/d 4 £ s* n* 
(27pP-|s 2fc |2(^-M2)2-|n,r (3 - 74c) 

depicted also in Fig. 13.51 Mathematically, this is a set of three non-linear integral equations for 
three unknown functions £i(p 2 ), £ 2 (p 2 ) and TL(p 2 ). These equations are homogenous, i.e., they 
have the trivial solution £i(p 2 ) = £ 2 Qo 2 ) = H(p 2 ) = 0, corresponding to no SSB. Our task is 
to find a non-trivial solution, which would indicate the occurence of the SSB. 

Very little can be said about the possible non-trivial solutions. Even their number is in 
principle unknown. However, note that the equations (13. 74p are basically the same as those 
(12.381) . derived diagrammatically in the previous chapter (up to the different number of fermion 
equations). Recall that we have concluded, on the basis of the convergence properties of the 
integrals in the equations, that the resulting self-energies must be UV- finite, i.e., decreasing. 
Indeed, the form of the equations is clearly consistent with this assumption. 



8 We indicate here the momentum arguments for the sake of brevity by subscripts, i.e., Tl p = Tl(p 2 ), Y*i p 
£i(p 2 ). This notation will be used repeatedly throughout the text. 
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In fact, this assumption can be supported by another, more physical argument. If the 
self-energies were UV- divergent, appropriate counterterms would have to be added to the La- 
grangian. However, as the self-energies are symmetry-breaking, so would have to be also the 
counterterms themselves. But the Lagrangian must be symmetric, which prohibits such coun- 
terterms. Consequently, as there is no possibility to add the symmetry-breaking counterterms to 
the Lagrangian, the symmetry-breaking self-energies (as well as any other symmetry-breaking 
Green's functions) must be necessarily UV-fmite. 

3.4 Numerics 

As there is virtually no hope to solve the SD equations (I3.74p analytically, one has to resort to 
some kind of numerical approach. In this section the results of the numerical solution of SD 
equations are presented, together with a brief description of the numerical procedure itself. 

3.4.1 Approximations 

The SD equations in the form ( I3.74p . yet being a result of numerous approximations, are still 
quite difficult to be solved even numerically, so further approximations have to be done. The 
most serious problem is the existence of the poles in the propagators. While vital for the very 
mass generation, these poles are extremely difficult to integrate numerically. Thus, we get 
rid of them by switching form the Minkowski to the Euclidean metric via the Wick rotation. 
Effectively, in the propagators the Wick rotation consists of changing p 2 — > — p|, with p| being 
always non-negative. By this we remove the poles in the fermion propagators. In the scalar 
propagator the situation is more complicated, the pole still remains, only its position is changed. 
After wick rotation it is given by equation 



which, depending on II, can still have a solution for some positive p|. This problem is "solved" 
by considering in the numerical analysis only those II for which the pole equation (I3.75P has 
no (real and positive) solution. 

Moreover, in order to reduce the number of independent equations to be solved, we deliber- 
ately consider both the fermion and scalar self-energies to be real. In fact, this approximation 
is consistent with the removing of the poles discussed above, as now there is no ie-prescription 
to bring any imaginary parts (provided, of course, that the coupling constants y 1; y 2 are set 
real too). 

As a net result, we solve the following set of equations for the unknown real functions £i(p 2 ), 




(3.75) 



E 2 (p 2 ) and n(p 2 ): 




(3.76b) 



(3.76a) 



(3.76c) 



where p 2 = p^ + p\ + p\ + p\ > and y\, y 2 G R. Notice that from now on we omit the subscript 
e and redefine the self-energies like, e.g., p 2 ) — > Sj(p 2 ) = S ip , and similarly for II. 
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The system of equations (13.761) has apparently three free parameters yi, y 2 and M. In fact, 
the parameter M, as being the only parameter with dimension of mass in the theory, serves 
just as a scale parameter for the self-energies and momenta. Therefore it can be set to any 
value without the loss of generality. Hence we are left with only two relevant parameters, the 
Yukawa coupling constants y± and y2, according to which the solutions will be classified. 

Now the task is to solve the equations (13.761) possibly for each pair y l5 y 2 . However, as the 
equations (13.761) depend on the squares of yi,y2, one does not need to scan the full (yi, y 2 ) space, 
it suffices to check only one quadrant. Say, the one where both y±, y 2 are positive. Moreover, 
even this quadrant need not to be probed full, due to the symmetricity of the equations (13.761) 
under exchange of the fermion species, 1 -H- 2. If one knows a solution for at some point (yi, y 2 ), 
one automatically knows also the solution at the point 



3.4.2 Numerical procedure 

The system of equations (13.761) can be formally written as 

n = G\E U E 2 ], (3.77a) 

51 = F 1 [E 1 ,U), (3.77b) 

5 2 = F 2 [S 2 ,n], (3.77c) 

where the functionals G, are given by the integrals on the right-hand sides of (13.761) . These 
integrals are four-dimensional over the full R 4 . Upon rewriting the integrals to the hyperspher- 
ical coordinates, two of the three angular integrals can be performed analytically and one is 
finally left with only two-dimensional integrals. There remain two integrals that cannot be 
in general solved analytically: One angular over the interval [0, tt] and one radial (momentum 
squared) over [0,oo). 

Since the self-energies are presumably approaching zero at large momenta, so do the corre- 
sponding integrands in the integrals (13.761) . Therefore introducing a sufficiently high momentum 
cut-off in the integral should not alter the solutions substantially. Such a cut-off corresponds 
to replacing the infinite interval of the radial integral by a finite one. 

The next step is discretizing the self-energies. That is to say, instead of computing the self- 
energies as the functions of all momenta (eventually up to the cut-off introduced in the previous 
paragraph), we compute the self-energies only in the finite, but sufficiently large number of fixed 
discrete momenta, appropriately (i.e., not necessarily equidistantly) distributed between the 
zero and the cut-off. Choosing such a discretization, the integrals can be naturally substituted 
by sums by means of some quadrature rule for numerical integrating. To be concrete, we have 
used the Simpson's rule for radial integral and the Gauss-Chebyshev quadrature formula for 
the angular integral. 

To summarize, we have traded the system of non-linear integral equations for unknown 
functions (i.e., the self-energies) by a system of non-linear algebraic equations for finite set 
of unknown numbers (i.e., the discretized self-energies). It has actually the same structure 
(13.771) as the original set of integral equations, only the symbols n, E 4 have to be understood as 
vectors of finite dimensions, rather than functions, and the symbols G, F^ are some complicated 
multivariable vector-valued functions rather than functionals. 

Such an algebraic system is already directly amenable to the numerical treatment. The 
standard (and in fact the only) method for solving it is the method of iterations. It consists 
roughly of the following: One chooses some initial Ansatz, or "zeroth" iteration, for the fermion 
self-energies: 

SS 0) , . (3.78) 
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Consequently, one can also calculate the "zeroth" iteration of the scalar self-energy: 

II (0) = G[sf,sf]. (3.79) 

By this the iteration process is established: the (n + l)-th iteration is calculated from the n-th 
iteration as 

S< n+1) = FifE^n^], (3.80a) 
S^ n+1) = F 2 [^\ll^}, (3.80b) 
n (n+i) = (3.80c) 

with n > 0. Clearly, if this procedure converges, then its limit is the solution to the discretized 
equations (I3.77p . The convergence of the iteration process (I3.80p can be controlled, e.g., by the 
quantities 

where X = H, Si, E2. The advantage of the quantities 1^ is that they constitute only three 
scalar quantities, not vectors like the self-energies, so that their convergence can be controlled 
much easier that the convergence of the self-energies. Obviously, if a self-energy converges to 
some non-trivial fixed point, then the corresponding 1^ converges to 1, and if the self-energy 
converges to zero, 1^ converges to some I in the interval < I < 1. The opposite implications 
may not hold in general. However, in our case it turned out that they do hold, due to a "good" 
behavioiH of the iterations. Thus, the quantities can indeed be used for controlling the 
convergence of the iteration process. 

Usual behavior of such a nonlinear system in the case of only one equation for one unknown 
function is such that for (almost) any initial Ansatz the iteration procedure converges to a 
(trivial or non-trivial) solution. Example of such an equation is the equation (I2.30p . i.e., the 
SD equation for one S (there is no subscript , in such a case) with IT set to be a constant. 
Whether the solution S is trivial or non-trivial depends typically on whether y < y CT \t. or 
V > 2/crit., respectively, for some critical value y C nt.- 

In our case of more coupled equations the situation turns out to be, however, different. 
First, if there is only the trivial solution, the situation is the same as before: For any initial 
Ansatz (13.781) the 1% converges to some < / < 1. However, the existence of a non-trivial 
solution manifests differently than before: For the initial Ansatz (I3.78P too "small" the 1^ 
behaves exactly like if there was only the non-trivial solution. However, for the Ansatz being 
sufficiently "big" (and, needless to say, the same j/i, y 2 ) the iteration procedure blows up, i.e., 
1^ converges to some I > 1 or even diverges 1^*1 

Let us specify the loose notions "small" and "big" more precisely. We can choose the initial 
Ansatz fl3T78D to be 

£i°V) = £(°V) = xfiP 2 ), (3-82) 

where f(p 2 ) is some fixed decreasing function, its concrete form turns out not to be very 
important. More important is the real parameter x, by setting of which we can manage the 



9 The particular iterations of the self-energies turn out to be positive and monotonically decreasing functions. 
Or, loosely speaking, their shapes are similar, the only difference between the iterations is in their "size" . 

10 In fact, this picture, as presented here, is somewhat simplified. In reality there are some additional compli- 
cations due to the existence of the scalar pole p.75[) . 
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iteration process to converge to the trivial solution (which exists in any case) or to blow up 
(presumably in the case of existence of a non-trivial solution). Not surprisingly, the former is 
achieved by setting x small enough, while the latter corresponds to x large enough. 

There must exist a limiting value of Xn m . between the two regimes. Since we can for any x 
determine, according to the behavior of the iteration procedure, whether x < xu m . or x > xn m ., 
the value be approximatively determined, with arbitrary accuracy, by means of the 

bisection method. 

The behavior of the iterations process for x close to x\\ m , is rather peculiar: There exist some 
uq such that for n < uq the iteration process seems to converge to the non-trivial solution, but 
for n > n it starts to go to the trivial solution or blows up (depending on whether x < xi im . 
or x > x\ im ,, respectively). The point is that the closer is x to xi im ., the larger is n . One can 
deduce that ideally, for x = xn m _, the n would be infinite. Or in other words, for the Ansatz 
(13.821) with x = xii m . the iteration procedure would converge to the non-trivial solution. 

The procedure of finding a sufficiently accurate numerical solution (or, more precisely, a 
sufficiently accurate approximation of the solution) of (13.771) therefore schematically consists 
of: 

1. Getting x as close to xi im . as possible. As this is numerically the most demanding part, 
the achieved proximity of x to xn m , is ultimately only a question of the available time and 
computer capacities. 

2. Finding the corresponding no, until which the iteration process (seemingly) converges. 

3. Taking the n -th iteration, i.e., U^ n °\ s[" o) , £< no) , as the solution of (IXTTD . 

Since the numerical procedure, as described above, has clearly many ambiguities, a special 
care was taken whether these ambiguities do not influence substantially the obtained results. 
In other words, the stability of the numerical algorithm was tested. Three main variations of 
the algorithm were considered: 

Class of Ansatze Several types of the decreasing function f(x) in the Ansatz (13.821) were 
considered. For some of them (some very rapidly decreasing exponentials) the iteration 
procedure converged for any x only to the trivial solution. However, if f(p 2 ) was such that 
the iteration procedure converged to a non-trivial solution, then the non-trivial solution 
was always the same and hence presumably unique. 

Integration method There is an arbitrariness in the choice of the numerical integration 
method for the two of four integrals in each of the equations (I3.76P that have to be 
performed numerically. For the purpose of probing this arbitrariness we employed con- 
secutively two methods: the trapezoidal rule and the Simpson's rule. On top of these, 
for the angular integration we have used also the Gauss-Chebyshev quadrature formula 
(using the Chebyshev polynomials of the second kind). The final results for all integration 
methods agreed, the differences were only in the speed of convergence. 

Step-size As a remnant of the numerical integration there is necessarily a step-size dependence 
of the results. The important question is how this dependence behaves for arbitrarily small 
step-sizes. If there is no sensible (i.e., finite) limit of the integral as the step-sizes are going 
to zero (the continuum limit), the results of the numerical integration have no meaning. 
We checked that this limit does exist and that all interesting phenomena (especially the 
strong y lj2 - dependence of the fermion masses, presented thereinafter) are present in it. 
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Figure 3.6: A quadrant of the (2/1,2/2) plane with indicated areas of different behavior of the 
system of equations (13.76p . According to the resulting fermion self-energies there are three 
main areas: first where Ei = and S 2 7^ 0, second where Si 7^ and S 2 7^ and third where 
S x 7^ and £ 2 = 0, denoted as (I), (II) and (III), respectively. There is also the area, denoted 
as (IV), where the pole (I3.75P in the scalar propagator prohibited us from finding solutions. 
The dashed line, going from 2/1 = 72 and 2/2 = 88 to 2/1 = 104 and 2/2 = 88, shows where the 
dependence of the spectrum on the Yukawa coupling constants was probed - see Fig. 13.81 and 
Fig. I 



Moreover, in order to check the consistency of our numerical method by a comparison with 
an independent result, we calculated the equation for Ej (either of (I3.76ap or ( 13. 76b j) ). with II 
set to be a constant (up to our knowledge, there are no independent calculations of the full 
set of the coupled equations (13.761) we could compare with) and compared our result with the 
results of Ref. [68J (Eq. (2) and Fig. 2 therein). They coincided. 



3.4.3 Numerical results 

Using the numerical procedure described above, a part of the quadrant 2/1,2/2 > was probed 
and non-trivial solutions were found. Moreover, as far as we were able to check, all non-trivial 
solutions seem to be unique. 

There are three types of the non-trivial solutions, according to whether only Si, only E 2 or 
both Si, S 2 are non-trivial. The locations of the three types of solutions in the (2/1,2/2) plane 
are depicted in Fig. 13.61 While for most of the values of 2/1, 2/2 the solutions were found, there 
is a region around the origin in the (2/1,2/2) plane where the numerical analysis failed due to the 
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Figure 3.7: Typical shape of the solutions Sx(p 2 ), ^(p 2 ) and II(p 2 ) to the system of equations 
(13.761) . computed here for y\ = 83 and y 2 = 88. Note the saturation of the self-energies at low 
momenta and fast decrease at high momenta. 

existence of the scalar pole (I3.75p . Thus, we cannot say anything about the solutions of the 
equations (I3.76P for y 1 , y 2 being simultaneously small. 

The typical shape of the resulting non-trivial self-energies is depicted in Fig. 13.71 They are 
saturated at low momenta and fall down rapidly at high momenta so that the integrals (13.761) 
are indeed finite. 

Our aim was to find the dependence of the spectrum - the masses of the fermions and the 
scalars - on the Yukawa coupling constants yi, y 2 . For the calculation of masses we have used 
the Minkowski- metric equations (13. 45 p . We have probed the yi^-dependence along the cut 
depicted in Fig. 13.61 since it connects all the three main areas (I), (II) and (III) and therefore 
the resulting ^/independence of the spectrum can be regarded as quite typical. The results 
are depicted in Figs. 13.81 and 13.91 Note how the critical lines between the evident in 

the ^/independence of the spectrum. The most significant result - the behavior of the fermion 
spectrum - can be seen in Fig. 13.91 As y\ approaches the critical line between (II) and (I) (or 
(III), respectively) in the direction from (II) to (I) ((III)), the ratio m\/m\ becomes arbitrarily 
high (low)! 

3.5 Summary 

In this chapter we have redone the previous chapter's analysis in a more rigorous way: 

• When defining the model, we have made sure this time, by introducing two fermion species 
with judiciously chosen axial charges, that the theory was free of the axial anomaly. 

• While in the previous chapter we have "derived" the SD equations in a mere diagram- 
matical way, now we have derived them using the elaborate CJT formalism. 

• Moreover, we have derived the SD equations first for arbitrary self-energies and only then 
we have restricted them only on the properly chosen parts of the self-energies, sufficient 
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Figure 3.8: The yi-dependence of the scalar masses M\ 2 with fixed y 2 = 88. 

for the task of demonstrating the presence of SSB of the axial symmetry. 

• We have given a numerical evidence of viability of the present scheme by finding non- 
trivial UV-finite solutions to the SD equations with the following properties: 

— They seem to be unique. 

— They exhibit a critical behavior in the sense that they exist only for Yukawa coupling 
constants large enough. 

— They allow for arbitrary amplification of fermion masses ratio. 
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;ure 3.9: The yi-dependence of the fermion masses m\ 2 with fixed yi = 88. 
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Chapter 4 
The model 



In this part we apply the ideas from the previous one on a realistic theory of electroweak inter- 
actions. This chapter is dedicated merely to defining of the model and only in the subsequent 
chapters [5| and we will discuss the very possibility of breaking the electroweak symmetry by 
the Yukawa dynamics. Apart from sole definition of the model by means of its particle con- 
tent and its symmetries, most of this chapter is dedicated to convenient reparameterization of 
the theory (i.e., the fields, the symmetry generators and the gauge and Yukawa interactions) in 
terms of the Nambu-Gorkov formalism. This time, in contrast to part\]\ this reparameterization 
will apply not only to scalars, but also to fermions, namely to leptons. 

This chapter, as well as the whole part El is a technically-oriented extension of Refs. [51 |, l58 f . 



4.1 The Lagrangian 
4.1.1 Particle content 

We consider an §U(2) L x U(1)y gauge-invariant theory equipped with the usual SM fermion 
content. That is to say, we consider the quark and lepton left-handed SU(2)l doublets ( u d a a L L ) and 
( e°L ) , respectively, together with the charged fermion right-handed singlets u a R, d a n, e a R- We 
assume n generations: a = 1, . . . , n. Moreover, on top of this SM particle content we introduce 
also m right-handed neutrino singlets u a R. Their number m may be in principle arbitrary, 
unrelated to the number of generations, so in general we have to assume a = 0, . . . , m ^ n. 
(Notice that the numbers of the left-handed doublets and of the charged right-handed singlets 
are constrained to be the same due to the requirement of anomaly freedom.) Since the fields of 
each type with different values of the index a are not distinguished by the quantum numbers 
of the SU(2)l x U(1)y symmetry, we can call them the /foworsQ. 

In the following it will be useful to suppress the flavor indices and adopt more compact 
notation. We will therefore denote the particular left-handed fields of all generations collectively 
as 



( fu.\ 

h = ; 

\ fnL J 



f = u,e,u,d, (4.1) 



1 See for example the very first sentence of Ref. [69]: "Flavors are just replication of states with identical 
quantum numbers." 
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and similarly the right-handed charged fields as 

fn = : ) / 

\ fnR J 

The definition of the right-handed neutrino field Vr is analogous and differs of course only 
formally by its different dimension (m instead of n) : 



e, u, d. 



(4.2) 



Vr 



( V\R \ 



\ V m R J 



(4.3) 



The §U(2) L doublets are now given in terms of the left-handed fields (14.1 p as 













\ d L ) 



Furthermore, we consider two scalar §U(2) L doublets^] 

S = 



N 



si o) 

N (o) 
AT(-) 



(4.4) 

(4.5a) 
(4.5b) 



with bare masses Ms and Mn, respectively. For definiteness, their Lagrangian thus reads 

Scalar = (<V?) t (&* S) + (d^N) t (d»N) - M^ S - M%N^ N . (4.6) 

We stress that M|, > 0, so that, likewise in the previous part, we do not need to consider 
the scalar self-interactions. 

Since the right-handed neutrinos are singlets under the whole §U(2)l x U(1)y, there is 
no protection for the their Majorana mass terms. In other words, the requirement of the 
electroweak symmetry SU(2)l x U(1)y alone is consistent with the assumption of the existence 
of hard mass term in the Lagrangian of the form 

£ maS s = -\{Pr) c M v rVr- 1 -vrMI r [vr)\ (4.7) 

where M v r is an m x m symmetric!! mass matrix and {vr) c denotes the charge conjugation (J4J), 
discussed in more detail in appendix |A] 

On the other hand, one can define the lepton number symmetry U(l)^ as follows: On the 
lepton fields £i, eR, u R it acts non-trivially as 



U(l), 



. e R , Vr] 



[{h,e R ,u R }}' = ^{£ L ,e R ,v R } 



(with Qe being the U(l)^ charge) and leaves all other fields (i.e., the quark fields, the scalars 
and the gauge bosons) invariant. Clearly, the theory is invariant under (14. 8p . except for the 
Lagrangian ( 14. 7p . which breaks it explicitly. For M vR = the lepton number symmetry U(l)^ 
would be exact. Nevertheless, we will for definiteness assume M v r ^ 0; implications of the case 
M u r = will be discussed only occasionally. 



2 The denotations "S" and "JV" stand respectively for "southern" and "northern" , since, as we will see later, 
the S doublet will contribute primarily to the masses of the down-type fermions, while the N doublet primarily 
to the masses of the up-type fermions. 

3 See equation (|D.7ip in appendix [Dj 
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4.1.2 Yukawa interactions 

By assumption responsible for the eventual dynamical EWSB, the Yukawa interactions are for 
us of key importance. We postulate 

^Yukawa ^Yukawa, q ^Yukawa/ j (^"^) 

where 

^Yukawa,? = qiyddaS + q L y u u R N + h.c. , (4.10a) 

£ Yu kawa,^ = hy e e R S + IlVvVrN + h.c. (4.10b) 

The Yukawa coupling constants y u , yd, y u , Ve are in principle arbitrary complex matrices. For 
the sake of later references let us decompose ( I4.10p also as 

^Yukawa,-? = 4ukawa, g + 4uLwa, q 1 (4.11a) 

£ Yukawa/ = 4ukawa,£ + 4uLwa,^ ' (4.11b) 

i.e., into the interactions of the neutral scalars: 

Yukawa,, = ^^S^+^K^^^^L^KiVW+^^^Wt^ (4 . 12a) 

^Iwa/ = e L y e e R S^ +e R yte L S^ + P L y u u R N^UP R yip L N^ (4.12b) 
and the interactions of the charged scalars: 

4uLwa,, = u L y d d R S^ + d R y\u L S^ + d L y u u R N^ + (4.13a) 

4tLa,£ = VLy e e R S^ +e R y\v L S^ + e L y v v R N^ + v R yle^ (4.13b) 
Notice that we do not consider the interactions 

Yukawa C* Yukawa, q l~- Yukawa, i i (^'l^O 

with 

^Yukawa, g = qL7Jdd R N + q L y u u R S + h.c. , (4.15a) 

^Yukawa/ = £Ly e e R N + I L y v v R S + h.c. , (4.15b) 

whose neutral and charged parts read 

4ukawa, 9 = -d L y d d R N^-d R yld L N^+u L y u u^ (4.16a) 

4uW = -eLyee^Wt-e^Ie^W + ^^^S^t + z/^^^W (4.16b) 

and 

4tLwa, g = ^Lyd,d R N^~^ + d R y d u^N <y ^ dLy u u R S^^ ujiy^d^S^ , (4.17a) 

4tLwV = ^i^t + g^K^ (4.17b) 

respectively. In fact, these interactions are also permitted by the underlying SU(2)l x U(1) y 
symmetry: The doublets S, N are defined in terms of S, N a^| 

S = ia 2 S c = f _^ (+)t J , (4.18a) 
/ Ar(-)t \ 

N = ia 2 N c = _ jv(0)t , (4.18b) 



4 Thc charge conjugates S c , N c are denned in Eq. (|E.4I) in appendix lEl 
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i.e., they are basically just the charge conjugates of S, N (and thus having opposite hyper- 
charge), only rotated by the antisymmetric matrix io"2 = ( o ) > so that they are valid SU(2)l 
doublets. 

Dismissing of the interactions ( I4.14p is in fact justified by assuming that there is a discrete 
symmetry, called Pdown, acting non-trivially only on e R , d R , S as 

Pdown : {eR,d R , S} — > [{e R ,d R , S}}' = -{e R ,d R ,S} (4.19) 

and leaving all other fields invariant. Clearly, this symmetry forbids the interactions ( I4.14p . Its 
most obvious advantage is at this moment the reduction of the number of the Yukawa coupling 
constants. Further reasons for imposing "Pdown will be discussed at the end of Sec. 16.1.61 

At this point one may notice that the Yukawa Lagrangian ( 14. 9 p is basically the same as in 
the SM (apart from the Yukawa interactions of u R ), with S and N playing the role of the Higgs 
doublet cf) and (f) = io"20 c , respectively. One may then ask why not to consider only one scalar 
doublet like in the SM, instead of two distinct doublets S, N. This question will be discussed 
in Sec. I6.1.4[ after introduction of the SD equations. 



4.1.3 Gauge interactions 

Notation for the gauge basis 

The theory is invariant under the §U(2)l x U(1)y gauge symmetry. We denote the generators 
of the respective subgroups as 

§U(2) L : £ a=1 , 2 , 3 , (4.20a) 
U(1) Y : t a=4 (4.20b) 



and the corresponding gauge fields as 



§U(2) L : < =1)2j3 , (4.21a) 
U(1) Y : A£ =4 . (4.21b) 



Another gauge basis 

However, for various reasons the gauge boson basis A±, A%, A3, A4 is not always convenient. 
Thus, we are now going to introduce another basis. 
The generators £3, £4 can be rotated as 

fz ^ = O w ( t 3 V (4.22) 



t / \ t 

which corresponds to the rotation of the gauge bosons A3, A4 



\ / AH 

Vt 



aL s °w [2 ) ■ < 4 - 23 > 



We defined here the orthogonal matrix Ow in terms of the gauge coupling constants g, g' 
(corresponding to the respective subgroups SU(2)l and U(l)y) as 

Ow - ( C °1 W ~ Si ^ W ) - -pJ= ( 9 , ~ 9 ' ) , (4.24) 
V sin 9 W cos 9 W J y/g* + gV \ 9 9 J 
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where #\y is the Weinberg (or weak mixing) angle. Now the new generator t em corresponds to 
the unbroken subgroup U(l) em : 

U(l) em : W . (4.25) 

Of course, the fields A% and A£ m correspond to the Z boson and 7 (photon), respectively, i.e., to 
the gauge boson mass eigenstates after the eventual spontaneous breakdown of §U(2)l X U(1)y 
down to U(l) em , as we will show in detail in chapter [TT1 
Similarly we can rotate the gauge fields A^ A^ as 

At ) S ^ ( I) ■ (426 » 



where 



U W . -L ( } ^ ) (4.27) 

is a unitary matrix. The fields A^± correspond to the W ± bosons (being charge conjugation 
eigenstates) and satisfy 

( A w±) j = K*- ( 4 - 28 ) 



4.2 Reparameterization of the Lagrangian 



The theory has been so far formulated in terms of the fields S, N, q L , u R , d R , £ L , u R , e R . This 
is convenient for the formulation of the model from the gauge principle, since all the mentioned 
fields are in fact directly the §U(2)l x U(1)y irreducible representations. However, for practical 
calculations it will be more useful to reparameterize the theory in terms of new degrees of 
freedom $, q, defined in terms of the original ones as 



5 (o) 
5-(o)t 
N (o) 



U L + U R 

d L + d R 



vr + M c 
e L + (e L ) c 
\e R + (e R ) c J 



(4.29) 



In the following sections we comment closer on the motivations for introducing this, at first 
sight unnecessarily complicated notation and give a more detailed technical treatment of each 
of the fields $, q, ^g. At this moment let us just say that the main motivation is the same as 
before within the Abelian toy model in part HJ where it was more convenient to work with the 
Nambu-Gorkov field $ = ( ^ ) than with due to the employed mechanism and pattern of 
the SSB. Similar argumentation will be used also in the present context, especially for scalars 
and leptons. Last but not least, the notation (I4.29P will allow us to write some (but not all) 
formula? in much more compact and elegant way. For instance, as a consequence of having only 
three independent fields $, q, ^£ there will be also only three (though matrix) SD equations. 

The notation for fermions, introduced in this section, will be utilized also later in chapter 
[TT1 when discussing masses of the electroweak gauge bosons. 
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4.2.1 Scalars 
Reparameterization of the fields 

Recall in the Abelian toy model, where the symmetry was broken by the two-point functions 
(00), it was more convenient to work with the Nambu-Gorkov field $ = (^) instead 

of the single complex field 0. Analogously, we now assume that the electroweak symmetry will 
be broken by formation of the two-point functions of the type, e.g., (S^S^), (N^N^), etc. 
Therefore, instead of working with the two scalar doublet S, N, organized perhaps in a single 
field 0, 



S 
N 



( 

S (0) 

N {0) 



\ 



(4.30) 



it will be more convenient to work with the corresponding Nambu-Gorkov field, whose matrix 
propagator, in contrast to propagator of the field 0, naturally incorporates the symmetry- 
breaking propagators of the desired type. I.e., we can, in accordance with appendix [Ej define: 



S (0) 

N (o) 
N (-) 
5 (+)t 

AT(°)t 



\ 



(4.31) 



/ 



Here the scalar charge conjugation C is defined by flE.4j) in appendix [El 

However, as indicated by the prime, the basis $' is in fact still not the most convenient 
one (and consequently also not the one we will eventually use for actual calculations). The 
reason for this is that the electrically neutral and the electrically charged components are in $' 
distributed in a rather inconvenient way. The following choice proves to be more (or perhaps 
the most) convenient: 



\ 



AT(-)t 
5 (+)t 
AT(-) 

S (0) 

5(o)t 
N (o) 



(4.32) 



One can appreciate better this choice by noting that it has the generic structure 



$(+) 
$(o) 



(4.33) 
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where <3> < - + ' ) and are made exclusively of the charged and neutral scalars, respectively: 



$(+) 



AT(-)t 
5-(+)t 



5-(o)t 
AT(o) 

V iv(°)t y 



(4.34) 



Thus, due to the conservation of the electric charge the propagator will have in the basis 

(I4.33P a block diagonal form. Moreover, the structure of (I4.33P resembles the structure of an 
SU(2)l doublet with the electroweak hypercharge Y — 1, consequently the structure of the 
SU(2)l x U(1)y generators in the $ basis will be rather familiar. 
In fact, $ is related to $' by a simple linear transformation 



(4.35) 



where the unitary matrix U is explicitly given as 



U = 



( 1 
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In order to establish the link with the literature, we also introduce the notation 

<5>sn = 
$ 5 = 

$jv = 



iv(-)t 

S (o) 
5-(o)t 

N (o) 
AT(°)t 



(4.36) 

(4.37a) 
(4.37b) 
(4.37c) 



which is used in Ref. [58]. We will also use this notation later on when discussing the Ansatz 
for the scalar 1PI propagator. In this notation we clearly have 



$(+) 
$(°) 



®SN 



(4.38a) 
(4.38b) 



with $(+), $(°) defined in flCTjl . 

Both Nambu-Gorkov fields and $ are real fields, since their charge conjugates are just 
their linear transforms. For the primed field the linear relation between <£>' and $ /c has the 
"canonical" form (see (IE. 71) ) 



(4.39) 
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with the Pauli matrix <j\ operating in the Nambu-Gorkov doublet space of $' (i.e., rotating 
and 4> c ). In the unprimed basis this condition translates as 



where 



Si = Ua x U 



(4.40) 

(4.41a) 
(4.41b) 



The reality conditions (I4.39j) and ( I4.40p have impact on the form of the corresponding propa- 
gators: The full propagators in both bases 
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i 





o \ 


1 

















Cl 





V o 








*x ) 



must non-trivially satisfy 



i 

iG$ 



($'$'t) 



Si G$ Si 



(4.42) 
(4.43) 



(4.44) 
(4.45) 



Rewriting of the gauge interactions 

It will be later useful to know explicitly the SU(2)l x U(1)y generators in the $ basis. In order 
to find them we now rewrite the gauge interaction of the scalars from the original basis S, N 
to the $ one. In terms of S, N the scalar gauge interactions reacH 

£ S calar,gau ge = ^ (D^X) 1 (D"X) , (4.46) 

X=S,N 

where the covariant derivatives read 

D M = P-ig^AZ-igf^AZ. (4.47) 

The weak hypercharge Y is, in general, related to the electric charge Q and the third component 
of the weak isospin £3 of the corresponding SU(2)i x U(l)y irreducible representation by the 
Gell-Mann-Nishijima formula 

Y = 2(Q-t 3 ). (4.48) 

I.e., in our case of the electroweak doublets S, N, (14. 5p . we have numerically 

Y s = +1, (4.49a) 
Y N = -1. (4.49b) 

We can write the Lagrangian ( I4.46P more compactly in terms of the field 0, f)4.30p . as 

Acalar,gauge = (D^^D^), (4.50) 

5 Thc Lagrangian (|4.46p includes also the scalar kinetic terms, entering the Lagrangian (14.61) . 
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with the covariant derivative given b}j§ 

d m = p-iT^A*. (4.51) 

This time already a = 1,...,4. The generators T^ a are defined with the gauge coupling 
constants g, g' deliberately included in: 

^,0=1,2,3 = \g { n a f ) > (4.52a) 



2 a V <V 

T^ =4 = \g' ( *f ° ) . (4.52b) 



T V ^ 

We will now reparameterize the model in terms of the field $ instead of the field 0. In order 
to do so, it turns out to be useful to utilize the primed basis $' as an intermediate stage, i.e., 
to parameterize the model first in terms of the primed field $' and only then to move on to the 
parameterization in terms of the field $. 

In terms of the primed Nambu-Gorkov basis $' the gauge interaction Lagrangian (I4.50p 
recasts as 



^scalar, gauge ^ 



^(D^') 1 ^'), (4.53) 
where this time 

D" = 9"-iT*v4£. (4.54) 
The generators T$/ a in the $' basis can be expressed in terms of those T^ a in the basis, (I4.52p . 



as 

:/;,„ o 

" <p,a 



T*> a = ( ^ Q a ) • (4-55) 



Now we can rewrite the gauge interaction Lagrangian (14.531) and the symmetry generators 
(I4.55P into the unprimed Nambu-Gorkov basis $. The Lagrangian has again the same form 

£ scalar , gaugc = i(D At $) t (D^), (4.56) 

with 

= dP-iT^A*. (4.57) 

Using the relation (I4.35P between the bases $' and $, the generators X$ )0 can be given in terms 
of T$/ , (I4.55p . as 

T^ a = UT^ a U. (4.58) 

The generators T$ jQ (8x8 matrices) can be now for a = 1, 2 written in terms of 4 x 4 blocks 

as 

2* )0= i )2 = ( 7-t o° ) (4.59a) 



6 In order not to overload the notation, we denote the covariant derivative always as D M , irrespective of which 
basis ((f), $' or <&) it is written in. 
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and for a = 3, 4 in terms of 2 x 2 blocks as 



Ti 



a=3 



2 9 



<I>,a=4 



The blocks T a are given by 

/ 1 

1 

Ti 



2 9 






/ -i 



\ o 











— i 








1 




i 





-1 




o \ 

i 


0/ 








\ 





-1 





o 


o 


—a<* 


V o 





(7 3 / 




n 
u 


n n \ 





-1 











a 3 


V o 





-a-3 / 






(l + * 3 ) 






-((Ti + i(T 2 






-i(l + (7 3 ) 




M 


-i((T! + icr 2 ) 



(4.59b) 



(4.59c) 



i((ii 



" ^3 J 
102 ) 



0-3 J 



(4.60a) 



(4.60b) 



and for practical calculation it is useful to note that they are related to each other by 

T 2 = -mK, (4.61) 

with 03 operating in the space of the indicated blocks of Ti, Ti- Notice also that in expressing 
T$ 4 we have already used the numerical values (I4.49P of the hypercharges Y s , Y N . 

Since we will break spontaneously the SU(2)l X U(l)y symmetry down to the non-trivial 
subgroup U(l) em , rather than completely to the trivial group, it will be later on useful to know 
explicitly the generators corresponding to broken symmetries and the generator of the unbroken 
U(l) em - The generators T$ t i, T$ j2 already correspond to the fully broken symmetries, so it 
suffices to rotate the generators T$ )3 , T$ )4 according to (14.221) in order to find the completely 
broken generator T$ z and the conserved generator T$ em . The resulting generators can be, 
regarding later applications, written in the form 

T 





Ti 









7$(o) je 




with the components of T$ jem given by 

^!+),em = 
^*(°),em = 

and the components of T<$> t z by 



99' 



1 g 2 -g 12 



2 V? 



,/2 



T 



<s>(°\z 



^9 2 + 9 12 



1 
- 

-cr 3 








-1 


0-3 



(4.62a) 
(4.62b) 

(4.63a) 
(4.63b) 

(4.64a) 
(4.64b) 



respectively. 



4.2. REPARAMETERIZATION OF THE LAGRANGIAN 



77 



4.2.2 Quarks 

Reparameterization of the fields 

Recall the definition of the left-handed quark doublet in terms of the left-handed quark fields 
u L and d L , (@~2D: 




(4.65a) 



It is convenient to organize analogously the right-handed singlet fields ur and du, (14.21) . into 
the right-handed quark doublet 




(4.65b) 



Even more compact notation can be, however, achieved by combining the chiral doublets (14.651) 
in the obvious way as 

The field q (and occasionally also the fields u, d) will be the most convenient to use and we will 
therefore rewrite the relevant interactions in its terms. 



Rewriting of the gauge interactions 

We start the rewriting of the theory in terms of q with the gauge interactions, aiming mainly 
at the form of the electroweak generators in the basis q. In terms of the left- and right-handed 
doublets qi, qn, (14.651) . the gauge interactions can be written as 

£quark,gauge = <fr (# + ^9^4 ) Ipflh + QR9' £ ( ^ y^^ 1 ^' 

The hyper-charges Y q , Y u , Y d correspond to the left-handed doublet q^ and to the right-handed 
singlets Ur, dR, respectively. They are given in terms of the electric charges Qf, 

Q u = +|, (4.68a) 
Qd = -~, (4.68b) 
and in terms of the third components of the weak isospin tsf, 

hu = +\, (4.69a) 

hd = -g, (4.69b) 

by the general formula (14 .48 p . Specifically, we have 

Yq = 2(Q f -t 3f ), (4.70a) 
Yf = 2Q f , (4.70b) 
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so that the numerical values are 

Y q = +i, (4.71a) 

n = +|, (4.71b) 

*d = ~\- (4.71c) 
In the basis q the gauge interaction Lagrangian (14 .6 7p recasts as 

C = ffT q , a qAl, (4.72) 
where the generators are defined again with the gauge coupling constants included in as 

T q , a=1 , 2 ,3 = 9y P l, (4.73a) 

T q ,a=4 = a'^PL + g'U^ y)p R (4.73b) 



+ A Q n ° n ) ■ (4.73c) 



2 " 1 y V Qd 

In expressing the generator T qA in the form (I4.73c| we have used the relations f)4.70p and the 
explicit values (I4.69j) of t 3 f. 

Again, it is useful to know the form of the generator T g>em , corresponding to the conserved 
U(l) em subgroup, together with the orthogonal generator T qZ . Using the relations ( I4.22p we 
arrive at 

T q , em = r —— n n 1 , (4.74a) 



-g,z 



^g 2 + g' 2 V Qd 

g' 2 ( Qu \ / n ; , 2 o- 3 



y 2 + ^2 ^ o g d ; v y y 2 



^ + ^'2_lp L . (4.74b) 



Just for the sake of later references we also mark explicitly the block-diagonal form of the 
generators T q>3 , T qA : 

T q ,a=s 4 = ( Y T ° ) , (4-75) 



d.a 



where 



T f , 3 = gt 3f P L , (4.76a) 
T/a = g'\{Y q P L + Y f P R ) (4.76b) 
= -g%fP L + g'Qf, (4.76c) 



and naturally also of the generators T qem , T g z'- 



T q ,em = ( V ) ' (4.77a) 



'Pd,em 
( 

T dtZ 



T q ,z = { \ Z ° ) ■ (4.77b) 
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where 



Tf, eia = -T=== 2 Qf> (4.78a) 
V9 + 9 



Tf,z = ~ ri— 2 Qf + V9 T +9 T2 t3fPL. (4.78b) 
V 9 + 9 



Rewriting of the Yukawa interactions 

Now when we have, in addition to the scalar part, reparameterized also the quark part of the 
theory, we can finally rewrite the Yukawa interactions (I4.10ap in terms of the new degrees of 
freedom <3> and q: 



C 



Yukawa, q 



qY q q<& 
&qY q q 



(4.79a) 
(4.79b) 



Here the coupling constant Y q is a complicated rectangular matrix, incorporating all of the 
particular Yukawa coupling constants from the original Lagrangian ( I4.10a|) . together with the 
chiral projectors Pl,r- It is a column with eight entries, corresponding to eight entries of the 
scalar field $. Each of the eight entries is a 2 x 2 matrix in the space of the quark doublet q. 
Having in mind the expression of $ in terms of the fields ( I4.37p . the coupling constant Y q can 
be expressed in the block form as 



Y n 



( Y q SN \ 



\ 



r _q,SN 

q,SN 

y q ,s 



J 



(4.80) 



The block Y qj $N is explicitly given as 



/ 



Y, 



q,SN 



^ \ 

y\P L -y u P R 





V V vuPr + vIpl o ; / 



(4.81a) 



so that Y^g N , with T * denoting the transpose only in the eight- dimensional space of the scalar 
field $, has the form 



*q,SN 



( ( y d P R -ylP L \ \ 




ytP L + y d P R 

V V 



(4.81b) 
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The blocks Y Qt s and Y q ^ read 



Y 



g,S 



Y r , 



q,N 



\ 

and one can observe that they satisfy 



VuPr 





u 














vlP L 










VuPr 






R 



-v\Pl 



Y r , 



q.S 



Y 



Consequently, the whole Y q satisfies 



q,N 



Y„ 



^5. 

1* 



(4.81c) 



(4.81d) 



(4.82a) 
(4.82b) 

(4.83) 



Notice that we have included in the expression f 14 . 8 lj) of Y q , just for completeness, also the 
"tilded" Yukawa coupling constants y u and corresponding to the interactions (14. 15aj) . for- 
bidden by the discrete symmetry (14.191) . In fact, we assume of course y u = = 0. 



4.2.3 Leptons 

Reparameterization of the fields 

Likewise in the case of quarks, we have two n-plets Ul and ei of the left-handed fields, organized 
into the §U(2) L doublet (jPjl . 



e L 



(4.84a) 



and one n-plet cr of the right-handed charged lepton singlets. This time, in contrast to quarks, 
there are m (in general different from n) right-handed neutrino fields, organized into the m-plet 
vr, (14. 3p . Nevertheless, it is again convenient to introduce the right-handed lepton doublet field 



■R 



vr 

dR 



(4.84b) 



Since this time the dimensions of the two doublets £l and Ir differ, we cannot sum them 
and define this way the doublet t = £l + £r, as we did with quarks (see Eq. (I4.66P ). We can, 
however, organize them in the following way 



h + (h) 
£r + (in) 



( VL + M C \ 

e L + (e L ) c 
vr + (vr) c 
\e R + (e R ) c J 



(4.85) 
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We call it a Nambu-Gorkov field, since it is in a sense the same object as the scalar Nambu- 
Gorkov field <3>. In particular, it is also a real or Majorana field, since it satisfies the Majorana 
condition: 



(4.86) 



The properties of the fermion Majorana field (I4.85[) are discussed in more detail in appendix [Dj 
Sec-ITU 

The main advantage of the Nambu-Gorkov formalism (I4.85P and actually the reason why 



we use it (apart from m ^ n, which could be after all overcome in a simpler way than by 
defining ty' e ) is that its matrix propagator naturally contains the Majorana propagators, i.e., 
the propagators of the type (ip?p c ), (V ;C V ; )- Such propagators can be clearly in principle generated 
for the neutrinos without breaking the sacred electromagnetic invariance. 

However, we are now at the same situation as before with scalars, or more precisely, with 
the field The prime at ty' e indicates that this basis is not the most convenient one. The 
reason for that is again the same: In fy' £ the neutral and charged components are mixed. There 
is a better basis of the Nambu-Gorkov doublet, which can be constructed as follows: First 
we define the Nambu-Gorkov doublets separately for both types of leptons: 



e L + {e L ) c 
en + (e R ) c 



(4.87a) 
(4.87b) 



and then we make out of them the doublet ^ '< 



Notice that this field is again Majorana: 



/ VL + K) C \ 

vr + {vr) c 
e L + {e L Y 
\e R + {e R Y j 



(4.89) 



The Nambu-Gorkov doublet in this basis is more convenient, because has the same natural form 
as the electroweak doublet (I4.84p and consequently certain quantities (e.g., the propagators and 
the generators) will have more natural and familiar block forms. 

Notice that the fields and are related to each other by a simple linear transformation: 



(4.90) 



where 



U = 



( 













\ 










Iflixm 












Inxn 










V 











Inxn 


/ 



(4.91) 



The matrix U satisfies U'U = U T U = 1. 
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To complete the present discussion of the Nambu-Gorkov formalism, let us state the con- 
sequence of the Major ana character of the field for its propagator 

iG 9i = (4.92) 

The Majorana condition (I4.89[) implies the following symmetry of the propagator: 

G*M = G% e (-p), (4.93) 

where G% (generally, a "charge conjugation" of matrix in Dirac space) is defined in (131) . (The 
same relation as (I4.93P holds also for the propagators of the primed Nambu-Gorkov field \D^, as 
it satisfies the same Majorana condition (14.86]) .) More details are to be found in appendix ID1 



Rewriting of the gauge interactions 

We will now rewrite the gauge interaction into the basis *f?£. Likewise in the case of scalars, we 
will use the basis as a convenient intermediate step, using the results from appendix [D] In 
terms of the left- and right-handed doublets ( I4.84p the gauge interaction can be written as 

Aepton.gauge = 4 (d^K + ^Y^) 7/ A + Ir^- ( ^ A^/r , (4.94a) 

or more compactly as 

•^lepton, gauge IlIpTi^IlAI + £ R ^T iRj J R AZ , (4.94b) 
with Te Lta , Ti Rta defined for a = 1, 2, 3 as 

T eL!a=1 ,2,3 = g\<y\ (4.95a) 

T^, a= i, 2 ,3 = (4.95b) 

and for a = 4 as 

Te L , a =4 = g'\Yi, (4.95c) 

Te R>a =4 = g'\ ( Y q y e ) ■ ( 4 ' 95d ) 

The hyper-charges Y e , Y u , Y e , corresponding to £l, vr and cr, respectively, are again related to 
the corresponding electric charges Qf, 

Q u = 0, (4.96a) 
Q e = -1, (4.96b) 



and to the third components of the isospin t^f, 



by the formula (14. 48 p . i.e., 



hu = +-, (4.97a) 
he = -I, (4.97b) 



Y t = 2{Q f -t 3f ), (4.98a) 
Y f = 2Q f . (4.98b) 



4.2. REPARAMETERIZATION OF THE LAGRANGIAN 



83 



The numerical values are 



Yt = -1, (4.99a) 
Y v = 0, (4.99b) 
Y e = -2. (4.99c) 



As shown in appendix [Dj the Lagrangian ( 14.94bj) acquires in the Nambu-Gorkov basis 
the form 

Aepton.gauge = -^T^tt^ , (4.100) 

with the generators IV a expressed in terms of the original generators Te L , a , Ti R ,a, (I4.95p . as 
IV „ = ( T ^aPL-Tl a P R ^ „ ^ „ |. ( 4.ioi) 



(Cf. Eq. flD.1411) .) For transition from to we can now use the relation (14.901) . In the basis 
the Lagrangian (I4.100p recasts as 

■^lepton, gauge 

-Va^a^tA*, (4.102) 
with the generators IV^ a given in terms of the generators „ simply as 

T* £ , a = UT %>a rf. (4.103) 

Explicitly we obtain: 

T^,i = -IbqU " * + ) ■ (1.101a) 








^+ 







-ipT 















-P+e 



T^2 = g\[ " n + ) , (4.104b) 



T^3 = -75.^ o -P + J' ( 4104C ) 

T ^ = -^ 9 2\ o yp+J+^H o r e p_J (4 ' 104d) 

/I / P+i/ \ , / \ . , 

= 75S H o -p +e J" 75 n o g e a 3e J' (4 - 104e) 

The three matrices P + , P+„, P+ e in (I4.104j) differ only in their dimensions: While the first 
is rectangular, the other two are square with different dimensions: 

nxn 

0, 



P+» = ( V „ ° ) , (4.105b) 



mxm 



P + . . ( Y ) n.J.Bo. 
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Note that the three matrices coincide in the special case m = n. In practical calculations it is 
also useful to note that they are related by the formulae 

P+Pl = P +e , (4.106a) 

PlP + = P +v . (4.106b) 

Analogously, one can also define the matrices P- u , P_ e as 



P-u - ( d T / ) . (4.107a) 



mxm 



P-e = i / ) • (4-lOTb) 



p ±f p ±f 


= P ±f 


P ±f P Tf 


= o, 


P ±f + P Tf 


= 1, 



Notice that each pair P+f, P-f forms a complete set of projectors on the two-dimensional 
Nambu-Gorkov space of each particular ( I4.87p . / = u, e: 

(4.108a) 
(4.108b) 
(4.108c) 

with the right-hand sides of fl4.108bj) . (14. 108cj) being square matrices of dimensions n + m and 
2n for the neutrinos and charged leptons, respectively. We can also "generalize" the Pauli 
matrix 03: 

(73/ = P+f -P-f, (4.109) 

i.e., 



*»> = n" " , (4.H0a) 

\ U -"-mxm J 

<*■ - ( V -L ) • (4 - 110b) 

The generators T^ em and Ty t> z are again given by the formulae (I4.22p and explicitly come out 



as 



rp 99' ( Qv &3V , 

TM>,,em = ===75 n n „ ), (4.111a) 



V _|_ ^2 y Q e a 3e 

= VFtfH a^h^^M -p + J- ( 4 - lllb ) 

Like in the case of quarks, we again, for the sake of later references, mark explicitly the 
block-diagonal form of the generators 7* f)3 , T^, )4 : 

7*„,« 



P^,a=3,4 — ^ q ,CL rp^ J > (4.112) 

where 

7%,3 = -gihhfP+f, (4.113a) 



-Y e P +f + l5 g'~ 

g'ibhf P+f - g'ibQfPzf , (4.ii3c) 



T %)4 = - l5 g'-Y e P +f + l5 g'-Y u P_ f (4.113b) 



4.2. REPARAMETERIZATION OF THE LAGRANGIAN 



85 



and analogously of the generators T^ £<em , T^^z'. 



T^, em = ( rr ° ) , ( 4 - 114 a) 



T w 

v v ,z 

T* z 



cm 



= ( \ z J ) , (4.ii4b) 



where 



em = ^ /9 7sQ/^3/, (4.115a) 

T 9f>z = t=== 7s Q/ 0-3/ ~ vV + fl' 2 75 t 3f P + f . (4.115b) 
V9 2 + 9' 2 

Consider now the charged lepton generators T^ eja with a = 3,4 or a = em, Z. These 
generators operate on the space of the Nambu-Gorkov doublet ty e , which is made of the left- 
handed and the right-handed charged lepton fields ei and en, respectively. Since the number of 
components of both ei and en is the same (i.e., n), the fields e^, e R can be represented, apart 
from the Nambu-Gorkov doublet \l/ e , also by the field 

e = e L + e Rl (4.116) 

just like the quarks (cf. formulae (I4.66P ). It is useful to know the generators T e a (with a = 3, 4 
or a = em, Z), i.e., the generators 7V e>a rewritten in the basis e. For this we can make use of 
the result (ID. 136|) (and generally the results from Sec. ID.4l of appendix [D]), stating that 

T e , a = (P L , P R ) T* e , a ( J > a = 3, 4 or a = em, Z . (4.117) 

Not surprisingly, the resulting generators T e ^ a are of the same form as the quark generators 
Tf,ai f = u,d, see Eqs. (14.761) and (14. 78 p . Only for the sake of later reference, let us state the 
generators T ea explicitly. We have 



T e , 3 = gt 3e P L , (4.118a) 
T e , 4 = g'^(Y e P L + Y e P R ) (4.118b) 

= -g'hePL + g'Qe (4.118c) 



for the a = 3, 4 basis and 



T e , em = =p Q e , (4.119a) 



/2 

y 

_ /2 



T e , z = — J[ = Q e + Vg T +g®t 3e P L (4.119b) 

V 9 + 9 



for the a = em, Z basis. 



Rewriting the lepton number symmetry 

The lepton number symmetry U(l)^, (14.81) . is in the Nambu-Gorkov basis translated as 

U(l), : ^ — > [V t ]' = eF** V e . (4.120) 
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We denote the generator Tq, e for the sake of later references as 



where Tq, v and T^ e are of course the same 



T* v 
T*„ 



"75 0"3 Qi , 
"75 03 Qi ■ 



(4.121) 



(4.122a) 
(4.122b) 



Rewriting of the Yukawa interactions 

The lepton part (14 . 1 Ob |) of the Yukawa interactions ( 14. 9 p is rewritten in terms of $ and as 



C 



Yukawa, j 



-tf/Y* £ ^$ 



(4.123a) 
(4.123b) 



with the coupling constant Y$ e being again, similarly as the quark coupling constant Y q , an 
8-plet, being contracted in (I4.123P with the 8-plet $. In contrast to quarks, however, the entries 
of Yq, e are this time not 2x2, but rather 4x4 matrices in the space of the field ^i. We can 
write Y^ l as 



The block Y$, sn is given explicitly as 



/ Y<j, ei sN \ 



Y 
y 



Y 



t> e ,SN 



T 

so that Yqj^gjy reads 



( 


/ 











VIPl 


\ 


\ 












-vIPr 
















-VvPr 














\v\Pl 











> 








f 








VIPl \ 
















vIPr 
















VvPr 












\ 




\ytP L 








o ) 




I 


/ 


( 











VsPr 
















-vIPl 
















-VIPl 

























) 








( 








VeP R \ 
















VIPl 
















VIPl 












V 




V yJPn 












I 



(4.124) 



(4.125a) 



(4.125b) 
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The remaining blocks are given as 

/ 



/ 


n 
u 




n 
u 


n 
u 








o 


o 


















VIPl 




\ 








v\Pl 





/ 


/ 





VIPl 








\ 




vIPl 
























VcPr 




\ 








vJPr 





/ 



(4.125c) 



Yi 



and since they satisfy 



/ 


/ 





VIPl 








\ 


\ 






vIPl 




























-y e PR 








V 








-vJPr 





/ 






/ 





VuPr 
















vIPr 




























-VIPl 






\ 


V 








~v\Pl 





) 


/ 



Y$,,s 



Yi 



S i 



°1 X 9/,N ' 



the whole Y$ e satisfies, similarly to the quark case, the relation 



Y^ e — Si Yyf 



In addition, there is also the relation 



Yy, 



(4.125d) 



(4.126a) 
(4.126b) 

(4.127) 

(4.128) 



which is a consequence of the Majorana nature of Therefore there is no analogue of this 
relation for the quarks. For the sake of completeness we have again included in ( I4.125P also the 
coupling constants y v , y e from (14.15bj) . which we actually assume to be vanishing due to the 
symmetry (I4.19P : y v = 0, y e = 0. 



4.3 Summary 

We have considered an SU(2) L x U(l)y gauge theory equipped with n generations of the SM 
fermions (i.e., the left-handed quark and lepton doublets and £l and the right-handed quark 
and charged lepton singlets ur, cIr and e#). We have enhanced this theory with m right-handed 
neutrino singlets vr, allowing for the gauge-invariant Majorana mass term (14.71) . 

Moreover, we introduced two scalar doublets S and iV with opposite hypercharges ±1. The 
bare masses squared of these scalars are assumed to be positive, in contrast to the usual Higgs 
scalar doublet. Also, again in contrast to the SM, we neglected the scalar self-interactions. 
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However, the Yukawa interactions (though in the form somewhat constrained by the imposed 
discrete symmetry "Pdown, (14.191) ) were kept, as they will be of vital importance for the quest of 
spontaneous symmetry breaking in chapter [6l 

Most of the chapter was dedicated to the reparameterization of the theory in terms of the 
new degrees of freedom. Namely, instead of using the scalar (S, N), quark (q L , ur, cIr) and 
lepton (£ L , z/r, e#) irreducible representations of SU(2) L x U(l)y, we introduced new fields $, q 
and £, in terms of which we have rewritten the gauge interactions (i.e., basically the symmetry 
generators) and the Yukawa interactions. 



Chapter 5 

Ansatze for propagators 



Our strategy of demonstrating the SSB in the next chapter will be to find its manifestation 
in the sector of fermion and scalar propagators. In other words, we will look for symmetry- 
breaking parts of those propagators. For that purpose it will be sufficient to probe only a subset 
of all possible propagators, i.e., to restrict to some Ansatz for the propagators. This chapter is 
dedicated to finding such Ansatz. 



5.1 Strategy 

In constructing the Ansatze for propagators we will above all make sure carefully that it will not 
break the sacred electromagnetic invariance. Apart from this rather obligatory requirement we 
will follow also two optional criteria, whose aim is rather to simplify the calculations as much 
as possible while keeping present the most essential physical properties of our pattern of the 
SSB: 

First, we will consider only those self-energies that break the symmetry and will neglect 
the symmetry-preserving self-energies. We can do this, since we wish only to demonstrate the 
viability of the SSB and do not pretend to make any phenomenological predictions. Moreover, 
from the technical point of view, it will be convenient to consider only the symmetry-breaking 
self-energies since by general arguments we know that they must be UV-finite. 

Second, we will also neglect those self-energies (though symmetry-breaking) that renormalize 
the wave function. This is because we concentrate here mainly on the effects of the SSB on 
the particle spectrum. The renormalization of the kinetic terms, though finite, is therefore 
not of much interest from our adopted point of view. Nevertheless, we will, just for curiosity, 
separately write down explicitly the SD equations for such self-energies and show that they 
really come out finite, as they should. 

The finial, rather minor guiding principle for determining the Ansatz will be anticipating the 
Hartree-Fock approximation of the SD equations, to be introduced only in the next chapter [6j 
This will in fact apply only to the scalars. It will turn out that some of the scalar self-energies, 
even though symmetry-breaking and not renormalizing the kinetic terms, will be vanishing in 
the one-loop, Hartree-Fock approximation. We will therefore set them to zero from the very 
beginning, just in order to make the intermediate formulae as simple and tractable as possible. 
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5.2 Scalar s 

5.2.1 Notation for propagators 

The scalar self-energy 11$ is defined as the difference 

11$ = D^-G^ 1 (5.1) 

between the inverse free propagator Z)$ and the inverse full propagator G$, 

i£>* = (<M>t> , (5.2) 
iG$ = ($$ t ). (5.3) 

Since the original scalar doublets S, N have hard masses M s , M N , respectively, the free prop- 
agator D<$> is given by 

D$ = di ag (DlD%,D s ,D N ,D s ,D s ,D N ,D° N ), (5.4) 

where 

D °s = P 2- M y D ° N = p 2 — Mjj ' (5 - 5) 

We will now construct an appropriate Ansatz for 11$ by following the philosophy outlined 
above. 



5.2.2 General form of the self-energy 

First, recall that since the Nambu-Gorkov field $ satisfies the condition (14 .40 p . there is the 
non-trivial condition (I4.45P for the full propagator Since the free propagator (15 ,4p satisfies 
this condition too (it must, as being just a special case of the full propagator in the case of no 
interactions), the self-energy (15 .ip must satisfy it as well: 

n $ = EiIl£Ei, (5.6) 

with Ei given by (I4.4ip . This is the first, most basic requirement on 11$. 

Further, we demand that the U(l) em is preserved by the scalar self-energy 11$. That is to 
say, we demand thafl 

[II$,T$, em ] = 0, (5.7) 

with the electromagnetic generator T$ em given by (|4.62aj) . 

Moreover, we want rather for technical reasons the self-energy 11$ to be Hermitian: 

n„ = 14. (5.8) 

Apart from obviously convenient reduction of the number of independent parts of 11$ this 
condition will later on ensure that the masses squared of the scalars bosons will be real. 
The three conditions (15.61) . (15. 7p . (15. 8p constrain the 11$ to have the form 

n * - ( n r nl ) • w 



1 See discussion of the quantities (|3.37p . measuring the symmetry breaking. 
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n 4( o) = I £ ^ ) , (5.10b) 



where 

n 0(+) = ( o A T ' ' (5.10a) 

C i 
N £ f D 

with 

* - ( % t ) • < 5 - lla ' 

c 55 ( c- § ) • (5 ' ub) 

D - ( £ 5 ) ■ <« lc > 

Here the numbers A\, A3, C\, D\ and A 2 , C 2 , D 2 , E\, E 2 are real and complex functions of p 2 , 
respectively. 



5.2.3 Symmetry constraints 

Not all of the functions Ai, Ci, Di, Ei, however, break the symmetry. Some of them (or some 
linear combination(s) of them) may preserve it. Let us now check it. 



The T$ z generator 



Let us start with the symmetry associated with the generator T$^, (]4.62b|) . Its breaking 



induced by the scalar self-energy 11$ is measured by the commutator [11$, 1$^]. Due to the 
block-diagonal structure of z we have 

= ( [U * M ^^ ) , (5.12) 

with T $(+ ) Z , T ( O ) >Z given by fl4.64[) . 

For the first commutator [II $ (+) , T$(+) 2 ] we have immediately 

[n $(+) ,T $(+u ] = 0. (5.13) 

Vanishing of [II 4 (+) , T$(+) z ] is in fact due to the requirement of the electromagnetic invariance, 
since the generator T$(+) z , f)4.64ap . is proportional to its electromagnetic counterpart T $ (+) em , 
(OBajl . 

More interesting is the second commutator [II $ (o) , T $ ( ) z ]. Explicit calculation reveals 

[n w ,i>>,] = iv7TF(_- { g'^ } < 5 ' 14 > 
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with the particular (anti) commutators 

[C,a 3 ] = 2 

[D,a 3 ] = 2 

{E,a 3 } = 2 






-c 2 


c; 








-D 2 


D* 





E 1 


1 





El ) 



(5.15a) 
(5.15b) 
(5.15c) 



Therefore, we conclude that from the nine self-energies A x , A 3 , C\, Di, A 2 , C 2 , D 2 , E 1 , E 2 only 
the three C 2 , D 2 , E\ break the symmetry associated with the generator T$ z- 

The T$i, T$ 2 generators 



We can calculate similarly also the commutators of 11$ with the generators T& t i, T$ j2 , f!4.59ap . 
and arrive at 



[n$, T$ ja=12 ] 



o x a 
-x\ 



with X a given by 



X n 



n$(+) T a — Ta n # ( ) . 



(5.16) 



(5.17) 



Noting the definitions (I4.60p of T a , we find 



and 



I 


{At - d) 


-c 2 


-Et 


-(A 2 + E 2 ) 






(a 2 + E 2 y 


Ex 


D* 


-(As - £>i) 






c 2 


-{A, - C x ) 


(a 2 + E 2 y 


El 




\ 


-El 


-(A 2 + E 2 ) 


(A 3 - Di) 


-D 2 


J 



(5.18a) 



Xo 



-io- 3 Xi . 



(5.18b) 



In expression f!5.18bj) for X 2 we have used the relation (I4.6ip . Thus, we conclude that the 
self-energies C 2 , D 2 , E\ separately break the invariance. Of the remaining six self-energies A\, 
A 3 , C\, D\, A 2 , E 2 only the combinations 



Ai-d, 
A 3 -D u 
A 2 + E 2 

break the generators T$ } i, T<^ j2 , while the combinations 

A 1 + C 1 , 
A 3 + D u 
A 2 -E 2 



(5.19a) 
(5.19b) 
(5.19c) 



(5.20a) 
(5.20b) 
(5.20c) 



leave them invariant. 
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The discrete Pdown symmetry 

Furthermore, recall that apart from the continuous symmetry §U(2)l x U(1)y there is also the 
discrete symmetry Pdown, f !4.19j> . acting on the scalar doublets S, N as 

Pdown : S — )> [S]' = -S, (5.21a) 

V down : N — > [N]' = +N. (5.21b) 

For the individual blocks A, C, D, E of II we have therefore 

[A,V down ] = 2( ° ^ 2 V (5.22a) 



v ^2 

[C,P down ] = 0, (5.22b) 

[A^down] = 0, (5.22c) 

[£,Pdown] = 2£. (5.22d) 

The "commutators" in (15. 22p are defined as 

[X,V down ] = X-[X]', (5.23) 

where [X]' is transformation of X under "Pdown- Therefore we see, in particular, that the 
functions A 2 and E 2 do break the 7-down symmetry separately, which is to be compared with 
the previous result that only the combination A 2 + E 2 breaks the SU(2)l x U(1)y symmetry, 
while the combination A 2 — E 2 preserves it. 

Elimination of E 

Now, as we know which of the functions Ai, Ci, Di, E iy or their linear combinations do break 
the symmetries of the Lagrangian and which not, we can proceed to the construction of the 
Ansatz. We have seen that all functions, but the combinations A\ + C\ and A3 + D\, break 
at least a part of the full symmetry SU(2) L x U(l)y x Pdown- Since the symmetry-preserving 
combinations contain the perturbative and hence potentially UV-divergent contributions, we 
will not consider them in our Ansatz and set 

A 1 + C t = 0, (5.24a) 
A 3 + D 1 = 0. (5.24b) 

Now all of the other functions, as being symmetry-breaking and hence UV-finite, should be 
in principle included into the Ansatz. However, for various reason we will neglect also some of 
these symmetry-breaking functions. First of all, we set E = 0: 

Ei = 0, (5.25a) 
E 2 = 0. (5.25b) 

There are two reason for doing that. The first reason is rather pragmatic: If E = 0, then the 
matrix H$(o), (15.10bj) . has a block-diagonal form with the non- vanishing blocks C, D being 



2x2 matrices. Recall that the self-energy fl5.10a[) . has already the same block- diagonal 

form too. Now since the free propagator D$, (15. 4p . is a diagonal matrix, the full propagator G$ 
has consequently the same block structure as the self-energy n$, i.e., it consists of four 2x2 
blocks on the diagonal. The point is that each of these blocks is calculated from the self-energy 
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by taking inverse of a 2 x 2 matrix, which is of course much easier than taking inverse of a 4 x 4 
matrix (which would be inevitable if E ^ 0). 

Second reason for setting E = actually anticipates what we will discuss only in the 
next chapter. Likewise in chapter [3] on the Abelian toy model, we will also here study the 
dynamics using the SD equations, derived from the CJT effective potential. And also likewise 
in the Abelian toy model, we will approximate the CJT effective potential by the single one- 
loop diagram, i.e., we will use the Hartree-Fock approximation. However, as we will show 
explicitly later, it turns out that in this approximation the SD equations for E are vanishing, 
and consequently in one loop we have indeed E — 0. Only at two loops there would be a 
non-vanishing contribution to E. 



5.2.4 Refining the notation 

Now when we have set E = 0, it is convenient to change slightly our denotations. We rename 
the non-vanishing self-energy blocks as 

(5.26a) 
(5.26b) 
(5.26c) 



A 


= n$ SJV 


C 


= n$ s , 


D 


= , 



so that the self-energies H^(+) and H^w now read 

n $ (+) = 
n $ (o) = 

The full propagator G$ has the form 

G&(+) = 



















G§{+) 
G^to) 






G 













T 



(5.27a) 
(5.27b) 



(5.2* 



(5.29a) 
(5.29b) 

The particular propagators Gq> SN , G$ s , G$ N are given in terms of the self-energies n$ SJV , n$ s , 
n $(V as 



G<S>SN 

G$ s 



p 2 - M 2 



s 







p 2 — M 

s 



-i -l 



p 2 - Ml 





p 2 -M 2 



p 2 -M 2 



n 



N 

- 2 





p 2 - M 



S 



(5.30a) 
(5.30b) 
(5.30c) 
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Here we can see explicitly what was mentioned above: If the block E was not assumed to 
be vanishing, the propagator could not be written in the convenient block-diagonal form 
fl539bj) . 

Also, in order to be in accordance with Ref. [55], we rename the functions A 2 , C 2 , D 2 as 

(5.31a) 
(5.31b) 
(5.31c) 



A 2 




c 2 


= n 5 , 


D 2 


= u N . 



Furthermore, we denote the symmetry-breaking combinations fl5.19a[) . ( 15.1 9b )) as 

A 1 -C 1 = 2A S , 



A 3 -D 1 



2A 



N 



(5.32a) 
(5.32b) 



The self-energies n$ SJV , II$ S , 11$ N therefore read 



SN 



n 57v A N 

-a s n s 
-a s 

-A N 



-A 

n 



A? 



N 



(5.33a) 
(5.33b) 
(5.33c) 



Plugging these self-energies into the expressions (I5.30P for the full propagators, we arrive at 



Ga 



G$, 



(p 2 - Mf - AsW -M 2 N - A N ) - |n 



1 



(p 2 - Ml + A s ) 2 - \n s \ 2 
1 



( p 2_ M 2 r + A7v) 2_| n 



N\ 



SN\ 



p 2 -M 2 s + A t 
TT* 

p 2 -M 2 N + A 
TT* 



P 2 - M 2 N - A 



N 



n 



p 



SN 



Us 

2 -M 2 + A, 



p" — 



N 



n^v 

2 

N 



p 2 -M 2 N + A 



M 2 -A s 



(5.34a) 
(5.34b) 

(5.34c) 



5.2.5 Wave function renormalization self-energies 

The self-energy Ansatz f)5.33p . with five symmetry-breaking functions Hsn, n 5 , IIjv, A s , A N , 
is still quite complicated. One could ask whether it is possible to simplify it by neglecting some 
of the five functions, while keeping present the most significant features of the resulting scalar 
spectrum. 

Consider the scalar spectrum, which is obtained as poles of the full propagator. From the 
three particular propagators (15.341) we have altogether six pole equations: 



P 



P 
P 2 



M 2 S + A S | M 2 N + A N ± 



M 2 S + A S M 2 N + A N 



+ in 



SN\ 



Ml - As ± in 



5 



m 2 n - a n ± in 



N 



I AT 



(5.35a) 

(5.35b) 
(5.35c) 



Recall that all the quantities Hsn, Tls, U^, A s , A N are functions of p 2 . 
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The first equation (I5.35al) (which is actually two equations, thanks to the "±" option) says 
that as a result of the SSB the original two charged fields and N^~^ with the respective 
masses Ms and M^ mix into two new charged fields with masses given by the pole equation(s) 
(Pigaj) . 

More interesting are the other two equations, f!5.35bl) and (I5.35cp . For the sake of definiteness 
let us focus on the former one, f!5.35bj) . as the latter one, (I5.35cj) . is completely analogous. As 
discussed already on a similar example in chapter [3j the equation (I5.35bl) (comprising again 
actually two equations) describes mixing between the two complex fields and with the 
same bare masses Ms, resulting into two new real fields with different masses. Clearly, this 
mass splitting is proportional to II5, as for the case IT5 = the two equations (15.35bl) would 
coincide. If on the other hand As = 0, the mass splitting is still present. In fact, As serves only 
as a finite renormalization of the bare mass Ms, with no impact on the interesting phenomenon 
of mass splitting. Therefore we will neglect in our Ansatz the function As, as well as on the 
basis of the same arguments also the function A^: 



A s 
A N 



0. 
0. 



(5.36a) 
(5.36b) 



5.2.6 Final form of the Ansatz 

We can now state the final form of the Ansatz. The scalar self-energy 11$ is given by 






V 







n 





where 



n 



*SAT 



n 



SN 



TT* 










TT* 










TT* 






This corresponds to the full propagator Gq> of the form 



/ G$ SN 






V 












where the particular propagators are given by 

1 



\ 





n $JV / 



Gap 



\ 




G<s> N J 



p 2 - M 2 



N 



SN 



G$, 



G$, 



(p 2 -M 2 )(p 2 
1 



ft) 



(p 2 - M 2 ) 2 - \U S \ 2 



(p 2 - M 2 N y 



in r |2 



1 AT 



n SiV | 2 V 


TT* 

L1 SN 


1 - M s 




n* 


p 2 -M 2 ) 


> 2 -M 2 N 


n^v 




P 2 -M 2 N 



N-SN 

p 2 -M 2 



(5.37) 



(5.38a) 
(5.38b) 
(5.38c) 



(5.39) 



(5.40a) 
(5.40b) 
(5.40c) 
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The pole equations (15.351) reduce to 



, _ Mj + M 2 N ^J{MI-M* N \ 2 , |TT 



P 2 = & 2 " ±vM ,/ ' 1 ■HUs.vP. (5.11a) 

p 2 = Mf ±|n s |, (5.41b) 

p 2 = M 2 N ±\U N \. (5.41c) 

Finally, in order to make formulas more compact, it is convenient to introduce the notation 

° SN " (^-AfJ)(^-A4)-|n OT r (5 - 42a) 

Ds s 5? - Wf - W ■ (5 ' 42b) 

for the fractions figuring in the expressions (I5.40p for the full propagators. 

For the sake of later references, we state here explicitly the Feynman rules for the propaga- 
tors. The Feynman rules for the self-energies (15.311) read 

g(Q) 

(S^S^) 1P1 = -in s , (5.43a) 

iV(o) jv(o) 

(N^N^) 1Pl = - -<{J>- ~ = -in^v, (5.43b) 

(5( + )iV(-)) 1PI = - -<(_)^ " = -ilW (5.43c) 



The 1PI propagators with the opposite arrows differ from these only by complex conjugation 
of the corresponding function Yl s , Hn, ^-sn, respectively. 

The Feynman rules for the symmetry-breaking parts of the full propagators ( I5.40p (the 
off-diagonal entries) read 

S (0) 5 (0) 

(5 (o) 5 (o) ) = _ _ = iU s D s ., (5.44a) 

iV(o)^ iv(o) 

(N (m N i0) ) = - ■< A>- - = ilLyAv. (5.44b) 

S« iv(-) 

= - -< A>» - = in^vAsN. (5.44c) 



Again, the opposite arrows correspond to complex conjugation of the respective self-energy 
functions. The Feynman rules for the symmetry-preserving parts of the full propagators (I5.40p 



98 



CHAPTER 5. ANSATZE FOR PROPAGATORS 



(the diagonal entries) are given by 



S (o) 5(0) 

(S i0) S m ) = - -< A-< - = i^-MD^s, (5.45a) 



iV(o) at(0) 

(jV(o)jv(°)t) = _ _ = iQ, 2 -j4)D iV . (5.45b) 

= - " = i(p 2 -M2)D SJV , (5.45c) 

(N^N^) = - -< - = i (p 2 - M|) D,s,v ■ (5.15(1) 



5.3 Quarks 

Now we will construct an Ansatz for the quark self-energy. We will proceed basically in the same 
way as before with scalar: First we will demand the electromagnetic invariance together with 
the Hermiticity. Next we will investigate which parts of the self-energy break the symmetries 
of the model and which not, with the intention to keep in the Ansatz only those symmetry- 
breaking parts. And finally, we will argue that even some of the symmetry-breaking parts of 
the self-energy can be neglected without affecting the most significant impacts of the SSB on 
the particle spectrum, which will be this time the very generation of fermion masses (rather 
than the mass splitting in the scalar case). 

5.3.1 Notation for propagators 

The full scalar propagator G q , 

\G q = (qq) 7 (5.46) 

is related to the free propagator S q , whose inverse reads, due to the absence of quarks mass 
terms in the Lagrangian, simply 



by the self-energy S g : 



V = J»> ( 5 - 47 ) 



S g = S^-G- 1 . (5.4? 



We are now going to construct a suitable Ansatz for it. 
5.3.2 General form of the self-energy 

The requirement of the U(l) em invariance for the quark self-energy S g reads 

^q ^g,em I q,em ^q . (5.49) 
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Since the generator T g em has the block-diagonal form (see explicit form (I4.74a|) of T g , e m)> the 
self-energy H q must have due to the condition (I5.49p a block-diagonal form too: 

S 9 = ( S " ° V (5.50) 



,0 Ed , 

Here the self-energies E u , are given in terms of the fields u, d, Eq. (|4.66p . as 

-iE u = («m)ipi, (5.51a) 
-iE d = (dd) lPl . (5.51b) 

Thus, the single condition ( I5.49P of the electromagnetic invariance now decouples into two 
separate conditions 

E/ T /;0m - f /jCm E/ = 0, f = u,d. (5.52) 

However, since the particular generators Ty em , (I4.78aj) . are just pure real numbers, the condi- 
tions (15.521) are fulfilled automatically and the requirement of electromagnetic invariance gives 
us no further constraints on the particular quarks self-energies E u and E^. 
Further, we demand satisfaction of the condition 



S g = E 9 (5.53) 



(recall that E g = 70EJ70), which is just a direct analogue of the Hermiticity condition (15. 8 p 
for the scalar self-energy. Due to the block-diagonal form of (I5.65P of E g the condition (15.531) 
implies Ej = Ej for both f — u,d. As a consequence we obtain the general form of both Ej: 

E y = f(A fL P L + A fR P R ) + {T) f P L + ^ f P R ), (5.54) 

where Aj L , Af R , are p 2 -dependent, complex n x n matrices and the matrices Af L , Af R 



are moreover Hermitian. The Hermiticity condition (I5.53P is technical in two senses: First, it 
reduces the number of independent parts of the quark self-energy, and second, it ensures that 
the resulting fermions spectrum will be realJl 



5.3.3 Symmetry constraints 

The T qZ and T q x, T q>2 generators 

Let us now examine which parts of the quark self-energy do break the symmetry. For the 
symmetry associated with the generator T q ^z the relevant quantity is 

E ? T 9iZ -T^E 9 = 4v / ^^(" S " PL +SuPi? £tp,-£ d pj' ( 5 - 55 ) 

2 To be more precise, this is true only under the additional assumption, being made here implicitly, that the 
matrices 1 — AfL and 1 — AfR are positive definite. This is actually related to the positivity of the spectral 
function. 
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while for the generators T q> \ and T q ^ we have 

T Qy \ — Tq y \ Yj q = 

l ^(A A \(® ~ l \ 1 ( Z d P R -ZlP L \ 

-- 2 9fP L {A uL -A dL )^ l o ) -2 9 {z u P R -^ d P L ) 



(5.56a) 



•1 P(A A sfO M 1 f -(S d P fi -StP L ) \ 

- ^9fP L (A uL - A dL ) o) -^[^Pn-^P, J' 

(5.56b) 

The discrete Pdown symmetry 

Let us now check the invariance under the discrete symmetry Pd own , (14. 19p . Its action quark 
fields can be written compactly as 

Pdown : u — > [u]' = u, (5.57a) 
Pdown : d — ► [d]' = -75 d. (5.57b) 

It is clear that the up-type self-energy E u stays intact under (15.571) : 

[X u ,V Aown ] = 0. (5.58a) 

(Recall the definition f !5.23|) of this commutator.) On the other hand, the down- type self-energy 
Sd, (j5.54p . does not commute with (15.571) . its chirality-changing part T, d changes the sign under 
Pdown, so that 

[S rf ,Pdown] = 2{Y J \P L + Y Jd P R ). (5.58b) 

We conclude that only the is non- invariant under Pdown- However, as we saw a moment ago 
(Eqs. ( I5.55P and (15.56P ). T, d was non-invariant also under the SU(2)l x U(1)y- In this sense the 
behavior under Pdown tells us nothing new concerning the (non-) invariance of the quark self- 
energy under the symmetries of the Lagrangian. This is in contrast with the scalar self-energy, 
where due to the discrete symmetry Pdown the self-energy Hsn is symmetry-breaking and thus 
capable of being a part of the scalar self-energy Ansatz. 



Purely symmetry-breaking self-energy 

We have probed the behavior of the quark self-energy under all symmetries of the Lagrangian 
and thus we can continue at the very construction of the Ansatz. We have seen that both 
S u and £<2 did break the symmetry and hence they have to be included into the Ansatz. On 
the other hand, we have also seen that out of the four functions A uL , A uR , A dL , A dR only the 
combination A u l — A d L did break the symmetry and hence should be included into the Ansatz 
too. We therefore denote 



A 



uL 



A 



dL 



2A n 



(5.59) 



and set 



A uL + A. 



dL 



(5.60) 
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together with 



A U R 

A dR 



0. 







(5.61a) 
(5.61b) 



The most general, purely symmetry-breaking Ansatz therefore has the form 



u 



fA q P L + {ZlP L + Z u P R ), 

fA q p L + (^ d p L + j: d p R ). 



(5.62a) 
(5.62b) 



5.3.4 Wave function renormalization self-energies 

Likewise in the case of scalars, we are now going to argue that not all of the three symmetry- 
breaking functions S u , £ u , A q in (I5.62p are necessary in the quest for the phenomenon of the 
dynamical generation of fermion masses. These can be obtained as poles of the full propagators 
corresponding to the self-energies f)5.62p . Explicitly the pole equations read 



We immediately see that in order to have non-vanishing fermion masses we must have non- 
vanishing chirality changing parts of the propagators, i.e., the self-energies E„, S^. On the 
other hand, the self-energy A q is obviously not essential in this respect. Recall that we are 
primarily interested in the very demonstration of the generation of fermion masses, without 
an ambition to make the phenomenological predictions. For this purpose considering A q is 
redundant. Therefore we will neglect it in the Ansatz and set 



which completes construction of the Ansatz. 
5.3.5 Final form of the Ansatz 

Let us summarize for the sake of later references various formulae concerning the final form of 
the quark self-energy Ansatz. 

Propagators 

The final form of the Ansatz reads 




(5.63a) 
(5.63b) 




0, 



(5.64) 




(5.65) 



where 




(5.66) 



Notice that the definition (I5.66P is correct for / standing both for q and for u, d; we will use 
this convention in the rest of this section. 
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We can now write down the explicit form of the full quark propagator. Since both the 
self-energy S g and the free propagator S q are diagonal in the space of the quark doublet, so 
must be the propagator G q : 

G, = ( G » I ) . (5.67) 

Using the relation (I5.48P and the form of the Ansatz (I5.65p . we can express the propagators 
Gf, 

Gf = {f-^fY\ (5.68) 

either in terms of E f as 

Gf = (^ + S / )(p 2 -4s / )" 1 P L +(^ + 4)(p 2 -S / 4)" 1 P fi , (5.69) 



or in terms of S/ as 



G f = (f + £*) (p 2 - H f E*) 1 (5.70a) 



{p 2 -n)n f ) 1 (^+4)- ( 5 - 70b ) 



Mass spectrum 

Since the two quantities E j. E^ and E^ E j. are different matrices, so are the two "denominators" 
in f )5.69p . However, their pole structure is the same, as both matrices E^ E^ and E^ Ey have the 
same (p 2 -dependent) spectrum. In other words, the two, apparently different, pole equations 

det (p 2 - Ej. E ; ) = 0, (5.71a) 
det(p 2 -E / Ep = (5.71b) 

are identical. To see this recall that the self-energy Ej can be diagonalized by means of the 
bi-unitary transformation (see also Eq. (lD.142j) in appendix ID]) : 

E / = V}M f U f} (5.72) 

where Uf,Vf are unitary matrices and Mf is a diagonal, real and non-negative matrix. Needless 
to say that all three matrices Uf, Vf, Mf are functions of p 2 \ some consequences of this general 
momentum dependence will be discusses in chapter [3 Plugging the expression f)5.72p into the 
pole equations (I5.7ip and using the unitarity of Uf, Vf, we find that both pole equations (I5.7ip 
are reexpressed by the same equation 

det(p 2 -Mj) = (5.73) 

(which can be understood, due to the diagonality of Mf, as a set of n independent equations 
p 2 — M 2 i — 0, i — 1, . . . , n, rather than as a single equation). We have thus shown that the 
two pole equations (I5.7ip are really the same. Moreover, we have also explicitly shown that 
the quark mass spectrum is real and positive. However, the number of solutions of the pole 
equation remains undetermined, due to the undetermined momentum dependence of Ej. Only 
in the special case of constant, momentum-independent Ej one knows that there are exactly n 
solutions. 
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Notation for "denominators" 

Let us also introduce, in accordance with appendix [Dj some useful notation for the "denomi- 
nators" of the propagators: 

D fL = (p 2 -Z f Y,\y\ (5.74a) 



D fR = (p 2 — YOf S^)" 1 , (5.74b) 



and 



D fL = (p 2 -E / Ej) 1 = D fL P L + D fR P Rl (5.75a) 
= (^-E+E^ -1 = D fL P R + D fR P L . (5.75b) 

For the reader's convenience we also present the "commutation" relations 

E f D fR = Df L £/ (5.76) 

and 

E/D/fl = D /L E,, (5.77) 

useful for practical calculations. 

5.4 Leptons 

We are now going to construct the Ansatz for the self-energy of the lepton field ^i. We will 
follow the same guidelines as in the case of scalars and quarks. 

5.4.1 Notation for propagators 

Just in order to establish the notation, recall that the lepton self-energy E^ is defined as the 
difference between the free propagator S$, e and the full propagator Gq, e : 

E* £ = - G^ . (5.78) 
At the same time, it can be computed as the 1PI propagator: 

-is*, = (^)ipi. (5.79) 

The full propagator is expressed in terms of the Nambu-Gorkov field as 

iG* t = (5.80) 

The inverse free propagator Sy e has due to the existence of the non- vanishing bare right-handed 
Majorana neutrino masses ( 14. 7p the non-trivial form 



= f-(Ml R P L + M vR P R ) 



( \ 
10 

\ / 

which is to be compared with much simpler form (I5.47P of the quark free propagator. 



(5.81) 



104 



CHAPTER 5. ANSATZE FOR PROPAGATORS 



5.4.2 General form of the self-energy 

Recall that since the lepton field ^ i satisfies the Majorana condition (14.891) . there is the con- 
straint (I4.93P on its full propagator G^ r As the free propagator (15.811) satisfies this constraint 
too (since the mass matrix M v r is symmetric), so must also the self-energy S* £ : 

S* 4 (p) = S c ^(-p). (5.82) 

Apart from the "obligatory" constraint (15.821) we will also demand that satisfy the 
"optional" technical constraint 

= S<i- f . (5.83) 

The reasons for imposing this condition are the same as in the case of quarks: reduction of the 
independent parts of E# £ and reality and non-negativity of the lepton spectrum. 

We require invariance of S^ £ under the electromagnetic U(l) em symmetry. Namely, we 
demand 

E^ T^em — T^/ e jem = . (5.84) 

Due to the block-diagonal form of Ty e em , (14. 11 lap , the self-energy E# £ must have a block- 
diagonal form too: 

S» 4 = ( ^ ° ) ■ (5.85) 



£* e 

The single condition (15.841) on the electromagnetic invariance now decouples into two conditions 

Etfy T^em — 7%,eni 5]% = 0, f = V,e, (5.86) 

being subject to independent treatments. 

The self-energies S^, S^ e are given in terms of the fields ^/ u , \l/ e , Eq. (14.871) . as (/ = u, e) 

-iS % = (%%) 1P i. (5.87) 

Since the fields ^ e are Majorana too, we have for S$ , S^, the same constraints as the 
«forS» ( : 

E*» = S c % (-p). (5.88) 
Similarly, the Hermiticity condition (I5.83P now translates into two conditions 

S % = E % . (5.89) 

5.4.3 Symmetry constraints 

Electromagnetic invariance for neutrinos 

We are now going to discuss the conditions (15.861) of electromagnetic invariance for each of the 
two lepton types separately. We start with the neutrinos, as they are easier. Recall that 

T* u>em = 0, (5.90) 
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as can be seen from ( |4.115aj) with Q v = 0. Therefore the equation (I5.86P is for neutrinos satisfied 
trivially and hence it gives no constraint on S*„. Put another way, due to electrical neutrality 
of neutrinos their self-energy can be arbitrary (up to the constraints (I5.88P and (I5.89P ) without 
affecting the electric charge conservation. In particular, in contrast to charged fermions, it can 
contain also the components of the Majorana type. To be explicit, the two conditions (I5.88P 
and ( I5.89P constrain the self-energy E^ to have the form 

E*„ = f(Al v P L + Ay„P R ) + (£l u P L + Z 9v P R ), (5.91) 

where the matrices A^ v and E^ are respectively Hermitian and symmetric, but otherwise 
completely arbitrary. However, as the left-handed and the right-handed neutrino components 
have different transformation properties under the symmetries of the model, it is convenient to 
take into account the doublet structure of the Nambu-Gorkov field 

*- = ( ^ t t L Y ) ■ < 5 - 92 > 

V V R + {V R ) C ) 

and introduce for the sake of later references a special denotation for the corresponding blocks 
in the matrices A^ v and E$„, entering ( 15. 91ft : 



A*, = ( ft Y I . (5.03a) 
E^ ee ( lg ^ ) . (5.93b) 

Here A u l, A v r are Hermitian matrices, while E^, Y, uR are symmetric matrices. The matrices 
A uM , Tj vD are arbitrary. In terms of these blocks the self-energy E^, ( I5.9ip . has the form: 

A v l Pl + A^ L P R A* vM P L + A uM P R 
^ Al M P L + A\ M P R Al R P L + A uR P R 



_l_ / S Il p L + ^uL Pr E* d P l + E^ D P R > _ g ^ 

^ud Pl + Pr ^ur Pl + ^»R Pr 



Electromagnetic invariance for charged leptons 

For the charged leptons \l/ e the application of the conditions ( I5.88P and ( I5.89P yields E^ e in the 
same form as before E^, ( I5.9ip . i.e., 

E* e = p(Al P L + A* e P R ) + (Et P L + E* e P R ) , (5.95) 



with Aq, e and E$ e being again respectively Hermitian and symmetric matrices. However, since 
the corresponding electromagnetic generator T^ ejem , (I4.115a[) . is this time non-trivial (Q e = — 1), 
the application of the condition of electromagnetic invariance ( I5.86P constrains the matrices 
A^, e , E# e to have in the Nambu-Gorkov space (14.87b[) the special block forms 



A,.. = ( A } A ° _ ) • (0.96) 



cR 



£* e = ( s °t ) • (5-97) 
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In this block form the self-energy has the form 

+ AJ L P R 

A eR P R + Aj R P L ) ^ V ^tP L + ^JP R 



S. = t\ A ^\ A ^ P * A „ ° T „ ) + ( Z e P R + K P L 



(5.98) 



Recall that the matrices A e i, A eR are Hermitian, while S e can be arbitrary. 

One can take also another, more illuminating view on the Ansatz ( I5.95P for S^ e . We can 
notice that the generator T^ ejem is proportional to 7503. Therefore, as shown in appendix |D| 
Eq. (1D.63j) . the transformation of the Namu-Gorkov field \l/ e , generated by the generator T^ ejem , 
is equivalent to the transformation of the Dirac field e = ei + e R , (I4.116p . induced by the 
generator T e em , (14.119aj) . Accordingly, the condition (I5.86P is equivalent to the condition 

T e era T e era S e , (5.99) 

with 



-iE e = (ee) 1PI . (5.100) 

In other words, due to the invariance under the electromagnetic symmetry U(l) em (and since cl 
and e R are of the same dimensionality) the description using the charged Nambu-Gorkov field 
\l/ e is completely equivalent to the description using the Dirac field e. This is shown in more 
detail in Sec. ID.4I of appendix [Dj together with more results concerning passing between the 
two equivalent descriptions \l/ e and e. Using these results it can be shown that the self-energy 
S$ e , (I5.95p . of the Nambu-Gorkov field \l/ e corresponds to the following form of the self-energy 
S e of the Dirac field e: 

S e = f{A eL P L + A eR P R ) + (SjP L + £ e P«). (5.101) 

Notice that S e has the same form as the self-energies (I5.54p of the quark fields u, d. It is of 
course not surprising, since for the electrically charged quarks the condition of electromagnetic 
invariance is the same as for charged leptons (compare the U(l) cm generators (I4.78a|) for u, d 
with the generator f |4.119aj) for e). 

Two comments are in order now. First, we have now a posteriori justified our choice in the 
case of quarks to work directly from the very beginning within the Dirac basis q = qi + q R - 
Formally it would have been more correct to start with Nambu-Gorkov field ty q and only 
afterwards to show its equivalence to q due to non-vanishing quarks' electric charges and due 
the same number of left-handed and the right-handed quarks. 

Second, if the description using the field e is equivalent to the description using the field 
there is a question why to introduce \l/ e at all and why not to work exclusively with e. 
Certainly this would be possible. However, we choose to work rather in terms \l/ e , since it 
seems to be convenient to treat the charged leptons and the neutrinos on the same footing as 
long as possible and only in the final results to take back into play their different nature. 



The T^ l Z generator 

Having established the U(l) em invariant Ansatz, we can analyze its transformation properties 
under the complementary symmetries of the full §U(2)l x U(1)y symmetry, i.e., under the 
symmetries induced by the generators T^^z, T^ tt i, T^ 2 - 

We start with the generator T^ p Zl ( 14.1 llbj) . As it is block- diagonal, we can analyze two 
separate quantities P%,z — 5]% for the two lepton types / = u, e. 
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For the neutrinos with the generator T^ v z given explicitly by (14.115bj) (recall that Q u = 0) 
and with given by (15.911) we therefore arrive explicitly at 



\^F^g T2 f[ p l [P-,,.a % ;\ t + p I{ [p + a m ,„; 



+ \s/g 2 + g' 2 \P L {P+v, S*„} t + Pr{P+ v , S*jJ , (5.102) 



with the relevant (anti) commutators given in terms of f 1 5 . 1 1 2 j) by 

{P+u,^"f v } = 



A vU 
~A vM 



vL ^uD 



2S 



(5.103a) 
(5.103b) 



For the charged leptons with the generator T^ e) z given explicitly by (I4.115b|) and S^ e given 
by (I5.98P we obtain 



o stp L + sJp R 

P L + Z e P R 



(5.104) 



The T^ i, T"^,2 generators 



Similarly can be treated the generators TW^i and T^,,2, (14.104a!) and (j4.104b[) . respectively. 
Taking into account the form of obtained so far, we find 



J 4^, a r P^i,a ^* 



o -x a 

X, ' ' 



(5.105) 



where 



X 1 



Xo = 



2 y 







R 



" /M sj c 







(5.106a) 



■(A/l — A eL ) —A* M 




<P 



A' 



~{A v l — Al) 







-A u m 




4 

J e£> 











(5.106b) 



The discrete Pdown symmetry 



And finally, there is the discrete symmetry Pdown, (14. 191) . Clearly, it does not affect the neutrinos 
at all. The charged leptons are nevertheless affected. We can repeat the result for the down-type 
quarks (I5.58bj) that non-invariance of S e under Pdown is proportional to E e : 



[S e ,P down ] = 2(£tp L + £ e P /? ). 



(5.107) 
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Lepton number symmetry 

As discussed in Sec. I4.1.1[ the lepton number symmetry is in fact broken explicitly by the 
non- vanishing right-handed Majorana neutrino mass terms (14. 7p . It is nevertheless useful to 
see how this symmetry would be broken spontaneously (i.e., by the lepton self-energies) in the 
case of M vR = 0. 

Recall that the lepton number symmetry U(l)^ acts on the Nambu-Gorkov field as 
(14.1201) . with the corresponding generator T^ t having the diagonal form (14.1211) . Thus again, 
since both and E# £ are diagonal, we can investigate the quantity £^ Tq, e — T^ l E^ sepa- 
rately for neutrinos and charged leptons. We obtain 

£* e T* e -7V e £* e = 0, (5.108a) 
E«„ T»„ - T*„ E V „ = 2Q E ( E ^ Pl ~ Kl Pr t ° V (5.108b) 

V U ~^uR + ^vR ±R J 

We can see the expected result that only the two Majorana- type self-energies E^l, T, uR break 
the lepton number symmetry. 



Purely symmetry-breaking self-energy 

We conclude that the symmetry-preserving components of the self-energies are A eR , A uR , A uL + 
A e i, plus the H vR as we assume the explicit violation (14.71) of the lepton number symmetry. 
(If we assumed the lepton number symmetry to be at the Lagrangian level exact, we would 
include T, uR into the Ansatz too.) The symmetry-breaking self-energies are then T, uL , E e , 
A uM , A uL — A eL . We therefore neglect the symmetry-preserving components of the Ansatz, 



A uL + A eL 


= o, 


(5.109a) 




= o, 


(5.109b) 


A vR 


= o, 


(5.109c) 


^uR 


= 


(5.109d) 



and upon denoting 

A vL ~ A eL = 2A e (5.110) 

find the most general electromagnetically invariant Ansatz consisting only of the symmetry- 
breaking and thus UV-finite parts to be the following: 

At P L + Aj P R A* uM P L + A uM P R 

^uM P L + A vM P R 



a? jM p l + aI m p h o 

^II Pl + E„£ Pr S* d P l + Tj vD P e 
El D P L + Y? vD P R 



+ ( „ vD R \ (5nla) 



= *[ !Vf,.°v T , + (5.111b) 



J ^ \ stp L + sJp R 

Or in terms of the forms (15.911) . (I5.95j) for £#„, E^ e we have for the relevant quantities A^ v , 
and A^ e , S^ e : 

^ - ( t \" ) • < 5 ' 112a > 

£*„ = ( E - ) (5.112b, 
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and 

A* e = ° ) , (5.113a) 

E* e = ( S Q e ) . (5.113b) 

5.4.4 Wave function renormalization self-energies 

The procedure of refining the Ansatz now continues in the same way as with the quarks. The 
pole equations corresponding to the full propagators with the self-energies given by the Ansatz 
fl5TTT2|) . f l5TT3|) read 

det^-a-^J-V^^i-^J-iE^a-A^)-^] = o, (5.114a) 
det^-il-A^-^lil-AlX^l-A^y^} = 0, (5.114b) 

where we denoted 



M uR I V E^ M, fl 



Clearly, while the chirality-changing parts of the self-energies, E^ and E* e , are necessary for 
generation of the lepton masses, the chirality preserving parts, A^ v and A^ e , are not and will 
be accordingly discarded from the Ansatz. That is to say, we set 

A* u = 0, (5.116a) 
A^ e = 0, (5.116b) 

or in terms of the individual entries of A^ u , A^ e , 

A e = 0, (5.116c) 
A vM = 0. (5.116d) 

5.4.5 Final form of the Ansatz 

By setting fl 5 . 1 1 6 j) we have completed the construction of the lepton self-energy Ansatz. In 
this section we summarize the obtained results and for the reader's convenience we also repeat 
some of the formula? presented already above. 

Self-energies 

The final form of the Ansatz (I5.11ip upon considering (I5.116P thus reads 

E^ = E^, P L + E^ P R , (5.117) 

where, likewise in the case of quarks, the subscript / can stand both for i as well as for u, e. 
On basis of the previous discussion we have 



E*„ = f ~? "™ j , (5.118a) 
E* e = ( V ° T S n e ) . (5.118b) 
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Just for completeness recall that 

E„ = ( E ** £ ] . (5.119) 

so that 

£*, = ( £ ) . (5.120) 

Since there is a non-vanishing neutrino bare mass in the Lagrangian (the right-handed 
Majorana mass term M v r, Eq. (14. 7p ). it is convenient to define 

\ / Yi u l ^vD 



and correspondingly also 



..'./ = ( 9 q M ) • (■'.).. 1.22) 



so that naturally 

^9„,m = E^ )M Pl + E^m Pr (5.123) 

and 

= EL m Pl + E$r fj M -Pr • (5.124) 



Pull propagators 

Having arrived at the definitive self-energy Ansatz, we can now finally express the full propa- 
gator Gq, n (I5.80p . using the formula ( 15. 78 p . It has necessarily the diagonal form 

G* t = ( ° ) , (5.125) 



GV 



where 



Gy v = \ (5.126a) 

= (p-H* e y\ (5.126b) 

and 

G 9l = (f-^ eM )~\ (5.127) 



We do not state here explicit forms of the inversions, as they would be the same as for the 
quarks. In any case, detailed formulae can be found in appendix [D] 
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Mass spectrum 

The pole equations corresponding to the propagators G^ v , Gy e are 

det[p 2 -4 yiA/ S^ iA/ ] = 0, (5.128a) 
det [p 2 - E^ E^J = . (5.128b) 

Pole equations with interchanged E^ M <-¥ E $i/ M and E^ e -h- E^ e are equivalent to (15.1281) as 
could be shown in an analogous way as in the case of quarks. Notice that the charged lepton 
pole equation (15.128bl) can be simplified due to the special form (15.118bj) of E^ e as 



det[p 2 -E^E e ] = 0. (5.129) 

Due to the same argument as in the case of quarks, the pole equations again predict real 
and positive lepton masses. Their number, however, is for general self-energies undetermined. 
Only in the special case of the momentum-independent self-energies we know that there will 
be n + m solutions to the neutrino equation (15.128ap and n solutions to the charged lepton 
equation (15.128bj) . 



Notation for "denominators" 

Likewise in the case of quarks, it is now convenient to introduce some notation for the "denom- 
inators" in the full propagators Gq v and G^ e , (15. 126[) : 



D u l D uM 
nt nT 

U vM u vR 



(5.130a) 



as well as 



D* e = {p 2 -^^ 1 = ( D J L ^tJ , (5.130b) 

= (/-S^S^)- 1 , (5.131a) 
D„ e = (p 2 -S $e Sy- X . (5.131b) 
Similarly we also define, for the sake of later references, the notation concerning the propagator 

G 9i , mm-. 

(p 2 -^ ( ,m4 ( J _1 = D l £ ) (5-132) 



D 9t = 
and 

D 9l = (/-S^S^)- 1 = ( D *» ^J. (5.133) 

(Cf. appendix[Dl) Unlike in the case of quarks, we do not need to introduce a special denotation 
for the expressions with interchanged E^ -H- E and E^ <-> E , since they are given just by the 
transposition and charge conjugation, respectively, see (1D.90|) and (ID. 921) . The charged lepton 



notation (15.130bj) is consistent with the quark notation (15.741) : For the charged leptons the 
definition (15.130bl) equivalent to 

D eL = (p 2 -E e Et)^ (5.134) 

D eR = (p 2 -EtE e )^ (5.135) 
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to be compared with the analogous quark definition (I5.74p . 

The lepton analogues of the quark relations (I5.76P and (I5.77P read in the Nambu-Gorkov 
basis 

S*„,m-D^ = Dq v £^„,m , (5.136a) 
Y.v B Dl a = £>* e £* e (5.136b) 

and 



v ,m D% v — Dipt, ^*„,m j (5.137a) 

E* e £^ e = D* e £* e , (5.137b) 

respectively (similarly for the ^-quantities (I5.132p . (15.1331) ). In terms of the individual Nambu- 
Gorkov components it translates for the charged leptons simply as 

Z e D eR = D eL E e , (5.138) 

while for the neutrinos we obtain slightly more complicated set of relations 

D vL E vD + D vM M vR , (5.139) 

D vL V vL + D uM 1% D , (5.140) 

D? R M vR + Dl M E uD . (5.141) 



E u d D uR + Yi uL D uM = 
E vL Dl L + Y, uD Dl M = 
M vR D uR + £ D D* M = 



5.5 Summary 

We looked for the self-energy Ansatz separately for scalars ($), quarks (q) and leptons (Nl/f). 
The procedure was in each case basically the same: First we found the most general form of 
the Ansatz consistent with the requirement of Hermiticity and electromagnetical invariance, 
as well as with the constraints following from the eventual Nambu-Gorkov nature of the field 
in question. Then we checked the invariance of the Ansatz under the generators of the coset 
space SU(2)l x U(1)Y/U(l) em and kept in the Ansatz only the non-invariant parts. This was 
followed by discarding the wave function renormalization parts. Finally, in sections I5.2.6[ 15.3.51 
and I5.4.5[ we made a short summary of the formulae associated with the final form of the 
Ansatz, including the expressions and notations for the corresponding full propagators. 



Chapter 6 
Dynamics 



In this chapter we will study the Yukawa dynamics of the presented model with the aim to 
show that it is capable of breaking the electroweak symmetry down to the electromagnetic one 
by means of formation of symmetry-breaking parts of the scalar and fermion propagators. We 
will proceed basically in the same way as we did in part [7| within the Abelian toy model. We 
will hrst derive the SD equations at the Hartree-Fock approximation for arbitrary self-energies 
and only then we will restrict them on the self-energies of the form derived in the previous 
chapter. The solutions to these SD equations are assumed to be UV-finite, as the considered 
self-energies Ansatze contain only symmetry- breaking parts. For the sake of comparison, we 
will present also the SD equations for the non-Ansatz parts of the self-energies and show that 
they indeed come out UV-finite or UV-divergent, depending on whether they are symmetry- 
breaking or symmetry-preserving. In some cases, however, we will have for that purpose to 
resort to two-loop considerations. 

Apart from mere formulation of the SD equations, we will also give some numerical evidence 
that they have the solutions of the desired properties: UV-finite and allowing, at least in prin- 
ciple, for the realistic fermion spectrum, with large observed hierarchies. Finally, we will also 
briefly comment on the compatibility of the obtained results with the electroweak observables. 

6.1 Schwinger— Dyson equations 

In analyzing the dynamics of the model we will now proceed exactly in the same way as we 
did in the context of the Abelian toy model in chapter |3j That is to say, we will employ the 
method of the SD equations, truncated at the level of two-point functions; all other functions, 
in particular the three-point functions, will be approximated by the bare ones. We will again 
derive the SD equations using the CJT formalism, with the CJT effective potential calculated 
in the lowest, i.e., in the Hartree-Fock approximation. 

6.1.1 SD equations in general 

We will now derive the SD equations using the CJT formalism and again under the deliberate 
(and unjustified) assumption of vanishing scalar VEVsQ As the procedure will be almost 
completely analogous to what we did in chapter [31 we will not go into much detail. 
The CJT effective potential is given by 

V^[G$, G q , G\£ e \ = V^,[G<s>] + V^[G ? ] + V^JG^J + V2[G$, G q , G^J . (6-1) 

1 See the discussion at the beginning of Sec. 13.31 
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The first three terms are defined standardly (cf. ( I3.48P in the Abelian case) as 

d A k 



V q [G q ] 



1 
1- 

2 



/A^Tv{.n( D - Gj 

d 4 k 



D^Gq 



} 



-'/(^^{ms.-'g.j-^g. + i} 

}4 



— 1- 



/^ Tr {M^ £ )-5^ + i} 



(6.2a) 
(6.2b) 
(6.2c) 



The factor of 1/2 at V^ e is due to the Majorana character of the field The functional V 2 is 
again given by the sum of all 2PI diagrams. 

The SD equations correspond to the condition for the stationary point of the effective poten- 
tial V, (16. ip . with respect to the variations of the propagators Gq,, G q , G^ r However, similarly 
to the Abelian toy model, the space of the allowed variations is not arbitrary. Recall that while 
the quark field q is unrestricted, yielding also no restriction on its propagator G q , the scalar 
and lepton fields $, VP^ satisfy the conditions ( I4.40p . (j4.89p . implying the non-trivial conditions 
for their propagators (14. 45 p . (I4.93[) . respectively. Therefore in varying the propagators one has 
to take carefully into account these restrictions. 

Technically the procedure of extremizing the effective potential V under the constraints 
( I4.45p . ( I4.93P is carried out again using the method of the Lagrange multipliers. Without going 
into the detail we only state the resulting SD equations: 



-in*(p) 

-iS,(p) 



-(27T) 4 

(2tt^ 4 



5Vo 



5Gl(p) 
6V 2 



5V 2 



(27T) 



SG^{p) 
5V> 



+ 



[sgUp) \sgU-p) 



5Gl(p) 



5V 2 



(6.3a) 
(6.3b) 
(6.3c) 



Notice that the form of the equations for IT^, indeed does guarantee the satisfaction of 
the respective constraints ( I5.6p . ( I5.82p . 



6.1.2 Hartree— Fock approximation 

We approximate the functional V 2 in (16. ip by the Hartree-Fock approximation, used also in 
chapter [3j Again, V 2 therefore decouples into the sum of the independent contributions from 
the quarks and the leptons: 

V 2 [G<s>, G q , G\£ e \ = V 2)q [G^, Gq] + V 2j e[G^, G^ e \ , (6.4) 

with the particular fermion contributions given according to Fig. 16.11 (and taking into account 
the Yukawa interactions (I4.79P and (I4.123P ) as 

-iV 2>q [G*,G q ] = ~?N C J ^ ^ Tr [v q G q {k) Y q G q (p) G,(fc - p) } , (6.5a) 

1 f d^A? d^ 

-iV w [G»,G» 4 ] = --i s J * Tr {Y^ G^{k) % e G Vt (p) G^k-p)} , (6.5b) 

where N c = 3 is the number of colors. One can compare this with the analogous expression 
(13.661) in the Abelian toy model, with the two fermion species ipi, 4*2 being analogues of q, 
respectively. 
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1 V2, g [(j$, G q ] 




i V2/[G$, Gq e ] 




Figure 6.1: Diagrammatical representation of V 2 ,q and V 2 ^, Eqs. (I6.5p . Note the missing arrows 
at the lepton lines due to the Majorana (i.e., real) character of the corresponding field 

We can now plug the approximation (16.41) of V 2 into the equations (I6.3P and calculate the 
corresponding functional derivatives in order to arrive at the final form of the SD equations 
(before taking into account the Ansatz for the propagators). Likewise in the Abelian case, 
computing of the SD equation fl6.3ajl for 11$ can be somewhat simplified by noting that due 
to the properties (14.831) . (I4.127P of the coupling constants Y q , Y$ e , respectively, and also due to 
the using of the Hartree-Fock approximation (16. 5p there are the following identities: 



On top of this, there is also property (I4.128P of the lepton coupling constant Y e , following 
from the Majorana character of the field typ. It implies, again together with the Hartree-Fock 
approximation (16. 5p . the relation 




(6.6b) 



(6.6a) 



5Gl e (p) 1 \5Gl e (-p)J 



sv 2 ,i ( sv 2/ y 



(6.7) 



allowing to simplify the calculation of the SD equation (I6.3cp for S^, 
As a net result, we arrive at the following set of SD equationsll 



-i^ = -N c f^H{Y q G q Y qGq }-\f^T H {Y, 




}, (6.8a) 




(6.8b) 



(6.8c) 



2 We do not indicate the momentum dependencies in the SD equations (here as well as elsewhere in this 
chapter) as they can be easily revealed from the corresponding Feynman diagrams. 
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Figure 6.2: The SD equations (16.81) for 11$, S g , E$ f in the Hartree-Fock approximation, yet 
without employment of a specific Ansatz for the self-energies. 



see Fig. O 



6.1.3 Employing the Ansatz 

We now restrict the general SD equations (16.81) to the self-energy Ansatze derived in the previous 
chapter. This means two things: 

1. We substitute the full propagators G$, G q , G^ e in the SD equations (16. 8p by the ex- 
pressions (15.391) . (15.671) . ( I5.125p . corresponding to the self-energies Ansatze (I5.37p . ( I5.65p . 
(I5TTT9D . 

2. We keep only those equations, which contribute to the parts of 11$, S 9 , E$ £ , consistent 
with the corresponding Ansatz. 

In other words, we plug the Ansatz derived in chapter \5\ to both sides of the SD equations (16.81) 
and keep only those equations with non-vanishing left-hand side. 

The Ansatz (15.371) for the scalar self-energy n$ consists of the three independent components 
TIsn, n 5 , IItv, see (I5.38p . The single matrix equation (I6.8a|) for 11$ thus yields the following 
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Figure 6.3: The SD equations (16. 9p for the scalar self-energies Hsn, tls, ^N, respectively, 
three non-matrix SD equations: 




(6.9a) 



(6.9b) 



-iU N = -2N c J-^Tr{ylZ u D uR ylE u D uR } 

- 2 / Tr {vlPuL D* vM + E uD D vR )yt{E uL D* vM + E uD D vR )} 

-2 J Tr {yt(E uL D^ L + Z vD D^yt^ D* uM + D vR )} , (6.9c) 
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+ 






+ 




Figure 6.4: The SD equations f)6.10p (up to the missing overall factor of P R in (I6.10P ) for the 
quark self-energies E u and Ed, respectively. 



see Fig. 16.31 Notice the employment of the notation for the propagator "denominators" , intro- 
duced in sections I5.2.6[ I5.3.5[ 15.4.51 

The Ansatz (15.651) for the quark self-energy E g consists of the two flavor-matrix functions 
E u , Ed. Correspondingly, the equation f|6.8bj) for E g gives rise to the two SD equations 



- iE u 
-iE d 



d 4 k 

d 4 k 



/d 4 k 
j^-^y d D dR iy d y u XlsND SN , (6.10a) 



y d D dR E* y d Tl s D s + 



d 4 k 



y u D uR E+ y d H S n D 



SN 



(6.10b) 



see Fig. 16.41 

And finally, the Ansatz (15.1 19p for the lepton self-energy consists again of two flavor- 
matrix functions E^, E,j, e . This time, however, the self-energies E^, E^ e are "reducible" in the 
sense that each of them contains mutually dependent parts. To see this explicitly, consider their 
respective matrix forms (15.1181) : the Dirac parts T, uD , E e are contained twice in each E^, E^ e . 
Moreover, some of the blocks of E^„, E$ e are vanishing. Thus, it is convenient to decompose 
E^„, E^, e into the block in Nambu-Gorkov space and consider only those independent and 
non- vanishing, i.e., the mentioned Dirac parts S^, E e and the Neutrino left-handed Majorana 
part T, uL . We have therefore the following three independent equations: 



iE 



vD 



-iE 



vL 



-i S f 



d 4 k 

d 4 k 
d 4 k 

WT 4 



d 4 k 



y v {D vR E^ + Dl M El L )y v TL N D N + J Ve D eR E+ y v TL SN D SN , 

(6.11a) 

+ D uR Ml R )y^U N D N , 

(6.11b) 



/d 4 k 
j—^ y v {D vR H[ D + Dl M Zl L )y e U SN D SN 



(6.11c) 
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N (o) A ^(0) 




Figure 6.5: The SD equations (16.111) (up to the missing overall factor of P R in (jfi.lip ) for the 
lepton self-energies T, u d, and E e , respectively. 



see Fig. 16.51 (In fact, the matrix equation for T, u l still includes some mutually dependent 
equations, since £„l = S^ L .) 



6.1.4 Why two scalar doublets? 

Now it is time to comment on why we considered two scalar doublets S and iV with opposite 
hypercharges, instead of only one, like in the SM. Thus, assume for a moment that the scalar 
doublet N is missing and the only scalar doublet in the theory is 5*. Relax also the requirement 
of invariance under the discrete symmetry Pdown- Then the Yukawa interactions of both S and 
S are present and have the same form as those in the SM. Consequently, the doublet S can be 
in such a case regarded as a direct analogue of the SM Higgs doublet. 

The SD equations (I6.10P for the quark self-energies S u , S d (we consider for simplicity only 
the quarks, as the case of neutrinos would be analogous) then modify as 

/i4^ p (\^J^ 

—-- y u D uR £t y u U* s D s + j y d D dR y u D° s , (6.12a) 

-iZ d = j^y d D dR Zly d n s D s - j^y u D uR Zly d D° s . (6.12b) 

In understanding these equations and their relation to the corresponding diagrams in Fig. I6.6l it 
is useful to take into account that in the case of missing iV we have effectively = Hsn — 0, so 
that (p 2 — Mjj) D SN = Dg and accordingly the expression f)5.45cl) for the propagator (S( + 'S( + ") 
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Figure 6.6: The SD equations (I6.12p for the quark self-energies E u and E^, respectively, in the 
case of only one scalar doublet S and without the discrete symmetry Pdown- 

reduces to 




(6.13) 



where D§ is the bare propagator (15.51) . 

First of all we see that in the case of only one scalar doublet S we must not postulate the 
discrete symmetry "Pdown, as otherwise we would have y u = yd = and consequently only the 
down-type quarks would become massive, while the up-type quarks would remain massless. 

What is important, however, is the presence of the symmetry-preserving propagator (S^ S^ + ^) = 
iDg, (16.131) . which behaves asymptotically as 1/k 2 . This is to be compared with the symmetry- 
breaking scalar propagator (S^N^) = iU S N D SN in equations (I6.10p . which behaves asymp- 
toticalljo as 1/fc 4 . In other words, the integrals in (I6.12p have worse asymptotic behavior than 
the integrals in (I6.10p . This is the very reason why we considered two scalar doublets instead 
of one, since the better asymptotic behavior of integrands in the SD equations (I6.10p makes the 
existence of UV-finite solutions more probable and accordingly the whole proposed mechanism 
of dynamical EWSB more viable. 



6.1.5 Non-Ansatz SD equations 

This section is just an informational aside with the aim to show explicitly that: 

• Those symmetry-breaking parts of the self-energies, not included in our regular self- 
energies Ansatze and consequently also not in the SD equations presented in the previous 
section, are indeed UV-finite. This applies namely to the wave function renormalization 
parts of the self-energies, i.e., to the scalar functions A s , A N , the quark function A q and 
the lepton functions Ae, A u m- 



3 Recall that this asymptotic behavior was interpreted in chapter[2]to be due to difference of two propagators, 
corresponding to the scalar mass eigenstates. 



6. 1 . SCHWINGER-DYSON EQ UATIONS 



121 



• The symmetry-preserving parts of the self-energies are UV-divergent. 

For the sake of simplicity we do not present here the SD equations for the non-Ansatz parts of 
the self-energies in a self-consistent way, but rather investigate how the loops with the Ansatz 
propagators (i.e., as presented in sections I5.2.6[ I5.3.5[ I5.4.5[) contribute to them. Put more 
formally, we consider the right-hand sides of the SD equations (16.81) as described in point [TJ on 
page 1116] but, in contrast to what is described in subsequent point [2j, we consider for the left- 
hand sides the self-energies of the general Hermitian and electromagnetically invariant forms, 
i.e., as presented at the ends of sections 15.2. 2\ 15. 3. 2\ 15.4.21 



Scalar self-energies 

Let us start with the scalars. The SD equations for the relevant individual functions A\, A3, 
Ci, D 1 (see (15. lip ), obtained from (I6.8al) by the procedure described above, then reacQ 



-iA l = -2 

-iA 3 = -2 

-id = -2 

-i£>i = -2 



d A k 

W) 

d 4 k 

W) 
d 4 k 

(27T) 
d 4 k 

W) 



j(k-' 


OTr \ 


[y\ D uL Vd D d R^ 


(6.14a) 




i)Ti\ 


^y{D dL y u D uR 


\, (6.14b) 




i)Ti\ 


[y\ D dL y d D dR ^ 


(6.14c) 


j(k-' 




^ylD uL y u D uR 


| , (6.14d) 



where i = p — k and p is the external momentum. We see that each of the four integrals in 
(I6.14p is separately divergent, since the propagators D u l, D d L, D u ji, D dR are not suppressed 
by any self-energy and hence behave as 1/k 2 for large k 2 . 

However, we know that the combinations 2 As = A\ — Ci, 2A^ = A 3 — D\ (Eq. (15.321) ) 
should be UV-fmite, since they break the symmetry. Indeed, it is the case: 

-iA s = - j-^(k-£)Tr{y d (D uL -D dL )y d D dR }, (6.15a) 
-iA N = +J-^(k-£)Tr[yt(D uL -D dL )y u D uR y (6.15b) 

The UV-fmiteness is consequence of the fact that the difference of the two propagators D u l, 
D dL is already suppressed by fermion symmetry-breaking and consequently also decreasing, 
UV-finite self-energies S u , S d : 

D uL -D dL = Z u ZlD uL D dL -D uL D dL Z d Zl. (6.16) 

Correspondingly D u i — D d L falls faster than 1/k 2 , rendering the integrals (I6.15P UV-finite. 
Obviously, the symmetry-preserving combinations A± + Ci, A3 + Di (Eqs. (I5.20a[) . (15.20bp ) 
remain divergent, as the sum D u l + D d L still behaves like 1/k 2 . 



4 We consider here for simplicity only the quark contributions; for the leptons the argument would be es- 
sentially the same, only unnecessarily obscured due to the technicalities connected with the Nambu-Gorkov 
formalism. 
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Fermion Dirac self-energies 

Let us consider only the case of quarks, for similar reasons as mentioned in footnote H] on 
page 11211 The integrals for the particular functions A uL , A uR , A dL , A dR , Eq. (j5.54p . read 



- ip A uL 
-if A uR 
-ipA dL 
-ip A dR 



d A k 
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Wy 
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, (6.17a) 


'J 


ylD dL y u (£ 2 - 


Ml) D SN + ytD uL y u (f- 


M 2 N )D N 


, (6.17b) 


'J 


y u D uR yl (£ 2 - 


M 2 s )D SN + y d D dR y\ (£ 2 - 


M 2 S ) D s 


, (6.17c) 


'J 


y\D uL y d (£ 2 - 


M 2 N )D SN + y d D dL y d (£ 2 - 


M 2 s )Ds 


(6.17d) 



Clearly, all the four self-energies A u l, A uR , A d L, A dR are separately divergent. However, it is 
again easy to see that the symmetry-breaking combination 2A q = A u l — A d L (Eq. (15.591) ) is 
UV-finite, as it must be: 



ii)A n 



d A k 
d 4 k 



t Vd D dR y\ [(f - M 2 N ) D SN - (f - M 2 S ) D. 
$ y u D uR yt \(f - M 2 ) D SN - (f - M 2 N ) D N 



Again, crucial are the differences of the scalar propagators in the square brackets: 



{e 2 -M 2 N )D SN -{£ 2 -M 2 s )D< 
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^ 2 -M 2 s)\U SN \ 
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M N )\n t 



(£ 2 -M 2 N )\U 



SN\ 



(£ 2 -M 2 )\U 



N\ 



Dsn Ds , 
Dsn Dn ■ 



(6.18) 

(6.19a) 
(6.19b) 



Since these quantities are suppressed by the presumably decreasing self-energies Hsn, tls, ^-n, 
the integrals (I6.18P for the symmetry-breaking self-energy A q are indeed UV-finite. Needless to 
say that the symmetry-preserving self-energies A uL + A dL , A uR , A dR remain UV- divergent. 



Fermion Majorana self-energy A v m 

Finally we mention the neutrino Majorana self-energy A v u- Its SD equation reads 




(6.20) 



Recall that A u m is symmetry-breaking and as such it should be also UV-finite. This is actually 
the case: The necessary suppression of the integrand in f)6.20p is this time maintained by the 
propagator D u m, which is proportional to (and thus suppressed by) the self-energies T, u l and 
E„£>, as shown in (1D.103j) in appendix [Dl 



6.1.6 Beyond one loop 

In this section we make two unsystematic remarks connected in some way with the three-loop 
effective potential, corresponding to two-loop SD equations. 

The Hartree-Fock (i.e., two-loop) approximation of the effective potential f )6.4p leads to 
the one- loop SD equations (16. 8p . It turns out that by neglecting higher- loop contributions 
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some self-energies obtain rather special accidental properties, which are not protected once 
the diagrams with more loops are taken into account. This applies namely to the right-handed 
neutrino Majorana self-energy which is at one loop UV-finite, and to the scalar self-energy 
E, which is at one loop vanishing. 

Right-handed neutrino Majorana self-energy 

Consider the right-handed neutrino Majorana self-energy E^: 

-IKrPr = (M C ^W (6.21) 

Recall that since we have broken explicitly the lepton number by including into the Lagrangian 
the right-handed Majorana mass terms (j4.7p . this self-energy does not break any of the sym- 
metries of the theory and hence can be in general UV-divergent. For this reason we have not 
included it in section 15.4.51 in our self-energy Ansatz. 

Nevertheless, pretend for a moment that we did include into our Ansatz. The corre- 
sponding SD equation then reads 

-iZ vR = J-0^y^(D^i L + D uM i:l d )y u Il N D N . (6.22) 

We see that T, uR comes out from (16.221) as UV-finite! 

The point is that the UV-divergent part of E^ should be calculable perturbatively, i.e., 
using only the bare propagators and vertices, defined by the Lagrangian. However, it turns 
out that in one- loop approximation (i.e., in the second order in the expansion in the Yukawa 
coupling constants) there are actually no perturbative corrections to E^r. Therefore, since our 
SD equations (16. 8p are only one-loop (which corresponds to the two-loop Hartree-Fock approx- 
imation (16. 4p of the effective potential), they do not include the perturbative contributions and 
thus the equation f!6.22|) for T, uR is coincidentally UV-finite. 

The scalar self-energy E 



Consider the scalar self-energy E, (15.11dj) 



E = ( 1 5 ) • < 6 - 23 > 

where 

-\E l = (N^S (0) } 1PU (6.24a) 

-iE 2 = (V (0) 5 (0) )ipi. (6.24b) 

This self-energy is symmetry-breaking and hence UV-finite. Recall that we have not included it 
in the Ansatz (15.371) . arguing that in the Hartree-Fock approximation there are no contributions 
to it anyway. Let us now discuss this issue in more details. 

Consider the Yukawa interactions (14.91) of the scalar doublets S, N. In particular, we are 
interested only in the part describing interactions of the neutral components S^°\ N^°\ i.e., in 
(I4.12p . Notice that interacts at tree- level only with the down-type fermions (d, e), while 
j\r(°) only with the up- type fermions (u, u). Therefore it is clear that it is impossible to make a 
one- loop correction to the propagators of the type (N^ S^) , (N^S^), simply as one cannot 
bilinearly connect propagators of different fermions. 
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Figure 6.7: Two-loop contributions to —iEi = (N^ S^)ipi. (The p's at some of the fermion 
lines just schematically indicate that the corresponding full propagators are odd functions 
of the momentum, whose name need not be necessarily p. Cf. also the notation (ID. 110}) in 
appendix iDl) 



However, at two loops there are already non-trivial contributions to E. Recall that there 
are the charged scalars S^ + \ N^~\ capable of changing an up-type fermion to the down-type 
and vice versa, see (14.131) . Thus, adding a charged scalar internal line inside the fermion loop 
allows to overcome the problems described in the previous paragraph and draw non- vanishing 
contributions to Ei, E 2 , see Figs. 16.71 16.81 

The situation would be however different if we have not postulated the discrete symmetry 
Pdown ; as in such a case there would be present also the Yukawa interactions (14. 14j) of the 
charge conjugated scalar doublets S, N. The point is that considering both Lagrangians (14.91) 
and (14.141) there would be contributions to Ei, E 2 already at one- loop level, as can be seen in 
Fig. 16.91 One can also notice that the loop integrals for Ei and E 2 in Fig. 16.91 are respectively 
UV-fmite and UV-divergent. This is not a coincidence. Recall that even though the "Pdown 
symmetry is broken, the self-energy E\ is still symmetry-breaking (see Eqs. ( 15. 14j) and (|5.15c| ) 
and hence necessarily UV-fmite. On the other hand, in the case of broken "Pdown symmetry 
the self-energy E 2 contains symmetry-preserving and hence potentially (and also actually) UV- 
divergent part, as can be seen from (I5.19cp and fl5.20c[) . 

Recall at this point, however, the very reason why we assumed the Pdown symmetry: The 
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Figure 6.8: Two-loop contributions to — iE 2 = (N^S^)xpi. 



actual vanishing of E in the one-loop approximation makes the construction of the scalar self- 
energy Ansatz more tractable. That is because in such a case it suffices, when expressing the 
full scalar propagator, to invert only 2x2 matrices and not 4x4 matrices. Therefore, on top of 
the reducing of the free parameters of the Lagrangian, mentioned in Sec. 14.1.2} the postulation 
of "Pdown is desirable also from this practical reason. 

6.2 Numerical results 

In order to make the numerical treatment of the model more tractable, some simplifications of 
the Lagrangian were made: 

• We considered M v r = 0. 

• We considered only one generation of the charged fermions, i.e., n = 1. 

• We considered only one right-handed neutrino, i.e., m = 1. 

Let us comment the assumption M u r = 0. As already discussed in Sec. 14.1. H in this case 
lepton number symmetry U(l)^ is exact at the level of Lagrangian and one should include both 
H u l and E^r into the Ansatz, as both are U(l)^ symmetry-breaking and thus UV-finite. On 
the other hand, one can also restrict oneself only to the solutions of the SD equations, which 
preserve U(l)^, or, in other words, one can assume Y, v l = and = from the beginning. 
This is exactly what we did in the numerical analysis: We considered only the Dirac-type 
neutrino self-energy £„£>, while the Majorana-type T, u l, Yi v r were neglected. 

Under these assumptions the SD equation fl6.11bj) for T, uL is dismissed and the set (16.111) of 
lepton SD equations is formally the same as the set (16.10P of quark SD equations. We emphasize 
that all fermion self-energies are then Dirac and they have no non-trivial matrix structure in 
the flavor space. 

Further approximations of the SD equations consist of: 
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Figure 6.9: One-loop contributions to E in the case of no Pdown symmetry. Notice that E 1 (the 
first line) and E 2 (the second line) are respectively UV-finite and UV- divergent. 

• Considering all Yukawa coupling constants real. 

• Considering all self-energies real. 

These approximations are the same as before in Sec. 13.4.11 within the Abelian toy model. The 
same is also the very numerical procedure, see Sec. 13.4.21 

Recall that in the Abelian toy model the parametric space to be scanned was essentially 
two-dimensional: The true free parameters were the two (real) Yukawa coupling constants y\ 
and t/2', the bare scalar mass M, as the only dimensional-full parameter of the model, served 
only as a scale parameter for the self-energies and momenta. Therefore it was possible to scan 
the parameter space at least to the extent of being able to decide whether for a given pair y±, 
1/2 the solution is trivial or not. As a result of this scanning we obtained Fig. 13.61 

This time the situation is considerably more complicated. We have four (real) Yukawa cou- 
pling constants, y u , yd, y u , y e , and two bare scalar masses Ms and M^. Of the two masses Ms, 
Mm only one can be considered as a free parameter, the other serves again merely as a scaling 
parameter for the dimension-full quantities. Thus, we have altogether five free parameters and 
consequently five-dimensional space to be scanned. However, a systematic scanning of such a 
vast parametric space was not possible. We have therefore checked the solutions only in some, 
rather randomly selected points in the parametric space in order to get some feeling about the 
general features and behavior of the solutions. 

Thus, even though the parametric space was not scanned systematically, it was found that 
the above described SD equations have a similar behavior as the SD equations of the Abelian 
toy model: 

1. Non-trivial, UV-finite solutions do exist. 

2. The solutions are found only for relatively large values of the Yukawa coupling constants 
(of order of tens). 

3. Large ratios of fermion masses can be accommodated while having the corresponding 
Yukawa coupling constants of the same order of magnitude. 
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The point [3j above is promising in the quest for realistic fermion mass hierarchy. Because of 
the large parameter space which needs to be scanned this has not been accomplished. However, 
some achievements, which suggest that it should be possible, have been made. First, we accom- 
modated the hierarchy between the lepton and quark doublets. For y v = 63, y e ~ 84, y u = 65, 
y d = 90 (and Mj = 2, M 2 N = 1) we found m v < m e = 0(1(T 4 ) and m u < m d = e>(l(T 2 ). 
(Note that all masses are expressed in the units of Mm-) Second, we managed to generate a 
large hierarchy within one doublet. Considering only the leptons and neglecting the quarks 
(y u = yd = 0), we found m e /m u = O(10 2 ), calculated for y v « 50, y e = 80 (and again M| = 2, 
M N = 1). Nevertheless, it should be emphasized that this lepton mass ratio would be presum- 
ably significantly enhanced by the seesaw mechanism upon taking the Majorana right-handed 
neutrino mass term into account. 



6.3 Compatibility with elect roweak observables 
6.3.1 p-parameter 

While the realistic fermion spectrum together with the Yukawa coupling constants not vastly 
different can be presumably accommodated, it brings on the other hand the problem how to 
keep the p-parameter 

Ml? 

" s m>^v (6 ' 25) 

close to 1. Note that in the case of exact custodial symmetry of the Lagrangian, i.e., when 
n = m, y u = y e , y u = ya, Ms = Mm and M v r = 0, one expects p = 1 exactly. In chapter [TTJ 
after calculating the explicit form of the fermion contribution to the W^, Z masses, it will be 
possible to see this for fermions explicitly. 

Of course, in reality the custodial symmetry is in any case broken at least by fermions, since 
y u 7^ He, Vu ^ Vd- However, there is a possibility that if the scalar sector is (at least reasonably 
approximately) custodially symmetric and remains so even after the SSB, then the scalars can 
render p to be close to 1, provided they are heavy enough so that they can overcome the effect 
of the custodial symmetry breaking in the fermion sector. 



6.3.2 Flavor-changing neutral currents 

The new scalars must be heavy enough in order to avoid constraints from FCNC. We can 
make in this respect a rough, order-of-magnitude estimate. Consider, for instance, the decay 
p — > e + S(°\ The virtual heavy scalar can subsequently decay as — > e + e. The Yukawa 
interactions will therefore induce the flavor-changing muon decay, p — » e + e + e, with the 
amplitude being roughly given by y 2 /M|. (We assume that in the absence of fine tuning, all 
Yukawa couplings, including the flavor- changing ones, will be of the same order of magnitude.) 
The dominant muon decay channel, with branching ratio close to 100%, is p — > e + v e + z/^, 
whose amplitude is analogously proportional to Gp. From here we infer the estimate BK(p — > 
e+e + e) ~ (y 2 /G F Mg) 2 . Taking the current experimental limit [70], BR(p — > e + e+e) < 10~ 12 , 
we find M s /y > 10 2 - 5 TeV. 



6.3.3 5-parameter 

The very introduction of new scalars also affects the Peskin-Takeuchi S-parameter [71] . In 
order to estimate the scalar contribution to it, we set for simplicity the scalar self-energies Bs, 
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Figure 6.10: The S-parameter (I6.27P plotted for the special case M s ± = M N ± 
Note that, according to the Particle Data Group [70J, S = —0.10 ± 0.10. 
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Iljy, Hsn to be constant. The spectrum (see the pole equations (I5.4ip ) is then given simply by 
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The resulting S'-parameter then can be written as 

S = S,s + Sn + S,sn , 

where 



+ in 



SN\ 



(6.26a) 

(6.26b) 
(6.26c) 
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(6.28a) 



(6.28b) 
(6.28c) 



(The /i is just an arbitrary mass scale introduced for aesthetic reasons; the total S'-parameter 
( I6.27P is independent of it.) Taking into account the previous discussion of the p-parameter and 
the scalar masses, we plotted the S'-parameter for the special case M s ± = M N ± = M SN ± = M±. 
The resulting S-parameter, which is then function only of the mass ratio M + /M_, is plotted 
in Fig. 16.101 When in this special case the ratio M + /M_ is far from one, the S-parameter is 



6.4. SUMMARY 



129 



well approximated by the simple formula S = g^(§ — lnl-p^l). On the other hand, for M + /M_ 

close to one the S'-parameter behaves like ^(l — j^-) 2 ■ From Fig. 16.101 one can see that the 
S-parameter meets the experimental bounds for any value of M + /M_ from 0.01 up to 100. 

6.4 Summary 

We have derived, within the Yukawa dynamics considered in chapter H] and using the C JT for- 
malism, the SD equations for the scalar and fermion self-energies. They were derived for general 
self-energies and eventually restricted to the Ansatz introduced in the previous chapter |5j The 
form of these SD equations suggests the expected UV-fmiteness of the solutions. 

Due to huge parametric space of the set of SD equations (even in the oversimplified case 
of only one generation of charged fermions, one Dirac neutrino and real Yukawa coupling 
constants), the systematic numerical survey for the solutions was not possible, in contrast 
to the Abelian toy model in Sec. 13.4.21 Nevertheless, an unsystematic (i.e., rather random) 
scanning of the parametric space revealed some promising points (one of which was presented 
in Sec. I6.2p . suggesting the possibility of obtaining a realistic fermion spectrum. 

Finally, we commented on the compatibility with the electroweak observables. While the 
sole fermion sector pushes the p-parameter away from 1, the scalar sector can render it close to 
1, provided the scalars are heavy enough, as they after all tend to be, as the numerical analysis 
suggests. This presumable heaviness of scalars is also consistent with the desired suppression 
of the FCNC Finally, we showed that even the S'-parameter remains in norm, provided the 
scalar masses are mutually not too different. 
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Chapter 7 

Quark flavor mixing 



We will now discuss the implications of the very momentum-dependence of the dynamically 
generated quark self-energies for the mixing of the physical quarks, i.e., of the quark mass 
eigenstates. We will show that, unlike in models (e.g., the MCS and particularly the SM) 
with mass matrices (i.e., momentum-independent self-energies), the resulting effective Cabibbo- 
Kobayashi-Maskawa (CKM) matrix Yl% [73]/ is in general non-unitary and the FCNC are present 
already at lowest (tree) order in the gauge coupling constant. We will not present the case of 
leptons, as the discussion would be essentially the same, with the resulting Pontecorvo-Maki- 
Nakagawa-Sakata (PMNS) matrix [73|, 175} being non-unitary as well. 

We stress that the following discussion applies to any model of EWSB generating the quark 
self-energies with a momentum dependency. In this respect the model presented in part [7j can 
be regarded as a particular example of such class of models. 

This chapter is a concise version of paper [59], where more details can be found. 

7.1 Gauge interactions in the interaction eigenstate ba- 
sis 

We start off by a slight change of notation, to be applied exclusively in this chapter. Instead 
of the denotation u, d, introduced in section H. 1.11 and used throughout partHIl we will use the 
primed denotation u', d' and call it the (weak) interaction eigenstate basis. The denotation u, 
d will be reserved for the so-called mass eigenstate basis, to be introduced thereinafter. 

In the interaction eigenstate basis u', d! and in the basis ( I4.23P and (I4.26P of the EW gauge 
fields the gauge interactions (I4.67P read 



■ quark, qaugc 



C cc {u', d') + C nc (u', d') + C em (u', d') , 



(7.1) 



where 



C cc (u',d') 



Jt=u%P L d>A» w+ + h.c. , 



(7.2a) 




f=u,d 



(7.2b) 




(7.2c) 



f=u,d 



We use the standard notation [76] 



Vf = t 3f - 2Qfsm 2 6 w , 
a f = t 3f . 



(7.3a) 
(7.3b) 
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7.2 Momentum-independent self-energies 

Before investigating the general case of momentum- dependent self-energies in the next section, 
we revise in this section how the fermion flavor mixing is treated in the special case of constant 
self-energies. In other words, we review here the SM (and generally any MCS, the most promi- 
nent representative of which the SM is)£] Nevertheless, we present it here, in order to establish 
some notation and to make the text reasonably self-contained. The primary reason is, however, 
that the case of constant self-energies provides a natural reference point when discussing in the 
next section some novel consequences stemming from self-energies' momentum dependence. 

Since the quark self-energies S u , Y> d are by assumption momentum- independent, they can 
be regarded as mass matrices sitting in the Lagrangian: 

= - u'V u u' - d'V d d' (7.4a) 
= - u' L T, u u' R - d' L Y, d d' R + h.c. , (7.4b) 

where we took into account the form = £t P L +T,f P R (f = u,d), Eq. f)5.66p . The component 
Tjf can be diagonalized via the bi- unitary transformation!! 

E f = V}M f U f , (7.5) 

where Uf, Vf are some unitary matrices and Mf is a diagonal, real, non-negative matrix: 

M f = diag(m /l ,m /2 ,...,m / „) . (7.6) 

More compact notation can be achieved by defining the unitary matrix Xf as 

X f = V}P L + U}P R , (7.7) 



so that the full can be written as 
We can now define new fields as 



£/ = X\M f X\. (7. 



u = X£u' , (7.9a) 

d = X\d' , (7.9b) 

which can be rewritten in terms of the original chiral components as 

u L = V u u' L , d L = V d d' L , (7.9c) 

u R = U u u' r , d R = U d d' R . (7.9d) 

Thus, the Lagrangian (17.41) . expressed in terms of u, d (or their chiral components) is mass- 
diagonal: 

u ,d) = -uM u u-dM d d (7.10a) 

= - u L M u u R - d L M d d R + h.c. (7.10b) 



1 We will thus use the superscript SM for the quantities calculated using the assumption of constant self- 
energies. 

2 The following diagonalization of mass matrices is a special case of more general analysis for the momentum- 
dependent self-energies, presented in section (|D.5[) of appendix [Dl 
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I.e., particular components Ui, dj = 1, . . . ,n) of the fields u, d have now straightforward 
interpretation as operators creating the states \ui), \dj) with definite masses m Ui , (see (17.61) ) 
from the vacuum and we are allowed to call the operators u, d the mass eigenstate basis. 

The redefinitions (17. 9p apply also for the rest of the Lagrangian, in particular for the gauge 
interactions (17.21) . One obtains 

C£ M) (u,d) = -^=u ltM P L VcKMdA^ + +h.c., (7.11a) 

4 S c M) (M) = r-^- £ h„(v f -a fl5 )fA», (7.11b) 
zcos^w f — ' 

f=u,d 

cS°(u,d) = J2 e Qff^f A ^- ( 7 - llc ) 

f=u,d 

We see that in contrast to the Lagrangian (I7.2p . the charged current interactions £cc M ' ) are no 
longer flavor-diagonal, but rather exhibit the flavor mixing parameterized by the celebrated 
Cabibbo-Kobayashi-Maskawa (CKM) matrix [T3| , which is expressed in terms of the ma- 
trices V u , Vd, (ES]), as 



Vckm = V U VJ- (7-12) 

Note that Vckm is unitary^ due to the unitarity of matrices V u , Vd- On the other hand, the 
electromagnetic and neutral current interactions remain diagonal, which is again a consequence 
of the unitarity of the matrices X u , X^. 

Consider now, for the sake of later references, the decay process W + — > Ui + dj and its 
^-matrix element 

S fi = (u i ,d j \S\W + ) (7.13a) 
= 5 fl + {2^f5\p + k-q)N p N k N q iM fi} (7.13b) 

where the factors N p , N^, N q are defined in Eq. (IA.26I) (we assign the external momenta as 
W + (q) — > Ui(p) + dj(k)). This is the simplest process in which the effect of the CKM matrix 
takes place. Within the SM-like Lagrangian (I7.11al) we have in the lowest order in the gauge 
coupling constant g for the corresponding amplitude immediately 

M { f T ] = -j=u u lp)^P L (V CKM ) l3 v dj (k)e,(q). (7.14) 



7.3 Momentum-dependent self-energies 

Let us now relax the requirement of the self-energies' momentum-independence and allow them 
to depend on momentum in a general wayQ In this situation the self-energies cannot be any 
longer interpreted as mass matrices and there is no obvious way how to reexpress the Lagrangian 
from the interaction eigenstate basis into the mass eigenstate basis. We will show that even in 

3 An n x n unitary matrix has n 2 real parameters. Of these, \n(n — 1) are angles and \n{n + 1) are complex 
phases. However, for Vckm the number of free parameters can be further reduced, since one column and one 
row can be made real by appropriate redefinitions of quark fields. This amounts to 2n — 1 redundant phases, 
so that in Vckm there are only \{n— l)(n — 2) physical, CP-violating phases. 

4 Problem of extracting physical information from matrix-like momentum-dependent self-energies has been 
already discussed (although in the different context of perturbative radiative corrections), e.g., in Refs. [77ll78l 

EHl [HHl eh isa - 
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this situation one can define the mass eigenstate basis, though in an effective sense, together 
with the effective CKM matrix. 

The crucial observation is that although we do not have the theory expressed in terms of 
the mass eigenstate basis u, d (i.e., in terms of the fields that create the quarks with definite 
mass), it is still possible to calculate the amplitudes of the processes involving the mass eigen- 
states \v,i), \dj), with the masses m Ui , given by the pole equations (15. 71 p . This is allowed 
by the Lehmann-Symanzik-Zimmermann (LSZ) reduction formula [83J, which states that the 
amplitude of a given process involving the mass eigenstates u, d can be calculated (up to the 
polarization vectors and possible sign due to the fermionic nature of involved particles) as a 
residue of the appropriate (momentum space) connected Green's function for the external mo- 
menta going on their mass-shell. The point is that the Green's function need not be calculated 
in terms of eventual operators u, d of the mass eigenstates, but rather in terms of the origi- 
nal interaction eigenstate basis operators u', d', which have no direct connection to the mass 
eigenstates (possibly even up to any unitary redefinition, as we will see later). Note that the 
Green's functions are easily calculated: One can apply the usual perturbation theory given by 
the Lagrangian (17.21) . with the additional Feynman rule that the fermion lines in the diagrams 
are given by the full quark propagators 

iG f = iff'), (7.15) 
which are expressed in terms of the self-energies as 

G f = (jf-E/)- 1 , (7.16) 

cf. Eq. (J5SHD. 

The possibility of calculating processes involving the mass eigenstates, as sketched in the 
previous paragraph, opens the way to investigating the fermion flavor mixing in the case of 
momentum-dependent self-energies. We explain it in more detail in the following section on 
the example of flavor mixing in the charged current sector. Next, in the subsequent section, we 
state (without detailed derivation) the analogous results for the electromagnetic and neutral 
current sectors. 

7.3.1 Charged current interactions 

Effective CKM matrix 

The idea is simple and can be roughly stated as follows: First, we calculate (using the approach 
described above) the S'-matrix element for the process W + — > Ui + dj in the lowest order in the 
gauge coupling constant. Second, we demand that the obtained amplitude has the same form 
as the amplitude (I7.14p calculated within the SM (Sec. 17.2 j) and define this way the effective 
CKM matrix. This effective CKM matrix is eventually interpreted to be a part of the effective 
Lagrangian of the SM form (17. lip . 

Let us work out the idea in detail. Consider the connected Green's function (u'd'A l ^ v+ ) and 
define its Fourier transform iG^ + (p, k, q) as 

J d 4 x d 4 y dS e"^ (0\Tu'(x) d'(y) A» w+ (z)\0) = (2tt) 4 5 4 (p + k - q) iG^ + (p, k, q) . 

(7.17) 

For the assignment of the momenta see Fig. 17.11 Recall that a connected Green's function is 
generally calculated as a proper (1PI) Green's function with full propagators at the external 
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iG^ + {p,k,q) = W + » 




u 



d 

Figure 7.1: Diagrammatical representation and momenta assignment of the connected Green's 
function iG^ + {p,k,q), Eq. (I7.18p . The shaded blob denotes its 1PI part, iT^ v+ (p, — k), while 
the dark blobs represent the full propagators. (Notice the arrows on the boson line: We 
conventionally define the W + as an antiparticle.) 



lines: 

iG^ + (p,k,q) = iG u (p)ir» w+ (p,-k)iG d (-k)iG» v (q). (7.18) 

For the external fermion lines we consider the full propagators G u (p), Gd{p), as defined by 
Eq. (I7.16p . The W ± propagator G^ v {q) is taken at this moment to be just the bare propagator 
of a massive vector field [76] with hard mass Mw (the mass Mw will be discussed in more detail 
in chapter [TTi) . Similarly, the proper vertex r^ + (p, —k) is taken to be the tree one, determined 
by the charged current Lagrangian C cc (u',d'), (17.2a[) . i.e., 

9_ 
y/2 

Thus, we have at the leading order in the gauge coupling constant g immediately 

. 9 
T2 

We are now ready to apply the LSZ reduction formula. (In the following we will rely on 
the results from section (1D.5|) of appendix [Dj concerning the diagonalization of momentum- 
dependent self-energies, as well as of the corresponding full propagators.) Recall that upon 
taking the limit p 2 — > m 2 ., k 2 — > rn d ., q 2 — >■ in the Green's function iG^ + (p,k,q), the 
residue of the leading divergent term (i.e., the one with the triple pole) is (up to polarization 
vectors and a sign) the desired amplitude M. ^ of the process W + — > Ui + dj, ( 17.1 3p . Taking into 
account the explicit form ( I7.20p of iG^ + (p, k, q) and applying the asymptotic formulae (ID.154P 
for the propagators G u (p), Gd(p), we arrive straightforwardly at the result 



T$r + {p,-k) = -tyfPL. (7.19) 



iG^ + {p,k,q) = iG u {p)i^fP L iG d {-k)iG^ v {q)- (7-20) 



ir , (nko) „ MM iVd ^ iM + (7 2V 

*G w+ (p,k,q) — ->■ -— — — — — — —2-— —^\Mfi + ..., (7.21, 



p^ml. p 2 - m 2 . k 2 - m\ q 2 - M w 

k 2 — T>m.j 



where the ellipsis represents less divergent terms (i.e., the terms with double and single poles 
and regular terms). The amplitude M.fi in (17.211) comes out as 

M fi = ^u u ip)(Vj/l).^P L v4k)e,{q). (7.22) 
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For the precise definition of the matrices V u , Vd see Eq. flD.157j) . Now let just say that the 
matrices V u , Vd are in general non- unitary and their definition is related to the diagonalization 
of the (momentum-dependent) self-energies S u , in a similar manner as the definition ( 17. 5p 
of V u , Vd- In fact, the both pairs of matrices coincides in the limit of momentum-independent 
self-energies. 

We are now going to compare the amplitude M fi , f TT22|) with the amplitude Mf™\ (EH])), 
calculated within the SM for the same process W + — y Ui + dj and in the same (lowest) order 
in the gauge coupling constant. Demanding that both amplitudes have the same form, we 
conclude that the effective CKM matrix is given by 

V&L = V u Vl (7-23) 
This effective CKM matrix has the striking feature of being in general non-unitary, in contrast 
to the CKM matrix (I7.12p in the SM, thanks to the mentioned non-unitarity of V u , Vd- Note 
however, that in the special case of constant self-energies S u , the two expressions (I7.12p 
and (I7.23P coincide and the unitarity of CKM matrix is restored. 



Effective Lagrangian 

Let us now proceed to the definition of the effective Lagrangian. The CKM matrix in the SM 
occurs not only in the matrix elements of the type (I7.14p (in the same way as our effective CKM 
matrix (I7.23P does), but it also lives in the charged current Lagrangian (17.1 lap , written in terms 
of the mass-diagonalized quark fields u, d. The natural question arises whether and to what 
extent it is analogously possible to reexpress the Lagrangian in terms of the mass eigenstate 
basis u, d also in the present case of momentum-dependent self-energies and how to incorporate 
this way the effective CKM matrix obtained above. The answer is that it is possible merely in 
an effective sense to be specified below. 

We define the effective Lagrangian C^ eS \u,d) in the following way: We postulate the mass 
eigenstate basis operators u, d in such a way that they are operators creating the quarks with the 
masses given by the momentum-dependent self-energies S u , H d via the pole equations (I5.7ip . 
More precisely, C^ efC \u, d) contains, on top of the fermion kinetic terms, the mass Lagrangian 
CmaB B (u, d) of the form (I7.10p . i.e., 

£m2s(M) = -uM u u-dM d d. (7.24) 

Here the mass matrices M u , are of the form (17. 6ft : 

M u = diag(m ui ,m„ 2 , . . . ,m Un ) , (7.25a) 
M d = diag(m dl ,m d2 , . . . ,m dn ) , (7.25b) 

with the entries determined by the poles of the full propagators G u (p), G d {p). Let the effective 
Lagrangian £( cfr )(w, d) contain also the kinetic terms of the gauge bosons W ± , Z, 7 and the 
corresponding mass terms. Since C^ eS \u, d) is written in terms of massive fields, it is capable of 
describing processes like W + — > Ui + dj directly, without employing the LSZ reduction formula. 
Indeed, postulating that C^ cS \u,d) contains the SM-like charged current interactions of the 
form 

4f)(M) = ^u lti P L V u VjdA^ w+ + h.c. , (7.26) 

it is straightforward to see that this leads to the same matrix element as the one (17.221) obtained 
using the LSZ formula. As expected, comparing this effective charged current interaction 
Lagrangian with that of the SM (I7.11al) . we are again led to the definition (I7.23P of the effective 
CKM matrix. 
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7.3.2 Electromagnetic and neutral current interactions 

In the same way as we probed in the previous section the charged current sector, it is possible 
to investigate the flavor mixing also in the electromagnetic and neutral current sectors. Since 
the procedure is technically completely analogous, we merely state the results. Considering the 
decay processes Z — > fi + fj and 7 —>•/* + fj, f — u,d, we arrive at the corresponding effective 
interaction Lagrangians (to be part of £( eff )(w, <i)) 

£ - d) = V^fT E [(*/ + °/) W}Pl + (v f - a f )U f UjP R ] fA% , (7.27a) 



w 



f=u,d 



£ff(M) = E e W^(W tp ^ + ^/ P «)^e m - (7.27b) 



f=u,d 



The matrices [/„, £7^ are defined in (ID. 1571) . Again, they are in general non-unitary, but in the 
special case of constant self-energies they reduce to the unitary matrices U u , Ud, (17. 5p . 

We see that, in contrast to their SM counterparts (17.11bl) . (17. 11 eft , the effective Lagrangians 
(I7.27ap . ( 17. 27b j) exhibit non-trivial flavor mixing. However, as expected, they reduce to those 



(17.11bj) . (17. Heft of the SM with no flavor mixing in the special case of constant self-energies, 



since then the matrices Vf, Uf are unitary. 



7.4 Discussion 

First, a few comments are in order concerning the effectiveness of C^ eS \u, d). It is not effective 
in the usual sense as being a low energy approximation of the full theory!! Rather, it is by 
construction effective in the sense that it reproduces predictions of the full theory, but only for 
a very limited set of processes (and only at the tree level). Namely, on top of reproducing the 
quark mass spectrum, only the processes W + —*Ui + dj and Z/j ^ + q~j, q — u, d, modulo 
crossing symmetry, are computed correctly (i.e., in accordance with the full theory). If one 
calculates any more complicated process (e.g., W + + W~ —> q% + qj) within this effective theory, 
one obtains an answer differing from the answer obtained within the full theory. Clearly, we 
have lost some amount of the physical information contained in the full theory when passing 
to the effective one. However, this makes sense, since the self-energies as the momentum- 
dependent matrix functions (in the full theory) contain "much more" physical information 
than the constants like the masses and the flavor mixing matrices (in the effective theory). 

There is a significant exception, though. In the case of constant self-energies the amount 
of physical information remains the same while going from the full theory to the effective one. 
Recall that in this case the effective Lagrangian C^\u,d) (Eqs. CGSD, (H2ZD) reduces precisely 
to the SM Lagrangian C^ M \u,d) (Eq. (I7.1ip ). which is indeed fully physically equivalent to 
the full theory, since the two are related by the unitary transformation (17.91) . 

This leads us to another substantial difference between the two cases. We are accustomed 
from the SM that the interaction eigenstate basis (u', d') and mass eigenstate basis (u, d) 
are related to each other by the unitary transformation (17.91) and working in either of them 
is merely a matter of taste. This is clearly not the case in the more general situation of 

5 By "full theory" one can in the narrower sense understand the theory described in part [TTJ In the wider 
sense, though, as the discussion of this chapter can be applied to any EWSB dynamics, generating momentum- 
dependent quarks self-energies of the type (|5.66[) . the term "full theory" can be understood just as the 
SU(2)l x U(1)y gauge-invariant theory of quarks plus the symmetry-breaking quark self-energies f|5 .66(1 . without 
specification of the precise mechanism of their generation. 
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momentum-dependent self-energies: Here the interaction eigenstate basis operators u', d! are 
the fundamental ones and there is no way to obtain from them the mass eigenstate basis 
operators u, d by a suitable unitary transformation. This is of course related to the effective 
nature of the corresponding Lagrangian (u, d), since the operators u, d are nothing more 
that merely postulated, effective fields. 

The comparison with Refs. [77] 178] is in order now. We have confirmed the phenomenolog- 
ical results concerning non-unitarity of the effective CKM matrix and occurence of the flavor 
changing electromagnetic and neutral currents. In particular, we recovered the explicit formula 
( I7.23P for the former. What is new in our treatment is that we provided also explicit formulae 
( I7.27P for the flavor mixing in the electromagnetic and neutral current sectors. Moreover, we 
found out that the corresponding mixing matrices are only effective ones: They allow to com- 
pute the processes in the lowest order in the gauge coupling constants, but if one wants to go 
to higher orders of the perturbation theory, it is necessary to come back to the self-energies 
and consider their full momentum dependence. 

We also contributed to the discussion of the relation between the interaction eigenstate basis 
u', d' and the mass eigenstate basis u, d. We confirmed that both bases cannot be related by a 
unitary transformation. The authors of Refs. [77] ITS] showed, however, that the two bases can 
be related by the non-unitary transformation 

u = X\u' , d = X\d' , (7.28) 

(cf. Eq. ( 17. 9p ) with non- unitary X's defined by Eq. (ID. 1591) . (The resulting non-diagonality of 
quark kinetic terms due to non-unitarity of matrices X can be cured by adding appropriate 
finite counterterms to Lagrangian [SU ESI EE]-) This is in accordance with our result: Using 
the non-unitary redefinitions (17.281) in the Lagrangian (17.111) (and neglecting impacts on kinetic 
terms), we arrive precisely at our effective Lagrangian (17.261) . (I7.27p . Since we argued, however, 
that any Lagrangian, written in the mass eigenstate basis, should be (at least in principle) 
regarded as an effective one, in the sense described above, we conclude that the non-unitary 
transformations (I7.28P should be regarded effective as well. 

7.5 Summary 

We have investigated some of the implications of the non-trivial momentum dependence of the 
quark self-energies. We concentrated on the mixing between the quark mass eigenstates in the 
charge current, as well as in the neutral current and electromagnetic sector. We found that, 
depending on the details of the momentum-dependency of the self-energies, the resulting CKM 
matrix can be, in general, non-unitary and the neutral and electromagnetic currents can change 
flavor already at the tree level. 

These results were expressed by the interaction Lagrangians (I7.26p . (I7.27P in terms of the 
mass eigenstate basis, i.e., with the operators creating (and annihilating) quark states with 
definite mass. We argued that the mass eigenstate basis cannot be, in general, related to the 
original interaction eigenstate basis by a unitary transformation of the type (17.91) . In this sense 
the mentioned interaction Lagrangians were considered only as effective ones. 
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Chapter 8 
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The spontaneous symmetry breaking of a gauged symmetry leads to the generation of masses 
of (at least some of) the gauge bosons. This part is dedicated to the problem how to calculate 
these masses under the assumption that the symmetry is broken by fermion propagators. The 
scalar contribution will not be considered for the reasons briefly discussed at the end of Sec. 19.5.21 
in the next chapter. 

In this and in the following chapter we will discuss the problem in as general way as possible 
and only in chapters \W[ and [II] we will apply the obtained results to the gauged Abelian toy 
model (from part Op and to the electroweak interactions (from part\TT^). Thus, this chapter is 
dedicated to mere setting the stage, i.e., to introducing the notation and stating the assumptions 
under which we will in the next chapter [P| derive the very formula for the gauge boson mass 
matrix. Although this chapter can be therefore perhaps omitted at first reading, we do not put 
it in appendices, as it provides an organic introduction to the subsequent chapters. 

This chapter is organized deliberately into two main sections. In the first section 18. Jl 
"Global symmetry", we discuss the issues, which are not related to eventual gauging. In 
particular, we introduce the fermion content together with the assumed (global) symmetries 
and derive the Ward-Takahashi (WT) identity for the corresponding Green's function (j^i/j-i/j). 
In the subsequent section \8.'A "Local symmetry" , we gauge the theory and discuss various 
properties of gauge bosons and their propagator and also derive, using the result from the 
preceding section, the WT identity for the Green's function (A^ipip). 



8.1 Global symmetry 

8.1.1 Fermion content 

General 

Assume that we have a theory with n left-handed fermion fields ipLi, i = 1, . . . , n, and with m 
right-handed fermion fields ipRj, j = 1, . . . ,m. We organize these fields into the left-handed 
n-plet ipL and the right-handed m-plet ipR, respectively: 



4>L 



(8.1) 
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and denote the corresponding Lagrangian as C(ip). Its kinetic part is 

n m 

^kinotic(^) = $Lii$ipLi + ^ j)Rji$ipRj (8.2a) 
i=i j=i 

= $i\HL+$Ri$*l>R. (8.2b) 

Assume further that the theory possesses a global symmetry with some Lie group G, which 
can be possibly non-Abelian. The fields ipL and ipR, A8.ip . transform under G as 

G : — )• fokj' = e w ^^ L} (8.3a) 

G : ip R — >• [Vfl]' = e 1 *-^^, (8.3b) 

where a are the parameters of the transformation and the generators t^ a , are Hermitian 
matrices with the dimensions n x n, m x m, respectively, forming some representations of G, 
which need not be necessarily irreducible. The range of the gauge index a = 1, . . . , N& is given 
by the dimension of G. 

The right-hand sides of the transformations (18. 3p are infinitesimally given by 

M = TpL + e a 5 a Tl>L + 0(9l), (8.4a) 

M = TpR + 0a5a1pR + O(6 2 a ), (8.4b) 

where 

S a ip L = it La ip L , (8.5a) 

8 a tpR = it Ra ip R . (8.5b) 

Thus, the Noether current j% corresponding to the transformations (I8.3p is defined as3 

.„ dC{#) . . d£(ip) 

and explicitly reads 

f a = ^L-ftLa^L + ^R-ftRa^R- (8-7) 

(We assume, of course, that in C(ip) there are no other derivatives of the fermion fields than 
those in the kinetic terms ( 18. 2p .) Recall the crucial property of j£ of being conserved]! 

d,f a = 0, (8.8) 

as can be seen by taking into account the corresponding equations of motion. 

And finally and most importantly, we assume that there is some dynamics in the theory. We 
leave this dynamics unspecified in order to make present discussion as general as possible and 
also because we actually do not need to specify it in much detail. The only thing we assume is 
that the dynamics spontaneously breaks the symmetry G down to a subgroup EI C G: 

G — ► ICG. (8.9) 

Operational meaning of this assumption will be specified in the following sections; in nutshell, 
we will only assume that the dynamics provides us with symmetry-breaking fermion self-energies 
of the type discussed in the previous chapters. 

Likewise we denoted the number of generators of G as Nq, we will denote the number of 
generators of EI as A%. 



1 We assume that there are no other fields than ipL, ipR, transforming non-trivially under G. Otherwise such 
fields would contribute to j£ as well. 

2 We neglect the possibility of anomalous non-conservation of the current. 
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Dirac case 

The picture introduced so far is quite general in the sense that it does not assume anything 
special concerning the fermion content (18. ip . the symmetry group G and the pattern (18. 9p of 
the eventual SSB. However, we will from now assume for simplicity the following: 

Al The numbers of the left-handed and the right-handed fermions are the same: 

n = m. (8.10) 

A2 The symmetry group G has a U(l) subgroup: 

U(l) C G. (8.11) 

A3 The dynamics is such that the U(l) subgroup, mentioned in A2, remains unbroken: 

U(l) C EL (8.12) 

The consequences of the assumptions Al A3 are discussed in more detail in appendix |D| 
now let us state only the main points. The assumption Al implies that since the multiplets 
(18. ip have the same dimensions, one can define the field 

V> = *Pl + *Pr, (8.13) 

allowing for more compact formalism. The assumption A2 implies that there are no Majorana 
mass terms in the free Lagrangian and the bare fermion propagator can be consequently ex- 
pressed just as (ipip)o (i-e., there is no necessity for introducing the Nambu-Gorkov formalism 
(1D.54P in order to incorporate the Majorana propagators of the type ((■0) c '0) etc.). And finally, 
the assumption A3 implies that even though the dynamics is switched on, still no Majorana 
self-energies are generated and the full fermion propagator can be expressed as (ipip) too. 

The assumptions Al A3 are by no means necessary and we make them here only for 
simplicity. Any of them can be violated and in fact in the case of neutrinos it is violated, as we 
saw on in the previous chapters. In such a case, when the assumptions Al A3 are not fulfilled, 
one can work with the Nambu-Gorkov field 

instead of ip (for details see appendix [D]). In fact, all considerations that we will do from now 
with quantities (like propagators, symmetry generators, vertices, etc.) expressed in the basis 
ip, can be equally well done with the same quantities expressed in the basis Therefore we 
will not lose any generality by assuming Al A3. 

Having accepted the assumptions Al A3, let us now rewrite the formula? above from the 
bases ipL, ipR into the single basis ip. The kinetic terms (I8.2p recast as 

£kinetic(</0 = 4>01p. (8.15) 

The transformation (18. 3p in terms of ip is 

G : ip — ► [if)]' = e i0ata ip. (8.16a) 
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Let us state this time explicitly also the corresponding transformation of ip: 

G : i) — ► = {pe' i6Ja . (8.16b) 

Notice that while the transformation of ip is generated by the generator t a , defined as 

t a = t La P L + t Ra P R (8.17a) 

(needless to say that due to (I8.10P the matrices ti a , t Ra are of the same dimension and hence it 
is correct to add them up), the transformation of ip is generated rather by t a , defined standardly 
(cf. $Z§) as t a = 7ot)j7o, i.e., having the form 

t a = t La P R + t Ra P L . (8.17b) 

Notice that the generators t a and t a differ only by the sign at the 75 matrix. 

In some applications later it will prove to be more convenient to parameterize the generators 
t a , t a not as (I8.17p . linear combination of the chiral projectors Pl, Pr, but rather as 

a linear combination of 1 and 75: 

ta = t Va + tAal5, (8.18a) 

t a = t Va -t Aa j 5 , (8.18b) 

where the new generators ty a , t Aa are again Hermitian and again do not contain of course any 
75 matrices. The two bases ti a , t Ra and ty a , t Aa are related to each other by obvious relations 

t Va = \{t Ra + t La ), (8.19a) 
t Aa = \{t Ra -t La ) (8.19b) 



and 



tiu = tya + t Aa , (8.20a) 
t La = t Va -t Aa . (8.20b) 

The Noether current j% in terms of the generators t a reads 

f a = ij-fHa^. (8.21) 

Notice that now, in contrast to the expression (18.71) for j£, the order of 7 M and t a matters, since 
in general ^H a = t a ^ ^ t a ^ due to presence of 75 in t a . 

Fermion propagator 

Consider the full fermion propagator i G = (ipip) . For the sake of later references, we state here 
the proper definition of its Fourier transform: 

<0|T[Vi(s$(y)]|0> = iG(p) e-^) . (8.22) 

The full propagator G has general form 

G- 1 = S^ 1 — S (8.23) 
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where S is the free (bare) propagator, defined by the part of the Lagrangian quadratic in the 
fermion fields, i.e., with the interactions neglected. The I] is the (proper) self-energy, i.e., the 
1PI part of the propagator: — iS = (V^ipi- 
The full propagator G transforms under G as 

G : G — > [G]' = e^'Ge"* 1 ", (8.24) 

as can be seen by applying the transformation (18.161) on the definition (18.221) of G. From this 
we can deduce the transformation rule for G~ l and consequently also for S: 

G : S — > [£]' = e i9 -'Se- iM (8.25a) 

= E-i0 a (£t a -t a £) + 0(6 2 ). (8.25b) 

In the infinitesimal form (18.25bl) we can identify the quantity 

[E,t«] = St a -t a S, (8.26) 

which measures the non-invariance of the self-energy £ under action of G generated by the 
generator t a . 

Likewise in most this text, also in this chapter we will not consider the fermion propagator 
in the most general form, but rather somewhat constrained. First of all, we will assume that it 
satisfies the Hermiticity condition 

G = G. (8.27) 

Notice that, as shown in the appendix O, the free propagator S (being actually only a special 
case of G) satisfies this condition automatically, due to Hermiticity of the Lagrangian. Thus, 
the condition (18.271) for G is in fact equivalent to the similar condition for S: 

S = S. (8.28) 

Furthermore, we will assume that the fermions are at the level of the Lagrangian massless, 
i.e., that the free propagator has the simple form 

S- 1 = f (8.29) 

and is therefore invariant under the transformation (18.241) . generated by the group G: [S]' = S. 
We in fact do not lose any generality by making the assumption (j8.29P ; its purpose is merely 
to have a simpler notation, since any potential hard masses can be included by redefinition of 
S. 

More crude assumption is made concerning the £ itself, as we will assume it to be a function 
only of p 2 , not f. This assumption can be compactly written as 

[£,7s] = (8.30) 

and corresponds to the assumptions made within the Abelian toy model and the electroweak 
interactions. Thus, under the assumptions ( 18.28)) and (I8.30j) the self-energy £ has the familiar 
form 

S = S^ + SP^, (8.31) 

where £ is a complex n x n matrix and is a function only of p 2 . Concerning the momentum 
dependence we only assume that lim p 2^ 00 S(p 2 ) = 0, in order that certain integrals, to be 
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introduced thereinafter, be UV-flnite. Apart from this, the form (I8.3ip of the self-energy is no 
longer constrained, in particular, we do not assume any special commutation relations between 
the self-energy X and the symmetry generators t a . 

Finally, under the assumptions ( I8.29P and ( I8.3ip the full propagator 



G 



can be explicitly expressed as 

G 

where we denoted 



-i 



D L = (p 2 -SSt) 
D R = (p 2 -^)- 1 



(8.32) 

(8.33) 

(8.34a) 
(8.34b) 



in accordance with definitions (ID.43j) in appendix (jD]). Needless to say that in general Dl ^ 



D 



R- 



C, V and CV transformations 

The discrete symmetries C and V (i.e., the charge conjugation and the parity, respectively) act 
on the fermion field ip(x) as 



C : 
V : 



[^{x)] T = 7o^(5) 



(8.35) 
(8.36) 



Here the charge conjugated field ip c is defined in ()3J) and more details can be found in ap- 
pendix |Aj The symbol x denotes the parity-transformed 4-vector x, 



x 



[Xq, -X 



(8.37) 



or 



(8.38) 



where V^ v is the Lorentz transformation corresponding to the space reflection, i.e. 



( 1 \ 
0-100 
0-10 

\ o o o -l j 



(8.39) 



For the combined CV transformation (first is applied the charge conjugation C and then the 
parity V) of ip(x) we therefore have 



CV 



ip(x) 



CV 



7oV c (5) 
loCij T (x) 



(8.40a) 
(8.40b) 



where C is the matrix of charge conjugations, introduced in appendix |A1 
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The full fermion propagator G(p) now transforms under C and V as 

[G{p)f = CG T (-p)C~\ (8.41) 
[G( P )] V = 7oG(p) 7o , (8.42) 

where p is defined analogously as x above. The transformation under CP follows as 

[G{p)] cv = l0 CG T (-p)C- 1 l0 . (8.43) 

The same transformation rules hold also for the inverse propagator G^ip), i.e., in particular, 
also for the self-energy SQo). 

Let us now return to the assumptions made above concerning the form of the propagator. 
Considering the bare propagator Sip), ( I8.29p . we easily observe that it is invariant under both 
C and P, simply due to — C 7 J = 7^ and 7 oj3 7 o = f, respectively. Considering the Ansatz 
(I8.3ip for the self-energy S, we first note that as it depends only on p 2 (rather than on 4), we 
can suppress the momentum argument due to p 2 = {—p) 2 and write the transformation rules 
simply as 

[£f = C£ T C-\ (8.44) 
[E] p = 7o S 7o , (8.45) 
\T] CV = 7oCS T C- 1 7o. (8.46) 

For concreteness, in terms of the Ansatz f !8.3ip these transformations explicitly read 

1^ v* r> 1 rT ; 



[S] c = Z*P L + Z L P R , (8.47) 

■\CV _ v^T 



m P = Stp R + SP L , (8.48) 



[E] c 


= E T 




= st, 




= E* . 



[E] L/ = E 1 P L + E*P i? ,. (8.49) 

Put another way, in terms of E the C, V and CP transformations consist merely of transposition, 
Hermitian conjugation and complex conjugation, respectively: 

(8.50) 
(8.51) 
(8.52) 

It will be also useful to know the transformation properties under C, P and CP of the 
Noether current which we rename here for convenience as j^ a , 

jf» = ${x)y»t a il>(x), (8.53) 

in order to mark explicitly its dependence on the symmetry generator t a . The transformation 
rules under C and P, induced solely by the corresponding transformation (18. 35 p . (I8.36P of the 
fermion fields, are 

[&(*)] C = ( 8 - 54 ) 
[3t(x)] r = V'Jiix), (8.55) 



where 



Ct T a C-\ (8.56) 
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see For the combined transformation CV we have 

b'f»r = -T»u%t*). (8-57) 

At this point it is appropriate to introduce some notation to be used in the following sections. 
Assuming that t c a can be expressed as a linear combination of the generators t a , we define the 
corresponding matrix C ab as H 

t c a = C ab t b . (8.58) 

It can be shown, using Tr = Tr[i a £b] ~ 5 ab and (t c a ) c = t a , that C ab must be symmetric and 
orthogonal: 

C = C T = C- 1 (8.59) 

and also independent of 75. 

It may be instructive to give some explicit examples of C ab : 

Group U(l): The only generator t is in general given as t = t^P^ + £rPr, where tL, tn are 
arbitrary real numbers. Obviously: 

C = 1. (8.60) 



Group §U(2): The generators are given as t a = \o a in terms of the Pauli matrices a a , a = 
1, 2, 3. Recalling that <j\ and are symmetric, while 02 is antisymmetric, we obtain [87] 

C = diag(+l,-l,+l). (8.61) 



Group §U(3): The generators are given as t a = |A a , where A a , a = 1, . . . , 8, are the Gell-Mann 
matrices. This time we get 



C = diag(+l,-l,+l,+l,-l,+l,-l,+l). (8.62) 



Using the notion of the matrix C ab the transformation f)8.54p of the current under C can be 
reexpressed as 

[£(x)] C = -C ab j? b (x). (8.63) 

Considering the CV transformation of the current, we can return to the original notation "j^ 4 " 
(rather than "jf ") and rewrite (18.571) as 

[f a {x)] CV = -CatVjftx). (8.64) 



8.1.2 Global Ward-Takahashi identity 

In this section we derive the Ward-Takahashi (WT) [881 189] identity for the global symmetry 
G. Later, in section 18.2.61 we will argue that the same result holds also once the symmetry is 
gauged. 



3 Do not confuse this matrix with the fermion matrix C of charge conjugation. 



8.1. GLOBAL SYMMETRY 



151 



Preliminary calculation 

Before proceeding to the very derivation of the WT identity, we make some preliminary calcu- 
lation, which we will use also later in section 18.2.61 

Consider the T-product of the type T [V M ip iA , where V 1 is a bosonic operator. The T- 
product is then given explicitly by 

T[V»(x)iP{y)4,(z)] = 

9(x - y ) 9(y - z ) V(x) ^{y) ${z) - 9(z - y ) 9(y - x ) $(z) ^{y) V(x) 
+ 9{y - zo) 6(z - x ) ^(y) ${z) V»{x) - 9(x - z ) 9(z - y ) W(x) ${z) ^{y) 
+ 9(y Q - xo) 9{x - z ) iP(y) W(x) j>(z) - 9(z - x ) 9{x - y ) ${z) V»{x) if>{y) . 

(8.65) 

We now compute its derivative with respect to x, i.e., apply the operator d%. At doing so one 
must remember that not only V 1 itself is x-dependent, but so are also some of the Heawiside 
functions 9 in the definition (18.651) of the T-product. Thus, taking this carefully into account 
and using the formula 4-0(x) = 5(x), we arrive at 

d* a T[V»(x)^(y)$(z)] = T[(W(x))il>(v)iKz)] 

+ 9ao S(x - yo) (e(y - z ) [V»{x)^{y)} $(z) - 9(z - y ) $(z) [V(x),^(y)] ) 

+ g*o S(x - z ) (e(y - z ) i/>(y) [V(x), $(z)] - 9(z - y ) [V^x), $(z)] ijj{y)) . 

(8.66) 

Here we have already rearranged the resulting terms in order to have them in the convenient 
form of the commutators. Notice that these commutators are in fact equal-time, due to the 
preceding delta-functions. 

Derivation of the WT identity 

Consider now the Green's function (j^ipip)- We will calculate its divergence with respect to 
x, i.e., the quantity Recall that {j^ipijj} is shorthand for (0\T[j%(x) ip(y) ip{z)] |0). 

Thus, as it contains the T-product, we can use the result (I8.66P with = jg. We obtain 

d?(0\T[jZ(x)TP(y)i;(z)]\0) = (0\T[(d*X(x))^(y)4>(z)]\0) 

+ S(x - y )(e(y - z )(0\ [j° a (x)Mv)] ^)|0) - 0(z o - y o ){0\i>(z) [f a (x),^(y)] |0>) 

+ S(x - z )(e(y - z o )(0\^(y) [f a (x),$(z)] |0) - 9(z - y )(0\ [f a {x),$(zj\ i>(y)\0)) ■ 

(8.67) 

First of all, the first term, containing (^j^(x)), can be dismissed due to the conservation 
(18. 8p of the current j£. To proceed we have to calculate the commutators [j^(x),^(y)] and 
[j®(x), ip(z)\ . Invoking the form (18.211) of the current we can use the simple matrix identity 
[AB,C] = A{B,C} — {A, C}B to rewrite the commutators in terms of the anticommutators 
of the type {ip,ip} and {ip,ip^}. Recall that the commutators are equal-time, thus so are the 
anticommutators. However, they are therefore nothing else than the canonical anticommutators 
(1B.6|) of the fermion fields, stemming from the process of quantization, as shown in appendix IBl 
Using this fact we readily arrive at 

[£{x)My)] e . t . = -6 3 (x-y)t a i/;(y), (8.68a) 
[j° a (x),$(y)] et = 5 3 (x-y)^(y)i a . (8.68b) 
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We can now plug these results into ()8.67|) . After factorizing the 5 3 functions out of the round 
brackets we see that the contents of the round brackets have the form of T-products of fermion 
operators: 

d;(0\T[jH(x)^(y)^(z)}\0) = 

- 5\x - y) t a (0|T [iP(y) ${z)] |0) + 5\x - z) (0\T fy(y) $(z)] |0) t a . 

(8.69) 

We recognize the quantities on the right-hand side as the fermion propagators iG = (ipip) . This 
equation is in fact the coveted WT identity, relating the three-point Green's function (j^ipip) 
with the two-point Green's function (ipip). 

Finally, it is useful to rewrite the WT identity ( I8.69P into the momentum space in terms of 
the 1PI function (j^ip^xpi = 7^. The Fourier transform of {j^ip'tp) is defined as 

(0\T[jZ(x)iP(y)$(z)}\0} = 

J ^^^^^^'^^^^ iG(p')Y a (p',p)iG(p), 

(8.70) 

where we have already explicitly indicated its 1PI part 7^. Taking this definition and the 
definition ( I8.22p of the Fourier transform of the fermion propagator G into account we can 
rewrite the WT identity ( I8.69P in a more convenient and familiar form as 

qMp',p) = G'^U-t.G-^p), (8.71) 

where p' = p + q. 



8.2 Local symmetry 

8.2.1 Gauging of the theory 
Lagrangian 

We now "switch on" the gauge interactions. That it to say, we assume that the transformation 
(KIM is local0 i.e., the parameters 6 a are now position-dependent. In order to maintain the 
invariance of the theory under such gauge transformation, we are forced to introduce a set of 
gauge bosons - the spin-1 massless particles A%, a = 1, . . . , Nq, coupled in a specific way to the 
fermions. At the Lagrangian level instead of C(ip) we have to deal now with its extension [90J 

CW,A£) = C{^)+gf a A ail -- A F^F ailv , (8.72) 

where F£ u is the gauge boson field-strength tensor, defined as 

FT = PAZ-rAZ + gfa^AZ. (8.73) 

As there are derivatives in it, the last term in f !8.72p . proportional to (F^ u ) 2 , thus contains 
the kinetic terms for the gauge bosons. Moreover, it potentially contains also the gauge boson 

4 We assume here, again merely for simplicity, that the whole group G is gauged, whereas in some applications 
this may be the case only for some its subgroup. 
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self-interaction terms, proportional to the structure constants f a bc of the group G. These are 
defined using the commutation relations of the generators of G as 

[taM = if abctc- (8.74) 

The term gj£A afl in (I8.72p contains the coveted interactions of the fermions with the gauge 
bosons: 

£ int . = gj^A ail (8.75a) 
= # 7/ AzM£- (8.75b) 

Another way of deriving them consists of trading the partial derivatives in the fermion kinetic 
term (18. 15p for the covariant derivatives, i.e., 

9" — > D" = V-igtaA*, (8.76) 

so that the kinetic term (I8.15P modifies as 

£kmetic(V0 = inH — &t>^ = C kinctic (ij)+gj^A ail . (8.77) 

Quantization 

The Lagrangian (I8.72p describes a classical theory. The process of its quantization entails 
effectively two modifications. 

First, one must fix the gauge. By fixing the gauge we avoid the problem of overcounting 
the gauge boson degrees of freedom in the functional integral by counting in the gauge fields 
related by a gauge transformation (and hence physically equivalent). We will fix the gauge by 
adding the gauge-fixing term of the form 

A,f. = ~Y^ A af ( 8 - 78 ) 

to the Lagrangian (18.721) . 

Second, the quantization of the Lagrangian (I8.72p requires also introduction of the Faddeev- 
Popov ghosts c a , a — 1, . . . , N G , with the Lagrangian 

£ g hosts = -CadfjTJ^Cf, (8.79a) 
= -c a Dc a - gfabcCad^Afcc) . (8.79b) 

These ghost fields, emerging in the process of the quantizing, are scalars obeying the Fermi- 
Dirac statistics. Thus, as being unphysical, they can appear in the Feynman diagrams only in 
the closed loops, with the aim to preserve the unitarity of the theory. We will however not need 
them in the present text. 

8.2.2 Simplifying assumptions about the gauge dynamics 
Weak gauge dynamics 

Let us comment on the quantity g, the gauge coupling constant. We make now the key assump- 
tion that the gauge dynamics is weak, i.e., 



9 < 1, 



(8.80) 
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so that the perturbative expansions in g is meaningful. 

The assumption (I8.80P about the weakness of the gauge dynamics was in fact implicitly 
present already in applications considered in the previous parts. Recall the situation in the 
Abelian toy model and in the electroweak interactions: The symmetry is broken spontaneously 
by the strong Yukawa dynamics, through the formation of appropriate fermion and scalar self- 
energies, while the gauge dynamics is actually not considered at all. It is assumed to be merely 
a passive spectator and can be incorporated only perturbatively, provided it is weakly coupled, 
as we are going to show in this chapter. 

More gauge coupling constants 

At this point a remark concerning the nature of the symmetry group G is in order. In gauging 
the theory we have so far implicitly assumed that the symmetry G is simple, which allowed us to 
introduce only one coupling constant g. If G was not simple but rather a product of some simple 
subgroups, we would need to introduce a special coupling constant for each such subgroup. In 
fact, in the applications of our interest the group G is always of the form of a product of two or 
more simple groups. Recall that in the Abelian toy model we had G = U(l)vi x U(l)v 2 x U(1)a, 
while in the electroweak interactions we had G = §U(2)l x U(1)y- 

This problem can be overcome as follows. Assume that the group in question, G, is of the 
form 

G = Gi x G 2 x . . . x Giv, (8.81) 

where each subgroup Gj (i = 1, . . . , N) is a simple group with N Gi generators and we attribute 
a gauge coupling constant g&. to it. Now we can define the diagonal matrix 

g = diag ( g Gl . , g Gy g& 2 , . , g Gy . . . , g.- x . . , g Gjv J . (8.82) 
n Gi times N G2 times n Gn times 

The point is that the gauge coupling constants typically appear in formulae in combinations 
with the quantities carrying the gauge index. E.g., in the case of only one gauge coupling 
constant g, considered so far, we deal typically with quantities of the type 

gX a} (8.83) 

where X a can stand for a generator t a , symmetry current gauge field A%, etc. In the case 
of G given by (I8.8ip the expressions of the type (18 .83j) generalize straightforwardly as 

9abXb , (8.84) 

where g a b is given by (18.82)) . 

In this text, however, for the sake of notational simplicity, we will still use the notation of 
the type (18.831) (i.e., pretending that G is simple) and will keep in mind that such a notation 
is in a more general case (I8.8ip merely a shorthand for (18.84)) . In fact, later, after introducing 
the notation (18.1521) (combining a gauge coupling constant and a symmetry generator into a 
single symbol) we will not need to deal with this issue anymore. 

More Abelian factors in G 

If the gauge group G contains more that one Abelian factor of U(l), another subtlety comes 
into play [HJ E2J IS3]- Recall that strictly non- Abelian field-strength tensor F£", ( 18.73 p . is 
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gauge-covariant, but not gauge-invariant. The only way how to make a (renormalizable and 
CP-conserving) gauge-invariant quantity out of it is to consider its "square" F aflu F^ v ', i.e., 
the usual kinetic term, as in the Lagrangian (I8.72p . In particular, the "off-diagonal" kinetic 
terms, contracting field-strength tensor of two different groups, at least one of them being non- 
Abelian, are forbidden. On the other hand, in Abelian gauge theories this need not be true, 
as the Abelian field-strength tensor alone is already gauge- invariant. For definiteness, consider 
the gauge group in question to be 

Then since each Fg v is gauge- invariant, one can write the most general kinetic term as 

^kinetic = —-^,abF^ V F b ^ v , (8.86) 

where l; ab (not to be confused with the gauge-fixing parameter above) is in principle non- 
diagonal, real and positive matrix, which can be also without loss of generality assumed to be 
symmetric. By an appropriate rotation of the gauge fields the matrix £ ab can be transformed 
into the unit matrix 5 ab , but the prize is that the matrix g, (I8.82p . of the gauge couplings 
constants is no longer diagonal. Still, however, g can be made symmetric by a specific choice 
of coordinates in the gauge space. 

This should be in principle taken into account especially in chapter [101 where the Abelian 
toy model with the group G = 0(1)^ x U(l)v 2 x U(1)a will be gauged. However we will for the 
sake of simplicity treat the subject in the usual way: We will consider diagonal kinetic terms, 
so that there will be no mixing in the free propagator of the gauge bosons, and we will also 
associate each U(l) with just one gauge coupling constant. 

8.2.3 Properties of the gauge fields 

Let us discuss briefly, to the needed extent, the properties of the gauge fields. 



Transformation properties 

Not only the fermions, but also the gauge fields themselves transform non-trivially under G. 
Assuming that t a are generators of some representation of G, then the action of G on the gauge 
fields can be written asEI 

G: t a A* — > t a [Aft = e i94 (t a AZ + -V)e" iet , (8.87) 
or, more compactly, as 

G: A% — > [Aft' = X*(0)AZ + hrf(e), (8.88) 

where we defined the quantities X ab (9), Y£(0) as 

t a X ab (6) = e i9t t b e- W4 , (8.89) 
t a Y£(6) ee e i9t id» e~ i9t . (8.90) 

5 In order not to waste the indices, we use in the exponentials the shorthand notation 9 a t a = 9 ■ t. 
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In the lowest order in the transformation parameters 6 a and their derivatives d^Oa we have 
explicitly 

X ab {9) = 5 ab + f abc 9 c + <D{6 2 ) , (8.91) 

Y£(0) = d»6 a + 0{6 2 ). (8.92) 

In the following we will be concerned mostly with the matrix X(9). It satisfies 

X(-6) = X-\6) = X T (6) = X\0), (8.93) 

as can be seen from its expression in the form 

X{9) = exp(i6 a T a ), (8.94) 

where the matrices T a are generators of the adjoint representation of G, i.e., their elements are 
given by 

(T a ) bc = -if abc , (8.95) 

so that T a are antisymmetric: 

17 = -T a - (8.96) 

Recall that the structure constants f abc are real and antisymmetric. In terms of (I8.94p the 
relation (I8.89p recasts as 

= e^e"^. (8.97) 

For the sake of later references let us write again the transformation ( I8.88P of A%, this time 
under global G, i.e., with Y£(9) = 0: 

G : ^ — > [Aff = (e ieT ) ab A£ (8.98a) 

= A£ + 9 b 6 b A£ + 0(9 2 ), (8.98b) 



where 



6 a A» = i(T a ) bc A£ (8.99a) 
= fabcA^. (8.99b) 



Equations of motion 



The equations of motion of the gauge bosons A%, following from the Lagrangian (I8.72p by means 
of the standard Euler-Lagrange procedure, are 

d,Fr = -gJ u a . (8.100) 

The quantity J£ is the Noether current associated with the global symmetry G of the Lagrangian 
( 18. 72 p . i.e., given by 

J ° = -m*) s ^-m^) s '' Al (8 ' 101a) 

= ft + frtJTA*,, (8.101b) 



8.2. LOCAL SYMMETRY 



157 



where j£ is the given by (I8.2ip and for 5 a A% we used ( I8.99p . The current is conserved: 

<V£ = 0, (8.102) 



implying that the current j% is no longer conserved as in (18.81) . its divergence is now proportional 

tO fabc- 



d^a = 0(f abc ). 



(8.103) 



Adding the gauge fixing term (I8.78P to the Lagrangian (I8.72p the equations of motion 
modifiy as 



M *T = - g r a --d v {d„A»). 



5.104) 



Employing the explicit form of J£, fl8.10ip . the equations of motion can be rewritten in a more 
convenient way as 



{TTlZA* = -9f a +0{f ahc ) 
Here we have introduced the differential operator {V -1 ) 1 ^ , defined as 



(V 



dV" -11- - 1<9 M <9 



tab- 



(8.105) 



5.106) 



Propagators 

Consider first the free propagator of the gauge bosons A%, denoted as 



(8.107) 



The free part of the Lagrangian C(if), A%), (I8.72p . i.e., the part quadratic in A%, is given explicitly 
by 



1 2 1 : 

£gauge,quadratic(?/>, A%) = — ~ (d^ A^ — 3" A^) — — (d^A^J 



-A a ,{V-XlA hu + d,V^A } dA) 



(8.108a) 
(8.108b) 



where the differential operator {T>~ 1 )^ ) is given by (I8.106P and the four-vector V^(A, OA) is 
certain function of the gauge fields A^ and their derivatives. Assuming that the surface term 
d^V 1 can be neglected when computing the action, the Fourier transform of (^ _1 )^ defines 



the momentum space inverse free propagator (D~ )ab . 



(d-x: = j 



d 4 x {V 



g 2 g ^ 



-l\fJ.u iq-x 
lab e 



1-7)?V 



2, U»<? 2, 
q lab - T Z-q tab 

€ q 



The full propagator is obtained by inverting (I8.109p . 



(8.109a) 
(8.109b) 
(8.109c) 

(8.110) 
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so that we arrive at 

D * ~ ~\ 9 (8111) 

Notice here the role of the gauge-fixing parameter l/£: If it was missing, the inverse propagator 
(-D -1 )^ would be proportional to the projector g^ u — q fi q u /q 2 , so that it would be a singular 
matrix without a meaningful inversion. Only by addition of the projector q^q v jq 2 (proportional 
to 1/0) which makes together with g^ v — q^q v ' /q 2 a complete set of projectors, we obtain a 
regular matrix suitable for inversion. 

The full propagator G^ h of the gauge bosons, 

iG£ = M£4ft. (8-112) 
is given in terms of the free one as (we suppress the Lorentz and gauge indices) 

G L = IT 1 + 11, (8.113) 
where the polarization tensor is the gauge boson self-energy: 

aC = (^XW (8.H4) 

It can be proved (see, e.g., jM]) that as a consequence of the symmetry of the Lagrangian 
the polarization tensor IT^ must be transversal, 

g„lC(g) = 0, (8.115) 

i.e., it is proportional to the transversal projector: 

IC(?) = (^V-^)n ab (g 2 ), (8.116) 



the gauge indices a, b. The full propagator G^ h has consequently the form 



where the form factor YL a b (being a function of q due to Lorentz invariance) is symmetric in 

T ab 

tq u \ u 2 2TTW1 f ^ ! < 



3? = -(^-^)^ 2 -^n)- 1 ] a6 -^^. (8.H7) 



Notice that only the transversal part of the full propagator G^ h gets renormalized, whereas the 
part proportional to the gauge-fixing parameter £ stays intact and is identical to its counterpart 
in the free propagator D%£, (I8.11ip . This is in fact due to the transversality (18. 1 1 5j) of the 
polarization tensor 11^: Assuming an additional term q^q^U^ in f)8.116p . the term proportional 
to £ in the full propagator G^ would be modified as t a b/(f [(q 2 — c? 2 ]!^) -1 ] . 

Transformation under G 

The transformation rule for the full propagator G^ h under the global symmetry G, i.e., under 
(HIED, is 

G: GZ = (j - T ) a GZ{e- i9T ) db , (8.H8a) 

or, by suppression the gauge indices, in a more compact matrix form 

G : G^ — > [G tAU ]' = e W T G^ u e- ie r . (8.118b) 
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The transformation rule for the polarization tensor follows: 

G: Kl TO' = (e ie - T ) ac n^(e-^) dfc , (8.119a) 

or, in the matrix form, 

G : IP* — ► [IP"]' = e i0 - r n^e- ier . (8.119b) 

One can immediately see that the free propagator (18.1111) is invariant under G: 

G : D% — ► [£>£]' = D%. (8.120) 

As the transformations of the gauge propagators under G do not touch the Lorentz indices, 
it is in particular clear that the form factor TL a b, (18.1161) transforms in the same way as ET^. I.e., 
one can use the transformation rule (18.1191) . just with the Lorentz indices missing. Nevertheless, 
let us write, only for the sake of later references, the transformation rule of H a b together with 
its infinitesimal form: 

G : IT — -> [II]' = e l9T Ue- wr (8.121a) 

= u + ie a [r a ,u] +o{9 2 ). (8.121b) 

C, P and CP transformations 

Consider first the behavior of the gauge field under the charge conjugation C. It transforms 
in such a way that the following relation holds [9"l"j : 

mx)f(-t c a ) = A*(x)t a . (8.122) 

Here — t c a can be recognized as the generators of the conjugate representation of G; recall in 
this respect also the definition (I8.56P of t c a . It follows that the field-strength tensor F£ u , (I8.73p . 
transforms in the same way 

[F^{x)f{~f a ) = Fr(x)t a , (8.123) 

so that the Yang-Mills Lagrangian £ = —jF£ u F afll/ stays invariant under C. 

In order to find a more compact expression for L4^(x)] c , we recall that t c a can be expressed 
as a linear combination of the generators t a . Using the corresponding relation (I8.58P we arrive 
at more compact expression for the transformation rule of A^ under C [87J: 

W a {x)f = -C ab AZ(x), (8.124) 

where we also used the properties (18.591) of the matrix C a h- 

The transformation of the gauge field A^ under parity P is straightforward: 

mx)f = V^AKx), (8.125) 

so that we can readily write the transformation law for A£ under the combined parity CP: 

[A^x)] cr = -C ah P\Al{x). (8.126) 

The C and P transformations of the full propagator G^, (j8.112j) . are given by 

K(g)] C = C ac C bd G%(q), (8.127) 
K(g)f = V^G-Jiq), (8.128) 
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and the combined CV transformation is consequently 

[GZ{q)f = C ac C bd V^G a J(q). (8.129) 

The same transformation rules as for G^ h hold also for the polarization tensor IT^, (I8.114p . 
Noting the explicit forms (18. 117[) and (I8.116P of G^ h and 11^, respectively, we see that the prop- 
agators are in fact invariant under parity: [G^(q)] V = G^(q), so that effectively [G^(q)] CV = 
[G^(q)] ; analogously for Thus, the CV transformation of G^ and LT^ manifests itself 
only by its effect on the form factor H a b'- 

[n ab ] CV = C ac C bd U cd . (8.130) 

From this we can in particular see that the free propagators D^, ( IB.llip . as well as the gauge- 
fixing part of the full propagator G 1 ^, f)8.117p . is invariant under CV, since C ac Cbd8 c d = 8ab 
Consider finally the Lagrangian describing the interactions of the gauge fields with fermions: 

C{x) = gj? a {x)A atl {x). (8.131) 

Using the transformation rules for the current and for the gauge fields, we straightforwardly 
obtain 

[£{x)f = [C(x)] v = g jl{x) A a ,{x) . (8.132) 

We therefore see that C and V are not good symmetries of the gauge interactions, unless 
i a = t a for all a, i.e., unless the generators t a do not contain any 75 matrices. On the other 
hand, consider the transformation of the interaction Lagrangian (I8.13ip under the combined 
symmetry CV. Using the results f )8.132p we readily observe 

[C(x)} cr = gjl{x)A ail {x) (8.133a) 
= C(x), (8.133b) 

since x = x and i a = t a . I.e., the gauge interactions are always invariant under CVu 



8.2.4 Gauge boson masses 

The gauge boson mass spectrum is given by the poles of their propagator. The free propagator 
has its only pole in q 2 = 0, which reflects the fact that the gauge bosons are at the 
Lagrangian level massless. However, the dynamics may be such that once the bare propagator 
is corrected by the polarization tensor n^, the resulting full propagator G^ h already has poles 
at some q 2 7^ 0, corresponding to massive gauge bosons. Clearly, the inspection of the full 
propagator reveals that the source of non-vanishing poles can be only the [q 2 — q 2 H) 
part. Thus, the poles are given by the equation 

det (q 2 - g 2 n(g 2 )) = 0. (8.134) 

Let us investigate the conditions for the pole equation f !8.134p to have a non-vanishing 
solution. In order to simplify the problem it is convenient first to diagonalize the symmetric 
matrix II(g 2 ) via the orthogonal transformation as 

U(q 2 ) = 0(q 2 )n(q 2 )0 T (q 2 ), (8.135) 

6 We mean here unbroken gauge interactions. If the gauge symmetry is broken, the gauge sector can be 
CP-violating. This happens, e.g., in the charged current interactions in the SM. Even in this case, however, it is 
not the gauge sector itself, but rather the Yukawa sector (or generally a sector, generating the fermion masses), 
which is ultimately responsible for the CP-violation. 
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where vr(g 2 ) is a diagonal matrix: 

n(q 2 ) = diag(7r 1 (g 2 ),...,7r^(g 2 )) (8.136) 
and 0(q 2 ) is an orthogonal matrix: 

0(q 2 )0 T (q 2 ) = 1. (8.137) 

We demand that 0(q 2 ) is orthogonal for all q 2 , which implies that 0(q 2 ) is also regular for all 
q 2 , i.e., it has, in particular, no pole at q 2 = and therefore is expressible in the form 

oo 

0(q 2 ) = $> 2 ) n O n , (8-138) 

n=0 

where O n are some momentum-independent matrix coefficients. The orthogonality condition 
(I8.137P is in terms of the first few coefficients O n expressed as 

O O^ = 1, (8.139a) 
G O r l + 1 Ol = 0, (8.139b) 
1 Oj + O Oj + 2 0^ = 0, (8.139c) 



Using the orthogonal transformation (I8.135P the determinant in (18.1341) simplifies as 

det (q 2 - q 2 U(q 2 )) = ]J (q 2 - q 2 n a (q 2 )) , (8.140) 

a=l 

so that instead of the single pole equation (18.1341) we have now a separate equation 

q 2 -q 2 n a (q 2 ) = (8.141) 



for each a = 1, . . . , Nq. 

Let us now discuss possibilities of the analytic structure of 7i a {q 2 ) (for some fixed a). Assume 
first that it is regular at q 2 = (i.e., it has no pole at q 2 = 0). In such a case the pole equation 
(I8.14ip has clearly the vanishing solution q 2 = 0, which corresponds to the massless gauge boson. 
Now assume on contrary that vr a (g 2 ) has a simple pole, i.e., a pole of the type 1/q 2 . Then the 
term q 2 7i a (q 2 ) in the pole equation (18. 141 j) contains a constant part, given by the residue of the 
pole 1/g 2 of vr a (g 2 ), and correspondingly q 2 = cannot be a solution of the equation (18.1411) . In 
other words, a pole of the type 1/g 2 in ir a (q 2 ) with a non-vanishing residue guarantees that the 
gauge boson acquires a non- vanishing mass. Finally, to complete the argument, one might also 
in principle assume that the pole in 7r a (q 2 ) is not simple (i.e., that it is, for instance, of the type 
1/g 4 ). However, this cannot happen, since any pole of a Green's function should be physically 
interpretable as a propagator of some intermediate particle. In the present case the allowed 
pole of the type 1/g 2 corresponds to a massless scalar particle, the NG boson, coupled bilinearly 
to the gauge boson. We will discuss this interpretation more closely later in section 19.61 

Thus, the most general form of vr a (g 2 ) is 

oo 

7r a (g 2 ) = -ml + J2(q 2 T*n,a, (8.142) 

^ n=0 
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Figure 8.1: Assignment of momenta of the proper vertex T£(p',p), (I8.150p . Momentum conser- 
vation q = p' — p is implied. 



where m 2 and 7r n a are some coefficients independent of q 2 , and the full diagonal vr(g 2 ), (I8.136p . 
has the form 

1 oo 

n(q 2 ) = -m 2 + J2(q 2 ) n rr n , (8.143) 

^ n=0 

where 

m 2 = diag (ml . . . , m 2 N(; ) , (8.144) 
7r„ = diag (7r nj i, . . . , 7T n)J v G ) ■ (8.145) 

We showed that each particular ir(q 2 ) has the pole of the type 1/q 2 . On the other hand, 
recall that 0(q 2 ) has no pole at q 2 = 0, (I8.138p . Thus, when applied to n(q 2 ) to obtain IT(g 2 ) 
via f)8.135p . 0(q 2 ) protects the pole structure (I8.143P so that n(g 2 ) can be written in the same 
form as vr(g 2 ): 

1 oo 

n(g 2 ) = M 2 + V(g 2 rn n . (8.146) 

Here the coefficients M 2 , IT n are some symmetric matrices, in principle non-diagonal. For the 
sake of later references we state here explicit relations between M 2 , IT n and m 2 , Tr n for the first 
few terms: 

M 2 = O m 2 O^ (8.147a) 
n = O tt Oj + O x m 2 + O m 2 Oj , (8.147b) 
nx = O a ix 1 Ol + 1 it Q Ol + O ir Oj + 1 m 2 Oj + 2 m 2 + O m 2 , (8.147c) 



8.2.5 Three-point function 

The three-point function (A^ipip) and especially its 1PI part will be subject of the most of the 
next chapter. We will now state some of its properties and derive the WT identity for it. 



Definitions 

Consider the three-point Green's function (A^i/j^j), 

i(%(x,v,z) = (0|T[^(ar)^(y)^(z)]|0>, 



(8.148) 
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and its momentum representation 

G&wz) = /t^T^?!^ ( 8 - 149 ) 

Since it is a full Green's function, it can be written as the 1PI function il^ = (A^ipip) ipi times 
the full propagators attached to the external legs: 

iGZ(p',p) = iG^{q)iG(f)iT%(j/,p)iG(p), (8.150) 

where q = p' — p. 

Note that according to the Lagrangian (I8.75P the bare (tree) proper vertex V%(p',p) reads 

T a(p',P)L m = 9-fta (8.151a) 

= -fT a . (8.151b) 

Here we have introduced the notation 

T a = gt a , (8.152a) 

to be used in the following extensively. Recall that, as discussed above, the definition (18.1 52al) 
generalizes for G given by (I8.8ip naturally as 

T a = g ab t b , (8.152b) 

where g ab is given by (18.821) . We will call the quantity T a a "generator" too. 

Hermiticity 

Since the fermion self-energy S is assumed to satisfy the Hermiticity condition (I8.28p . it is only 
natural to assume that the vertex T^(p ; ,p) satisfies an analogous condition too: 

T^p',p) = T^p,p'). (8.153) 

The two Hermiticity conditions (I8.28P and (I8.153P will eventually, in the next chapter, ensure 
that the polarization tensor will be real. 

Transformation under G 

Let us now check the transformation properties. According to the transformation rules (18.161) 
and (I8.98P for fermions and gauge bosons, respectively, we observe that the full (i.e., not 1PI) 
three-point function (A^ipifj), (18.1481) . must transform under the global symmetry G as 

G: <%(x,y,z) — ► [GZ(x,y,z)}' = e w - t (e ier ) ab GZ(x,y,z)e- m . (8.154) 

The same transformation rule must, due to (I8.149p . hold also in the momentum representation: 

G: GZ(p',p) — ► [GW,p)]' = e iS - t (e ie - r ) ab G^p',p)e- m . (8.155) 

Later we will be however interested rather in the transformation rule of the 1PI function 
ir^ = (A^ipip) ipi- Recall that in the momentum representation the full and 1PI vertices are 
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related by (18.1501) . The transformation of (A^ipip) under G must be therefore induced by the 
transformations of its particular components expressed in (I8.150p . i.e., 

G: iG£(i/,p) — ► [^P\P)\ =[G: b M)UG{p)UK{P,P)UG{p)^. (8.156) 

We can now plug the expression (18 . 1 5Q[) for G£(p ; ,p) into (I8.155[) and compare the resulting 
form of the expression for [G%(p',p)] with the other expression (I8.156P for the same quantity 
to obtain the equation 

e W (e i9T )/l(?)G(p')^(p' )P )G( P )e-« = [G^q)]' [G( P ')Y [K(p',p)Y [G(p)] f . (8.157) 

Notice that we know the transformation rules (I8.24p and (I8.118P for the fermion and gauge 
boson propagator, respectively, entering the right-hand side of (18.1571) . Using these we can 
finally extract from the equation (18.1571) the desired transformation rule for the proper vertex 

G: Wp) — ► n(p',p))' = j ert (j e - r ) ab T»{p\p)e-^. (8.158) 

It is easy to show that the bare vertex (18.1511) is invariant under global G, as it after all must 
be: 

G: r ^»L e ~> W,P)\ h J = W,p)| w (8-159) 
Transformation under C, V and CV 

The transformation of the three-point function G%(p',p) under C, V and CV is induced by the 
corresponding transformations of the gauge bosons and fermions. I.e., schematically 

fflpf = mrww), (8.160) 

where X — C, V, CV. Using the transformation rules for individual fields we obtain this way 
the transformation rules for the three-point function G%(p',p): 

[GZ(p',p)f = -C ab CGf{- V) -p')C~\ (8.161a) 
[<W,p)f = V^ 1o G:(p',p) 1o , (8.161b) 
[GZ(p',p)) cv = -V^C^joCGfi-n-p^C-'jo. (8.161c) 

In order to find the transformation rules for the proper vertex T^(p',p), we proceed exactly 
in the same way as above when probing the transformation properties under G: We note that 
since the full Green's function G£(p',p) is of the form (I8.150p . its transformations under C, V 
and CV must be induced also by the corresponding transformations of the propagators and the 
proper vertex T^(p',p): 

imp',P)f = [ G a bv {q)\ X [G{p')] x [n(p',p)f [G(p)f . (8.162) 

Thus, noting that both expressions (18.1611) and (I8.162p must be the same and taking into 
account the known transformation rules for the propagators on the right-hand side of (I8.162p . 
we arrive at the transformation rules for the proper vertex T^(p',p): 

n(p',p)f = -C ab CTf(-p,-p')C^, (8.163) 
K(p', P )f = V^oK(P',P)lo, (8.164) 
K(P',P)} CV = -V^C^^CTfi-p^p^C- 1 ^, (8.165) 
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which are the same as those (18.1611) for G%(p',p). 

Consider now the free vertex r^(j/,p)|bare = l^T a , (18.1511) . Transforming it under C and V 
via (18. 163ft and (I8.164[) . respectively, we obtain 

[^(P',P)LJ C = [W,p)\ har f = YT a . (8.166) 

We see that the non-invariance of the free vertex under C and V applied separately is attributed 
to the presence of 75 in the generators T a . On the other hand, under combined transformation 
CV the free vertex remains invariant: 

[ T aiP'iP)LJ CV = l"T a (8.167a) 
= W,p)| bare . (8.167b) 

Of course, this is nothing else than mere rephrasing of the above discussion of the (non- 
)invariance of the Lagrangian £ = gj£A afJj , (18.131ft . under C, V and CV; compare with equations 

dSIMD , (Kim . 

8.2.6 Local Ward— Takahashi identity 

Now we are going to derive the Abelian approximation of WT identity for the Green's function 
(A^ipijj) , or, more precisely, for its 1PI part il^ = (A^^)ipi. We will use for this purpose the 
results from section 18.1.21 concerning the WT identity for the Green's function 7^ = (ja^'0)ipi. 

Relation between and 7^ 

We start by finding the relation between T^(p',p) and 7a(p',p). By applying the operator 
(V- 1 )^, (KTm . on (A^) we obtain 

(^X bv (0\T[Al(x)^(y)^(z)]\0) = (U\T[({V- x X b „Al{x))i,{y)i,{z)]\Q) (8.168a) 

= -g(0\T[jZ(x)^(y)$(z)]\0)+O(f abc ). (8.168b) 

The commuting of {V>~ 1 ) 1 ^ through the T-product in the first equality, (I8.168al) . is done by 
applying twice (recall that {V>~ 1 )^ is a differential operator of the second order) the formula 
(18.66ft . first time with = A^ and second time with V 1 = d a A%, and noting that 

[A»{x)^{y)\ = 0, (8.169a) 

[A^x)Mv)] = 0, (8.169b) 

as well as 

[8£A£{x),il;(v)] = 0, (8.170a) 

[dZA£(x),$(y)] = 0. (8.170b) 

The second equality, (I8.168bl) . is just an application of the equations of motion (18.1051) . 

Using the momentum representations (18. 149p and (18.701) of (A^ipip) and (j^ipip), respectively, 
we obtain the Fourier transform of the equation (18.1681) : 

[D- 1 (q)iG(q)]> 1 abu iG(p')iTZ(p',p)iG(p) = -g iG(p') rftf, p) iG(p) + 0(f abc ) . (8.171) 

We also used here the fact that {V>~ 1 )^ is a Fourier transform of the inverse free propagator 
(-D -1 )^, (I8.109al) . After some manipulations with propagators in (I8.17ip we finally express 
T^(p',p) in terms of 7a(p',p) as 

K(P',P) = g[G- 1 (q)D( q )Y abu Y b (p',P) + 0(f ab c). (8.172) 
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Derivation of the WT identity 

Now we want to calculate q^aip'^P) D Y contracting ("18 . 1 T2[) with q^. In doing so an awk- 
ward quantity [G^ 1 D] appears on the right-hand side. It can be, however, significantly 
simplified. From the explicit forms (I8.117P and ( IB.llip of G^ h and D^, respectively, it follows 

[G- l DT abu = (l a6 -n a6 )(^-^)+^l a6 , (8.173) 

so that 

%[G- l DZ bv = qA ab 

and consequently 

q^ a {p',p) = gq^(p',p) + 0(f abc ). (8.175) 

However, the contraction (p',p) has been already calculated in Sec. 18.1.2} it is just the WT 
identity (IBTTTp M We therefore arrive at the analogous WT identity for T%(j/,p): 

q,K(p',p) = G-\p')T a -f a G-\p) + 0{f abc ) ) (8.176) 

differing from the WT identity (I8.7ip for 7^ (p',p) basically only by the overall factor of g (recall 
the definition (18.1521) of T a ) and by the presence of the non-Abelian terms 0(f a b c ). 

The WT identity, as derived in (I8.176P , is ambiguous due to the presence of the undetermined 
terms 0(f a b c ). In fact, these terms can be determined as well and the resulting identity is called 
the Slavnov-Taylor identity. For our purposes, however, the simple derivation of the ambiguous 
WT identity (18.1761) will turn out to be sufficient, because later on we will show that neglecting 
of the ambiguous terms 0(f a bc) will be consistent with our approximations of the polarization 
tensor. 

We finally note that the bare (tree) proper vertex r^(p / ,p)| bare , (I8.15ip . does satisfy the WT 
identity (18.1761) (actually with vanishing 0(f a bc)) provided one takes as the fermion propagators 
G^(p) the bare ones S~ 1 (p) = f. Indeed, the WT identity, reading in such case 

q,K(p',p)\ haie = S-\p')T a -T a S- l (p), (8.177) 

reduces to the simple identity 

$T a = f'T a -f a f, (8.178) 
holding due to T a ft = T a and p' = p + q. 

7 Recall that in Sec. 18.1. 2l we derived the contraction (p' ,p), where 7^ = (jaipfyipi, under the assumption 
d^jft — 0, (|8.8[) . This assumption is not fulfilled now, see (|8.103l) . However, d^j^ is proportional to 0(f a bc), 
which is exactly the order in which we are interested in, see (|8.175[) . 

8 A remark concerning the terminology is in order now. The identity (|8.176D for T^(j)' ,p) is usually in the case 
of non- vanishing 0(f a b c ) referred to as the Slavnov-Taylor identity [95 , 96 and only in the case of 0(/ a f> c ) = 
as the WT identity. However, since we will in the following neglect the terms 0(f a b c ), we use in this text the 
term WT identity exclusively, for both cases. 



(8.174) 



8.3. SUMMARY 



167 



8.3 Summary 



Major part of this chapter consisted of reviewing some textbook, as well as some less-textbook 
(but still rather straightforward) facts, concerning a gauge field theory with fermions. This 
was for the sake of later references accompanied by introducing the corresponding notation. 
Most importantly, we have stated, among other things, the transformation rules of fermion and 
gauge boson propagators, as well as of the three-point function (A^ipip), both full and 1PI, 
under continuous and discrete symmetries. We also derived WT identity for the three-point 
function. 

On top of mere reviewing facts, we also stated some assumptions under which we would 
work in the following chapters: 

• There is the same number of the left-handed and the right-handed fermions ipi and ipR, 
respectively, and their common fermion number symmetry remains unbroken. Hence we 
can work with the field ip = ipz + ipR, (I8.13p . 

• The theory is at the Lagrangian level massless, so that the free propagator of the fermion 
field ip is given simply by S^ 1 = jf>, (I8.29p . 

• The self-energy X of ip contains no ft, (I8.30p . and satisfies the Hermiticity condition 
£ = £, <K2S\f . It has consequently the form £ = Y$P L + £ Pr, dOTjl - considered 
already in the previous chapters. 

• The symmetry group G is broken down to EI C G by the self-energy £. Operationally: 



where q and f) are Lie algebras corresponding to the groups G and H, respectively. 

• The gauge dynamics is weak: g<l, (18.801) . 

• There are no "off-diagonal" gauge coupling constants in the case of more Abelian factors 



[s,U = o 
+ o 



for t a G t) , 
for t a G g\f) 



(8.179a) 
(8.179b) 



in 
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Chapter 9 

Gauge boson mass matrix formula 



This chapter is the very heart of the part \IV\ We will derive here, on the basis of assumptions and 
formalism developed in the previous chapter, as well as within certain additional assumptions 
made in this chapter, the formula for the gauge boson mass matrix. However, as will be 
discussed in detail, the resulting formula will not be applicable for an arbitrary spontaneously 
broken gauge theory with fermions, but merely to a specific subclass of such theories, satisfying 
certain condition. Luckily enough, this subclass contains the models discussed in parts\l\and\n} 
so that we will be able to apply the gauge boson mass matrix formula to them in the following 
two chapters. 

Massiveness of a gauge boson manifests itself also by existence of its longitudinal polariza- 
tion. This new degree of freedom can be physically interpreted as a ( u would-be") NG boson, 
associated with the spontaneous breakdown of the (gauged) symmetry. Thus, besides mere 
calculating the gauge bosons masses, we will in this chapter in section also occupy ourselves 
with their interpretation in terms of the NG bosons. 

9.1 Strategy 

9.1.1 Pole approximation of the polarization tensor 
Why the pole approximation 

The gauge boson spectrum (as well as any other spectrum) is given by poles of their full 
propagator. The key quantity is here the polarization tensor U.^(q), or, due to its transversality 
(18. 116p . the form factor U a b(q 2 ). We have already mentioned in section [8.2.41 that the sufficient 
(though not necessary) condition for the gauge bosons to become massive is existence of a pole 
of the type 1/q 2 in the Laurent expansion of U a b(q 2 ). 

In fact, our approach will be to approximate the IT(g 2 ) only by its pole part. That is to say, 
we will focus only on the residue M 2 and neglect all the coefficients IT n , n > 0, in the Laurent 
expansion 08.1461) of II(g 2 ): 

U(q 2 ) = - 2 M 2 . (9.1) 
q 2 

Thus, using this pole approximation of n(g 2 ) the pole equation (I8.134p reduces to 

det(g 2 -M 2 ) = 0, (9.2) 

i.e., to a simpler problem of finding the eigenvalues of the matrix M 2 , which can be accordingly 
interpreted as the gauge boson mass matrix. 
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The pole approximation (19.1 j) is motivated and justified by the assumption g <C 1, (I8.80p . 
concerning the weakness of the gauge dynamics, i.e., by the fact that perturbative calculations 
in g are possible. As we are going to prove below, it turns out non-trivially that if one wants to 
calculate, by solving the pole equation (I8.134p . the gauge boson mass spectrum in the lowest 
(second) order in g, then it is sufficient to consider only the pole term of n(g 2 ), since the 
higher terms in Laurent expansion of U (q 2 ) happen to contribute only to higher terms in the 
^-expansion of the gauge boson masses. 



Proof 

In order to prove the statement made in the previous paragraph, we are now going to investigate 
the perturbative expansion in g of solutions of the pole equation (I8.134|) . For that purpose it is 
convenient to make use of the diagonalization (I8.135P of the self-energy IT(g 2 ) and investigate 
first in this respect only one particular pole equation (I8.14ip and only then generalize the result 
to the full non-diagonal IT(g 2 ). 

We start with the observation that the polarization tensor is in any case at least of the 
second order in g. This is a consequence of the fact that any interaction of A^ with any other 
field (including the fermions, ghost, as well as the gauge bosons themselves), is proportional to 
g; see the Lagrangian C(ip, A%), 08. 72 p . 

Let us diagonalize n(g 2 ) via (I8.135P to obtain the diagonal 7r(q 2 ) with the elements n a (q 2 ), 
(I8.136p . Since IT(g 2 ) is of the second order in g, so must be also each 7i a (q 2 ). Recalling the 
general form (I8.142p of 7r a (g 2 ), it is therefore convenient to factorize g 2 out of the corresponding 
pole residue m 2 as 



2 2 
9 Va> 



(9.3) 



where /i 2 is now of zeroth order in g. Similarly can be treated the coefficients 7r n a : 

= g 2 a n ^l)-\ (9.4) 



7T T , 



where we have also utilized the dimension-full coefficient /x 2 from (I9.3P to carry the mass 
dimension of each ix n ^ a (assuming, of course, that /x 2 ^ 0). Consequently the coefficients a n ^ a are 
dimensionless and again of order g°, due to explicit factorization of g 2 . Using these definitions 
the expression (I8.142p for Tc a (q 2 ) recasts as 



2 \ -1 



/4 



n=0 



q 2 \ n 



(9.5) 



Finally, it is also convenient to introduce the dimensionless quantity x a , 

Xa ~ 



(9.6) 



to be used in the following. 

Now recall that vr a (g 2 ) enters the pole equation (18. 141 p for the unknown q 2 . Using the 
definitions above, this pole equation for the unknown q 2 transforms as 



x a - 9 



1 ^ ^ Q"n,a%a 







(9.7) 



n=0 



and turning thus into an equation for the unknown x a . 



9.1. STRATEGY 



171 



If g 2 = 0, the equation ( 19. 7p has the solution x a = 0. We can therefore expect that for g 2 ^ 
the solution x a will be proportional] to g 2 and hence without loss of generality expressible in 
the form 

x a = g 2 (l + e a ), (9.8) 

where e a is some function of g 2 . We are now going to argue that e a is proportional to g 2 . By 
plugging the Ansatz (19. 8p for x a into the equation (19. 7p we obtain the equation for e a : 

oo 

e a -g 2 J2 a n, a g 2n (l + e a ) n+1 = 0. (9.9) 

n=0 

Now the argument is the same as above with x a : If g 2 = 0, the equation (19. 9p has the solution 
6 a = 0, from which we conclude that t a must be really proportional to g 2 , as proposed. Put 
in the original formalisms, we see that the solution of the pole equation (I8.14ip . i.e., the gauge 
boson mass, is given in the lowest order in the gauge coupling constant g as 

q 2 = g 2 fi 2 a (l + e a ) (9.10a) 
= g 2 fi 2 a (l + 0(g 2 )), (9.10b) 

where we recall that /j, 2 , given by (I9.3p . is of zeroth order in g 2 . In other words, the residue m 2 
in the g 2 -expansion of vr a (g 2 ), (18.142p . is just the lowest order of the g-expansion of the gauge 
boson mass. 

We have shown that in the case of diagonal vr(g 2 ), (I8.136p . the spectrum obtained considering 
only the residue m 2 is the lowest approximation of the ^-expansion of the full spectrum, obtained 
from the full 7r(g 2 ) with higher orders in q 2 properly included. Now we are going to generalize 
this result to the case of non-diagonal II (q 2 ). 

Obviously, vr(g 2 ) and II(g 2 ), related by the orthogonal transformation (18.1351) . must yield 
the same spectrum. Therefore it remains to prove that the orthogonal transformation (18.1351) 
preserves also the spectrum obtained by the pole approximations of Tr{q 2 ) and II(g 2 ), i.e., 
that the residues m 2 and M 2 of both the diagonal 7f(q 2 ) and non-diagonal II(g 2 ), respectively, 
have the same eigenvalues. To see this we recall that the residues m 2 and M 2 are related 
by the transformation (18. 147ap : M 2 = Oom^O^. However, this transformation itself is also 
orthogonal, see (18. 139a|) . Thus, m 2 and M 2 indeed must have the same eigenvalues, which 
completes the proof. 

Structure of the gauge boson mass matrix 

Let us also, for the sake of later references, investigate the structure of the gauge boson mass 
matrix. 

Recall that the mass matrix M 2 , considered in the pole approximation (19.11) . is a (symmetric) 
Nq x Niq matrix and thus its rank can be at most Assume therefore that its rank isj 

1 We insist that x a be an analytic function of g 2 , i.e., not, for instance, proportional to 1/g 2 . To see that such 
situation can easily happen, it is instructive to consider the case when all a„. a , except ao. a and ai. a , vanish. 
Then the equation (|9.7[) for x a is quadratic and it is straightforward to show that while the first of its two 
solutions is indeed proportional to g 2 , the second solution is proportional to 1/g 2 and thus non-analytic. 

2 Cf. footnote □ 

3 The rank N' of the gauge boson mass matrix is of course equal to the number of "broken generators": 
N' = N G -N M . 
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N' < Nq. We are now going to show for the sake of later purposes that the matrix M 2 can be 
written as 

M 2 = FF T , (9.11) 

where the matrix F is rectangular, of dimension Nq x N'. Needless to say that the rank of the 
matrix F must be the maximal possible, i.e., min(N', N<q) = N', so that the rank of the matrix 
M 2 is N' too, as supposed. 

The matrix M 2 , as being symmetric, can be transformed via the orthogonal transformation 

as 

M 2 = Om 2 T , (9.12) 
where O is an orthogonal matrix and m 2 is a matrix of the block form 

2 ( m R 



m = { 7 o ) ■ < 913 > 

where m 2 R is a symmetric matrix, which is regular, i.e., of the dimension N' x N' . (Notice that 
although the two orthogonal transformations ( 19.1 2p and ( I8.147a|) look similar, they are not the 
same. While the former assumes the special block structure (I9.13p . with m 2 R being regular, but 
not necessarily diagonal, the latter does not assume any special block structure, but on the 
other hand it insists on the diagonality .) 

We may write the orthogonal matrix O in a block form too: 

O = ( A C B D ), (9-14) 

where the dimensions of the blocks A, B, C, D are the same as the dimension of the cor- 
responding blocks in m 2 , (I9.13p . If we plug the block forms (I9.13P and (I9.14p of m 2 and O, 
respectively, into (I9.12p . we find the corresponding block form of M 2 : 

M 2 = (* m \ A Z Am \°Z \ • (9.15) 
V Cm R A L Cm R C l J y ' 

We now assert that the coveted matrix F is given by 

A 



C 



m R . (9.16) 



Let us first check that F, defined as ( I9.16p . really does satisfy the basic equation ( 19. lip : 

FF T = ( A )ml(A^C) (9.17a) 
Am 2 R A T Am 2 R C T \ 

Cm%A T Cm 2 R C T J ^- Ub) 

M 2 . (9.17c) 



Thus, the equation (19. lip is satisfied. Furthermore, the dimension of the matrix F, ( I9.16p . is 
clearly Nq x N'. This completes the proof that the matrix F with desired properties exists. 
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Figure 9.1: Schematic diagrammatical representation of the lowest order (i.e., g 2 ) diagrams 
f)9.2ip of purely gauge (the first three diagrams) and fermion (the last diagram) origin, con- 
tributing to the polarization tensor H^(q). 

We also note that while the product FF T is given by the defining relation (19.111) . for the 
product F T F we obtain 

F T F = m\. (9.18) 

In deriving this relation one has to take into account that A T A + C T C = 1, which follows from 
the fact that the matrix O, (19.141) . is orthogonal: T = 1. 

We finally briefly discuss the ambiguity in determining F. It is determined by the above 
requirements uniquely up to the orthogonal rotation 

F' = F Of , (9.19) 

where Op is an orthogonal matrix of the dimension N' x N'. This orthogonal rotation of F 
corresponds to the orthogonal rotation of m\ as 

m \ = Olm\0 F . (9.20) 

From this we can in particular see that the matrix F T F = m\ is always regular, irrespectively 
of the basis. 

9.1.2 Loop integral for the polarization tensor 

Since we assume that the gauge dynamics is perturbative, we will calculate the gauge boson 
mass spectrum in the lowest order in the gauge coupling constant g, i.e., in the order g 2 . In 
the previous section we showed that for that purpose it suffices to calculate only the pole part 
(19. ip of the polarization tensor. 

We will also assume that the symmetry group G is broken spontaneously down to a subgroup 
H by the fermion self-energies, as in the parts [I] and [Til Since these self-energies are of course 
non-perturbative phenomena, we will therefore calculate the gauge boson spectrum in a mixed 



174 



CHAPTER 9. GAUGE BOSON MASS MATRIX FORMULA 




ilC(?) = A* 



Figure 9.2: The polarization tensor U^(q), given by Eq. (I9.22p . The fermion lines are not bare 
propagators, but rather the full ones (unlike in the previous chapters, in this chapter we will 
not provide them with the black blobs). 



way: perturbatively in the gauge dynamics and at the same time non-perturbatively in the 
symmetry-breaking dynamics. 

Let us start by reviewing how the polarization tensor is calculated in the symmetric (i.e., 
not spontaneously broken) theory. The perturbative contributions to the polarization tensor in 
the order g 2 are one-loop and can be divided into two groups as 

KM = in^(g)| gauge + in^(g)| fermions , (9.21) 

according to whether they are of purely gauge origin (including the ghost contribution) or 
whether they come from the fermion loop. The corresponding diagrams are depicted in Fig. 19.11 

Let us first discuss the pure gauge diagrams in^(g)| gauge . It is a textbook fact [90] that 
their sum is transversal and that they do not contribute to the pole part of the polarization 
tensor. This remains true even once the symmetry is broken, since the SSB is, by assumption, 
triggered only by fermion propagators, which do not enter the pure gauge diagrams. We can 
therefore safely discard them. 

We are thus left with the fermion contribution in^(g)|f crmions , only which can potentially 
contribute to the pole (19. ip of the polarization tensor. Clearly, for that purpose one has to 
include the symmetry-breaking dressed fermion propagators, since the symmetry-preserving 
propagators do not contribute to the pole of the polarization tensor |90j . However, it turns out 
that in such a case the fermion loop diagram, as depicted in Fig. 19.11 is not correct. The point 
is that the bare vertices in the loop do not satisfy the correct WT identity (I8.176p . once the 
fermion propagators in the loop are considered to be not bare, but rather dressed, of the form 
( I8.32p . As a result the polarization tensor is not transversal. As we are going to show in detail 
below, the most direct and easy way to cure this problem is to exchange one of the two bare 
vertices in Fig. 19. II by a dressed one, satisfying the WT identity. 

We will therefore consider the polarization tensor with only the one-loop fermion contribu- 
tion to be explicitly given bjjfl [93 [98] 

ilC(g) = ~ J-^ d ^{K{P + Q,P)G{p)i v T b G{ P + q)) (9.22) 

and diagrammatically depicted in Fig. I9.2|FI Notice that while one of the two vertices is bare, 
7 I "7&, the other is the full proper vertex T%(p',p), introduced in Sec. 18.2.51 As already mentioned, 

4 Notice that there is no combinatorial factor due to the Dirac (i.e., complex) character of the field tp, 
Eq. (18.131) . When dealing with a Majorana (i.e., real) field, there would be a combinatorial factor of 1/2 in front 
of the integral ([P2"| . 

5 The symbol d is the space-time dimension and has nothing to do with the dimensional regularization, we 
will always assume d = 4. We prefer this symbolic denotation, because the space-time dimension will emerge 
explicitly in various formulae and by using the symbol d rather than 4 we will prevent at least some of the 
numerical factors (like, e.g., l/(d — 1) = 1/3) from looking unnecessarily mysteriously. 
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the presence of T^{p',p) is in fact necessary in order to maintain the transversality ( I8.116P of 
11^, as we are going to show below, provided that it satisfies the WT identity (I8.176P in the 
Abelian approximation: 

q,K(p',p) = G-^Ta-faG- 1 ^), (9.23) 

i.e., with the structure constants f abc set to zero. Such approximation is consistent with ne- 
glecting the pure gauge diagrams in^(g)| gauge , which are proportional to f a bc as well. 



9.2 Properties of the polarization tensor 

Let us now investigate some of the most important properties of the polarization tensor given 
by the loop integral (19.221) . 



i 



9.2.1 Transversality 

Let us check the transversality of the polarization tensor (I9.22p under the assumption (I9.23p . 
Explicit calculation of q l J\.^ ) {q) reveals 

/J d 
-^- d Tr { [q^ a (p + q, p)] G(p) >fT b G{p + q) } (9.24a) 

Tr { [G-\p + q)T a - f a G'^p)] G(p) -fT b G(p + q) } (9.24b) 

^K{G(p)Y[T b ,T a }} (9.24c) 

= 0. (9.24d) 

Here we have in (19.24bl) used the WT identity (I9.23p . in ( I9.24cl) we shifted the integration 
variable of one of the two resulting integrals and using the cyclicity of the trace made some 
rearrangements of the integrand and finally in (I9.24d[) we used the fact that the integral in- 
dependent of any other momentum than the integration momentum and carrying at the same 
time a Lorentz index must vanish due to the Lorentz invariance. 

Since U^(q) depends only on q, it must be, by Lorenz invariance, a linear combination of 
g^ u and q ti q v . Therefore if q^U^{q) is vanishing, so must be also q u Yl^(q). It may be however 
instructive to check it explicitly: 

q u UZ(q) = ij-0- d Tr{r^p + q ,p)G(p)^T b G(p+q)} (9.25a) 
7 m r A d t 



= J-^- d Tr{[ qa r:(p + q,p)]G(p)^T b G(p + q )} (9.25b) 

= J-^- d ^[[G- 1 (p + q)T a -f a G- 1 (p)]G(p)^T b G(p + q)} (9.25c) 

= [9 ^Iwr dTl ^ G{p)lU[Tb ^ (9 - 25d) 

= 0. (9.25e) 

Most of the steps here are the same as before in (19.241) . only in f!9.25bp we used the fact that 
due to the Lorentz invariance it holds 

d d pf»(p,q) = ^ Jd d pq a r(p,q) (9.26) 
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for any function f(p,q), depending, apart from the integration momentum p, on the only 
external momentum q. 

Thus, the polarization tensor is indeed transversal and therefore of the form (18.1 16p . The 
corresponding form factor Tl ab (q 2 ) can be explicitly written as 

iWg 2 ) = i^^j-0- d TT{r^p + q,p)G(p) 1 ,T b G(p + q)}. (9.27) 



9.2.2 Reality 

In the previous chapter we made the assumption that both the fermion propagator G(p) and 
the vertex T£(p',p) satisfy the respective Hermiticity conditions (18.27P and ( I8.153p . We have 
suggested in Sec. 18.2.51 that the two Hermiticity conditions will eventually ensure the reality of 
the polarization tensor H^(q) (and consequently, within the pole approximation (19.11) . also the 
reality of the gauge boson mass matrix M% b ). 

Indeed, consider the expression (I9.22p for the polarization tensor. Using the Hermiticity 
conditions ( I8.27p . ( I8.153P and the cyclicity of the trace, shifting appropriately the integration 
momentum and taking into account the identity Tr A^ = Tr*v4, one can rewrite (I9.22p as 

ilC(g) = - J-0^ d Tr*{rZ(p + q,p)G(p)YT b G(p + q)}. (9.28) 

Comparing this expression with the original expressions ( I9.22p for the polarization tensor and 
recalling that via the Wick rotation an extra factor of i appears in the measure d d p, one 
concludes that H^(q) (and consequently also the mass matrix M% b ) must be really real. 



9.2.3 Transformation properties 

Consider first the transformation of the polarization tensor (I9.22p under the continuous sym- 
metry G. It must be induced by the corresponding transformations of G(p), G(p + q) and 
r%(p + q,p) under G. Assuming that these transform as they should, i.e., according to (I8.24p 
and (18.1581) . respectively, we obtain 

finite)]' = -J^ d Tr{n(p + q,p)}'[G(p)}'YT b [G(p + q)]'} (9.29a) 
= " (e i9 - T ) ac J Tr (p + q, p) G(p) ^ e^U^ G(p + q) } 

(9.29b) 

= (^ T ) a MM(e- ie - T ) d ^ (9.29c) 



where we used in the line (19.29b[) the relation (I8.97p . Thus we see that provided the fermion 



propagators and the vertex transform correctly under G, so does U.^(q), since the result fl9.29c[) 
corresponds to the correct transformation rule (I8.119p . 

Transformation properties of the polarization tensor f!9.22j) under the discrete symmetries 
C, V can be treated in the same manner. Again, it could be shown that provided the prop- 
agators and the vertex in the integral (I9.22p transform correctly according to their respective 
transformation rules, so does the resulting polarization tensor. 
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9.3 The vertex 

The integral (I9.22p for the polarization tensor contains the fermion propagators G(p), G(p + q) 
and the dressed vertex T£(p',p). While the propagators are known by assumption, the vertex 
will have to be somehow constructed in the following section. In order not to make that task 
unnecessarily difficult, it is worth observing which part of r%(p',p) are actually needed for the 
purpose of calculating the gauge boson mass spectrum under the pole approximation (19. ip . 



9.3.1 Momentum expansions 

Let us start by investigating the analytic structure of T%(p',p). Consider the right-hand side of 
its WT identity flj£Z5H for q = (recall that p' = p + q): 

G-\p)T a -T a G-\p) = -ST fl + T a S (9.30a) 

= -0[£,t tt ], (9.30b) 

where we plugged in the Ansatz (I8.32p for the fermion propagator G(p). Notice that it is 
proportional to the quantity (I8.26p . measuring the non-invariance of the propagator under the 
symmetry generated by t a . Since we assume that the symmetry G is actually broken, (19.301) 
must be considered in general non-vanishing. Consequently, since the left-hand side of the WT 
identity is proportional to q, the vertex T%(p',p) must have a pole of the type 1/q, if the WT 
identity is to be satisfied. 

Any pole in a Green's function can be attributed only to a propagator of an intermedi- 
ate particle. In our case, since the vertex T£(p',p) is by construction 1PI, it cannot contain 
propagators neither of the fermions nor of the gauge bosons. Any possible pole of T^(p',p) can 
therefore occur only due to some dynamically generated composite particles. But such particles 
are in fact there: They are the NG bosons, associated with the SSB of the group G down to HI. 
Notice that the NG bosons can be in this respect understood as "compensating fields" , serving 
to ensure the satisfaction of the WT identity even if the symmetry of the Lagrangian is broken 
by the ground state (or by the Green's functions)^] 

We will discuss the interpretation of the vertex in terms of the NG bosons closer in Sec. 19.61 
For the moment it suffices to note that the NG bosons couple bilinearly to the gauge bosons 
and are massless, hence the pole of the type 1/q, dictated by the WT identity, must be of the 
form q^/q 2 , where q is the momentum carried by the gauge boson. The vertex T%(p',p) must 
have therefore the general form 

K(p',p) = K(p',P)\ NG + K(p',P)\ ieg ., (9.31a) 
where NG part T%(p' , p)\hg nas the form 

W,J>)| NG = ^Wp)|ng' ( 9 ' 31b ) 

and where both T%(p' , p)\ Teg . and r a (p',p)|NG are regular for all p' and p. 

The vertex T^(p',p) of the form (I9.3ip can be expanded into the Laurent series in q = p' — p 
about q = as 

K(P',P) = ^A a (p) + ^q a B:(p) + CZ(p) + 0(q) } (9.32) 
q z q z 



6 Recall that the WT identity is a consequence of the symmetry of the Lagrangian, not of the ground state. 
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where A a (p), B"(p), C%(p) are some functions only of p. Note that we can uniquely identify 



W^Ing 



reg. 



A a (p) + q a B a a {p) 



CM + C{q) 



+ 0(q) 



(9.33a) 
(9.33b) 



This uniqueness is actually possible only in the lowest orders in q. Already for the terms 
linear in q the separation (I9.33P of the expansion (19.321) into the NG part and the non-NG 
part is ambiguous: Assume, e.g., that there is a term q 2 D a (p) in the square bracket of the 
expansion (I9.33al) of the NG part T^{p' ,p)|ng- Clearly, the q 2 in it can be canceled with the 
NG pole 1/q 2 and thus the same term can be equally well considered, in the form q^D a (p), as a 
part of expansion f!9.33bj) of the regular part T^(p',p)\ reg . We will come across this problem in 
Sec. 19.4.7] where we will see that this ambiguity can be parameterized, within our approximation 
scheme, by one real parameter. 

We can similarly expand the fermion propagator G(p + q) about q = 0: 



G(p + q) = G(p) + q a G a (p) + 0(q 2 



(9.34) 



where 

G a {p) = d a G{p) (9.35) 
= -G(p){d a G- 1 (p))G(p). (9.36) 

E.g., for the fermion propagator of the form (18. 32p (or better (18.331) ) we have explicitly 

G a (p) = 1 a D L + 2p a (f + ^)D' L + 2p a ^'D L , (9.37) 

where the prime denotes the derivative with respect to p 2 . Straightforward plugging of the 
expansions (19.321) and (19.351) into the basic expression (19. 22ft for the polarization tensor Yl^(q) 
yields 

KM = ^J-0^ d ^{A a (p)G(p)YT b G(p)} 
+ ij-0- d Tr [c»{p) G(p) G(p)} 

+ ^q a J Tr [A a (p) G(p) j»T b G a (p) + B^p) G(p) ^T h G(p) } 

+ 0{q) . (9.38) 

The integral in the first line actually vanishes. This can be seen already from the Lorentz 
invariance, technically it is maintained by a symmetric integration. On the basis of a similar 
argument there will survive only terms even in q in the expansion (19. 38 p . so that the terms 
O(q) are actually 0(q 2 ). We make further simplifications by noting that under integral we can 
make the substitution 

jd d P r(p) = ^ u jd d P r a (p), (9.39) 



provided f^ u (p) does not depend on any other four- vector than p. This allows to make the 
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Lorentz structure of (19.381) explicit: 

KM = i^T J-0^Tr{c:(p)G(p) la T b G(p)} 

+ i~r j-0r d Tr { A a (p) G(p) ^T b G a (p) + B a a {p) G(p) la T b G(p) } 

+ 0(q 2 ) . (9.40) 

9.3.2 Preliminary expression for the mass matrix 

Under the pole approximation (19. ip of TL ab (q 2 ) the polarization tensor H^(q) has the form 

KM = (g^-^jiC. (9.41) 

Assuming that the vertex T^(p',p) satisfies the WT identity f!9.23j) . the expression (I9.40p must 
be transversal. Thus, by comparing it with (I9.4ip . we arrive at two seemingly different explicit 
expressions for the gauge boson mass matrix: 

M 2 ab = i± J-j0p Tr [c:(p) G(p) l a T b G{p)) (9.42a) 
= -ilj^ d TT{A a (p)G(p) 1 a T b G a (p) + B:(p)G(p) la T b G(p)}. (9.42b) 



Both expression f)9.42ap and ( I9.42bp must be of course the same due to the WT identity (I9.23p . 



which relates the vertex and the fermion propagator to each other. 
9.3.3 Recapitulation 

Consider now the contraction q^T^{p' ,p) of the expansion (I9.32p of the vertex T^(p',p): 

qjW,p) = A a (p) + q»{BZ(p) + C£(p)) + 0(q 2 ) . (9.43) 

Recall that due to the WT identity (I9.23P this expression must be equal to G^ 1 (p')T a — 
T a G~ 1 (p). We can see that while A a (i.e., the leading part of the NG part fl9.33aj) of T%(p',p)) 
is determined by the WT uniquely as 

A a (p) = G'\p)T a -f a G-\p), (9.44) 

for the functions B% and C£ the WT identity determines only their sum. 

Recall that, as we observed above, in order to compute the gauge boson mass matrix via 
the expression(s) (I9.42p . one has to know either A a , B", or C£. In particular, at least one of 
the functions B® and must be necessarily known. However, as we have just seen, on the 
basis of the WT identity we can determine only B% + C£, which is clearly insufficient for our 
purposes. Thus, the following section will be dedicated to the task of inventing some additional 
well motivated requirements on the vertex F£(p',p), allowing to determine separately each of 
the functions B® and C% uniquely. 
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9.4 Construction of the vertex 

We already mentioned that the dressed fermion propagator is known, e.g., by solving the corre- 
sponding SD equations like in parts [I] and [XTJ In principle, in order to be entirely consistent, the 
vertex should be calculated in the same way and in the same time as the fermion propagators: 
by means of solving the corresponding SD (or Bethe-Salpeter) equation for the vertex. How- 
ever, guided by the applications, we assume that it is not. We have therefore to approximate 
it somehow, or in other words, we have to choose or construct a suitable Ansatz for it. 

This section is dedicated to the construction of such an Ansatz. We will first state the 
minimal reasonable form of the vertex and then constrain it by imposing various additional 
requirements. These requirements will be of two kinds: First, we will require correct transfor- 
mation behavior under various symmetries. Second, we will require that the vertex be consistent 
with the underlying NG boson interpretation. This way we will finally end up with (almost) 
uniquely determined vertexQ 

9.4.1 General form of the Ansatz 

We start the construction of the vertex Ansatz by stating some general assumptions about its 
form. 

Recall first that the SSB is by assumption driven by symmetry-breaking parts of the fermion 
self-energy X. Let us then assume that XI actually contains only those symmetry-breaking (and 
consequently UV-finite) parts and is free of any symmetry-preserving (and potentially UV- 
divergent) parts. (This assumption of course corresponds to how we have constructed Ansatze 
for S in parts H] and [TTJ ) It follows that in the case of no SSB the self-energy S vanishes. 

We can then make the natural requirement that in the case of no SSB (i.e., when S = 0) 
the vertex reduces to the bare on. This can be accomplished if the vertex is written as the bare 
one plus "something" proportional to S. Put more formally, we assume the vertex T£(p',p) to 
be of the form 

rjjfc/.p) = YT a + m P ',p)\ cor , (9.45) 

where the correction r%(p' , p)\ COI . to the bare vertex 7 M T Q , f)8.15ip . is proportional to the self- 
energies S and hence vanishing in the limit S = 0. 

Just proportionality to S is however still quite general. Following the philosophy of making 
a minimal reasonable Ansatz we impose the following simplifying restrictions: We assume that 

IW,P)|co, 

• is linear in the self-energies S, 

• contains the self-energies X evaluated only in p' and p. 

Moreover, recall that since we calculate the gauge boson mass matrix in the pole approximation, 
it is sufficient to calculate the polarization tensor in the order g 2 . We are therefore interested 
only in the part of the vertex linear in g, which leads us to assume that F£(p' ,p)\ cor . 

• is linear in the generators T a and T a . 



7 The vertex will be determined up to certain terms which do not contribute to the gauge boson mass matrix 
in the pole approximation and hence we will not need to worry much about them. 
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(Recall that T a is linear in g, due to the definition (18.1 52|) .) The three conditions imply that 
^a{p'i p)|cor. is a linear combination of the eight terms 



T a , T a , T a S p , T a S 



P • 



-^O ^p 5 -^O ^p' 5 ^p -^a ; , 



(9.46) 



with the coefficients of the linear combination being only some functions of the two available 
momenta p' and p and of the gamma matrices. 

To conclude, we are led to assume that the vertex T%(p',p) has the form 



K(P',P) = YT a + r(a)T a + f a f»(b) +T a f»(c) + r(d)f a 



+ 75 



r( e ) T a + f a nf) + T a r( g ) + r(h) f a 



(9.47) 



where each f^{x), x = a,b, . . . ,h, is a linear combination of £ p / and £ p and x is some 
"multiindex" parameterizing each linear combination. In the following section we will, under 
certain assumptions, find the general momentum and Lorentz structure of f^{x) and show that 
x is in fact a finite set of complex numbers. 



9.4.2 Momentum and Lorentz structure 

The main guiding principle in determining the analytic structure of T%(p',p) will be to insist on 
its good interpretability in terms of the NG bosons. We have already encountered it in Sec. 19.31 
when we assumed the vertex to be of the form (19.311) . Let us now rephrase that assumption 
in another way. The vertex is a function of two independent momenta p' and p. Their linear 
combination q = p' — p is special in the sense that it is the momentum carried by the gauge 
boson and also by the eventual NG boson, bilinearly coupled to it. Then the correct NG 
interpretability of the vertex T^(p',p) technically means imposing the following conditions on 
the vertex: 

• The poles of the types l/£ 2 and l/(£ ■ q), where I is some linear combination of p' and p, 
being linearly independent of q, are forbidden. 

• Any pole of the type 1/q 2 can be only simple and must be multiplied by q^. 

These conditions hold of course in general, independently of the special vertex form (I9.47p . 
assumed in the previous section. Nevertheless we will use them now for determining f^(x). 

Since the vertex T%(p',p) is dimensionless (in the units of mass), so must be also f^(x). 
Recall that f^{x) is a linear combination of 

IV , S p . (9.48) 

But the self-energies S are of the dimension +1. Therefore we have to find the coefficients of 
the linear combination of (I9.48P with the negative dimension —1 in order to have dimensionless 
f^(x). It seems, on the basis of the requirements made in the previous paragraph, that the 
only possibility for the coefficient is 

times a complex factor. 

However, it turns out that this does not in fact exhaust all possibilities. Consider the 
following linear combination of S p / and S p : 
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The crucial fact is that this quantity is regular for all values p' and In the worst case, when 
p' — > p (i.e., when q — > 0), it just converges to the derivative of X p : 

^r^f = K + tKt), (9.5D 

where the prime denotes the derivative with respect to p 2 . Thus, due to (I9.5ip . we can use (I9.50P 
as a building block for f^{x) as well, without introducing any unwanted kinematic singularity. 
Since it has the dimension —1, is suffices to multiply it by something of dimension +1 and 
carrying the Lorentz index. Taking into account the conditions above, the only possibilities 
turn out to be 



g", p m , [VStf, tf,f], ^bM> |^ 2 > |r(ff-p)» ( 9 - 52 ) 



again up to complex factors. 

We conclude from the previous discussion that f^{x) is an element of the complex eight- 
dimensional vector space, spanned by the basis 

^{iV © S p } © ^^?{?" ®P» © [V, i\ © [-f.fi © jM\ © J 2 P 2 } ■ (9-53) 

Notice that we have not included here the last term from (19.521) (proportional to (q ■ p)), since 
it depends linearly on the other terms. 

The basis (I9.53P is however not the most convenient one. Recall that transformation law 
(18.1631) of T%(p',p) under C, as well as the Hermiticity condition (I8.153P include the exchanges 

p' -H- p. (9.54) 

As we will eventually apply the conditions (I8.163p . (I8.153P to the vertex, it will prove convenient 
to have expressed f^{x) in terms of a basis made of eigenstates of (I9.54p . Thus, instead of 
being a linear combination of X p / and X p , we will use the linear combination of S + and S_, 
defined as 

E± = S p / ±S P . (9.55) 

Clearly, H± are eigenstates of (I9.54p with the eigenvalues ±1. Similarly, we will express every- 
thing in terms of the two linearly independent momenta q and q'\ 

q = p' — p , (9.56a) 
q' = p' + p, (9.56b) 

which are eigenstates of (I9.54p with the eigenvalues —1 and +1, respectively. Notice also that 
the denominator of (I9.50p can be expressed in terms of q and q' conveniently as 

p' 2 -p 2 = (q-q'). (9.57) 

We can now rewrite the basis ( I9.53P in terms of the self-energies X± and the momenta q, q' 
and arrive finally at f^{x) of the form 



q 2 q 2 (q ■ q') q 2 (q ■ q') 
+ x 57 a S - + x 67 + a; 77 -XL + ^ — 7 -XL , (9.58 

(9 ■ Q ) (<? ■ q ) (<? ■ q ) q (q ■ q ) 



^Unless the self-energy itself has a pole at some p 2 . We do not take this possibility into account. 
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where x = (xi, . . . ,x$) is a vector of eight complex numbers. The Ansatz (I9.47P is thus 
parameterized altogether by 8 x 8 = 64, at this moment completely arbitrary complex numbers. 
In the following sections we will, step by step, determine almosto all of them. 



9.4.3 WT identity 

The most basic condition that must be satisfied by the vertex T£(p',p) is certainly the WT 
identity (I9.23p . since it ensures the transversality of the polarization tensor (I9.22p . as shown in 
section 19.2.11 Using the form ( I8.32p for the fermion propagator the WT identity has the form 

q^(p',p) = <fT a - £ p , T a + t ' a S p . (9.59) 

The requirement that the Ansatz f)9.47p . with f^{x) given by (I9.58p . satisfies this WT identity 
will now enable us to determine more than half of the 64 parameters of the Ansatz. 
Let us rewrite the WT identity (I9.59P in terms of X±, 

q„K(p',p) = ^T a -^(S + + S„)T a + if a (S + -S_), (9.60) 
and consider the contraction q^f^^x): 

q,r(x) = x 1 S + + (x 2 + X3)S_ + (x 4 + X5) 7 MrS_+x 77 ^-S„+x 87 ^-S_. 

{q-q> (q-q) \q-q) 

(9.61) 

By imposing WT identity f )9.60p on the Ansatz (I9.47P (with f^(x) given by (I9.58P ) we can, 
using the contraction q^f^{x), readily read off the constraints on the free parameters x. For 
X\ we obtain the constraints 

(9.62) 





1 




~r 




i 


h 








= 



(9.63) 

for x ^ a, b . (9.64) 



For the parameters X2, X3 we find 



^2 + ^3 = — - for x = a,b, (9.65) 

£2 + £3 = for x 7^ a, b, (9.66) 

enabling us to eliminate, say, x% in favor of x<i- For the rest we have 

x 4 + x 5 = 0, (9.67) 

x 7 = 0, (9.68) 

x 8 = 0, (9.69) 

for all x — a, . . . , h, which enables us again to eliminate, e.g., x§ in favor of x±. On the other 
hand, note that Xq (again for all x — a, . . . , h) remains unconstrained by the WT identity. 



3 Cf. footnote [7] on page 
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Thus, applying the WT identity the vertex (I9.47P reduces to 
W,P) = 7^.-^(S + T -T 8 E + )-i^(S_T a + f a S_) 



q 2 q ■ q' 



+ 



q 2 q ■ q' q ■ q' 



+ 



(q ■ q') 



(a 2 S_ T a + b 2 f a XL) + (c 2 T a XL + d 2 XL f a ) 
+ 75 (e 2 XL T a + f 2 f a XL) + 7 5 (<7 2 T a S_ + h 2 S_ f a ) 

(a 4 XL T a + b 4 f a XL) + (c 4 T a S_ + d 4 S_ f a ) 
+ 75 (e 4 S_ T a + / 4 f XL) + 75 (#4 T a S_ + fc 4 S_ f a ) 
(a 6 XL T a + b 6 f a XL) + (c 6 T a S_ + d 6 f a ) 
+ 7s (e 6 S_ T a + / 6 f a XL) + 75 (g e T a XL + /i 6 XL f a ) 



(9.70) 



Notice that by imposing the WT identity we have reduced the number of free complex param- 
eters from 64 to 24. 



9.4.4 Transformation under G 

Correct transformation behavior under full G 

We continue by recalling that the vertex must transform properly under the global symmetry 
G, i.e., as (I8.158p . in order to guarantee the correct transformation property of the polarization 
tensor (I9.22p (see Sec. I9.2.3[) . If we suppress the momentum arguments, which do not play any 
substantial role in the present considerations, we can write the vertex (19.701) in a schematic 
form 



< X T a + v% f a X + i# X f a + < T a X . (9.71) 
The transformation of under G must be induced by the corresponding transformation of X: 



G : 



(i 



< [£]' T a + v% f a [S]' + vS [S]' f a + < T a [S]' 
< X (e""* T a e ifH ) + i£ (e- ie ' f f a e ie I ) X 

+ i£ X (e"^ f a e ie *) + < (e- ie -'"T a e ie f ) X 



-i0-t 



(9.72a) 
(9.72b) 



where we have already used the transformation rule fl8.25a|) for X. 

Let us first check the first two terms (proportional to v±, v 2 ). Using (I8.97P we find that the 
round brackets can be expressed as 



e- i9t T a e W4 

-10-irF, A9-i 



(9.73a) 
(9.73b) 



Plugging these expressions into (19.72bl) , we find that the first two terms of the vertex (19.711) do 
transform correctly according to the rule f)8.158p . 
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On the other hand, it turns out that the third and fourth term (proportional to v%, v%) do 
not transform properly, since in general 



(9.74a) 
(9.74b) 



In other words, we found that only terms of the type E T a and T a £ are allowed, while 
the terms of the type £ T a and T a £ are forbidden by the requirement that the vertex must 
transform under G according to (I8.158p . In terms of the free parameters of the vertex (I9.70p 
we therefore must set 



x 2 = x 4 = Xq = for x = c,d,g,h. 
so that the vertex T%(p',p) now acquires the form 



(9.75) 



^T a - 1 ^ (£ + T a - f a £ + ) - \^- t (£_ T a + T a £_) 
2 g^ v 2 q ■ q' x ' 



+ 
+ 
+ 



g 2 g • g' 

g 2 g ■ g' g ■ g' 

[7 M , " 



(a 2 S_ T a + b 2 f a E_) + 75 (e 2 S_ T a + / 2 f a S_) 



(a 4 S_ T a + b 4 f a E_) + 75 (e 4 E- T a + / 4 f a E_) 



(g ■ q') 



(a* E_ T a + b 6 f a E_) + 75 (e 6 S_ T a + / 6 f a E_) 



(9.76) 



which contains half as many complex free parameters as f)9.70p . i.e., 12. 



Invariance under unbroken EI C G 

The next natural requirement is to demand the vertex T^(p',p) to be invariant under unbroken 
ICG: 



(9.77) 



However, it is easy to see that this invariance is already automatically guaranteed due to the 
correct transformation behavior of F^{p',p) under the full symmetry group G, ensured above. 
To see it, let us first remind the role of the self-energy E here: It is this E which is assumed to 
break G down to HI. In other words, it is by definition invariant under H: 



[El' 



(9.78) 



Second, note that the only part of T^(p',p), transforming non-trivially under G, is the self- 
energy E, see f)9.72ap . Therefore, since E stays invariant under H, so must V£(p',p), which 
completes the proof of f)9.77p . 



9.4.5 Transformation under C, V and CV 

Separate C and V invariance 

Consider now the transformations of the vertex under the discrete symmetries C and V. Ap- 
plying the corresponding transformation rules (18. 163j) and (18.1 64p . respectively, on the vertex 
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(19.761) . we obtain 



q* q ■ q' 



2 q ■ q 

(b 2 [S_] c f a + a 2 T a [S_] c 
+ 75 (/ 2 [S_ff a + e 2 T a [E_] c 



1 ^([S_fT a + T a [S_] c ) 



+ 



q 2 q ■ q' q ■ q' 



(q ■ q') 



Iq 



(b 4 p_] c T a + a 4 T a [£_]' 
- 75 (7 4 [£„] c T a + e 4 T a [:E 
(b 6 [£_f f a + a 6 T a [S_] c ) + 7s (/ 6 [£_f f a + e 6 T a [S 

1 q'v 



(9.79) 



7 T a --^ [S/T a -T a [S 



2g 2 

a 2 q-q' 



+ 



q 



2 q ■ q 

a 2 [E_fT a + & 2 T a [E_f 

- 75 (e 2 T a + / 2 T a [£_f 

[ 7 m rf' 



; [S-]'T a + T a [S_ 



q 2 q ■ q' q ■ q' 



a 4 T + 6 4 T [£_f 

- 75 fe 4 [S_rf a + / 4 T a [S_r 



+ 



[7_r 
(g • <?') L 



(a 6 [£_f f a + 6 6 T a [E_f) - 75 (e 6 [E_f T a + / 6 T a [E. 



VP 



(9.80) 



where the transformation [S] c and [S]^ are given by (18.44p and (18.45p . respectively. 
We can now impose two natural requirements on the vertex: 

C invariance: Recall that the non-invariance of the gauge interactions under C is attributed 
solely to the presence of 75 in the symmetry generators T a , i.e., to T a 7^ T a . We can 
therefore require that in the case of [S] c = £ the only source of non-invariance of the 
vertex under C should be also the generators T a . Rephrased more formally, we require 



T a = f a and [£] 



=► [K(p',p)f = T^p',p). (9.81) 

Taking into account the explicit form (I9.79P of [T^(p' ,p)] c , we are forced to set 

b 2 = a 2 , (9.82a) 

f 2 = e 2 , (9.82b) 

6 4 = -a 4 , (9.82c) 

U = -e 4 , (9-82d) 

b 6 = a 6 , (9.82e) 

U = e 6 . (9.82f) 
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V invariance: Similarly can be treated the non-invariance under the P symmetry, whose only 
source in the gauge interactions is also the presence of 75 in the generators T a . We can 
therefore analogously require that if [E]' p = E, then the only source of parity violation 
of the vertex should be also the generators T a : 

(T a = T a and [Ef = s) =► n(p',p)] V = r^p',p). (9.83) 

This time we obtain, using [T^(p' ,p)] v , (I9.80p . the constraints 

e 2 = h = e 4 = h = e 6 = h = 0, (9.84) 

leading to the absence of 75 in the vertex, elsewhere than in the generators T a and in the 
self-energy E. 

By putting the two constraints (19. 82ft and (I9.84p together we obtain the vertex in the form 

W,p) = 7^a-^(s + r B -r B E + )-^(E_r a + T a E_) 

+ a 2 ( ^ - j (E_ T a + f a E_) 

\q z q ■ q q ■ q J 
+ a 6 i-^{ (E_ T a + f a E_) , (9.85) 

i.e., now with only 3 free complex parameters 0-2, 04, g^- 
Combined CP invariance 

Consider now the CP transformation of the vertex T£(p',p). Since the gauge interactions are 
always invariant under CP, any CP violation of the vertex should be attributed only to the CP 
violation of E: 

[Sr = E iK(p'iP)f V = mp',P)- (9-86) 

Not surprisingly, this condition is now satisfied by the vertex (19.851) automatically, since we 
have already imposed the two conditions (19.811) and (19.831) . Indeed, using (I8.165[) we find the 
CP transformation of (I9.85P to be 



■yft n ft 



q 2 q ■ q' q ■ q' 



+ a 6 i-^i (jE_r T a + T a [E_r J (9.87) 
(where [E] C:P is given by (I8.46P ). which clearly satisfies the condition (I9.86p . 
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9.4.6 Hermiticity 



We have shown in Sec. 19.2.21 that in order to arrive at a real gauge boson mass matrix, the 
vertex must satisfy the Hermiticity condition T^(p',p) = T%(p,p'), (18.153)) . For the vertex of 
the form (19.851) we have for T%(p,p') explicitly 

K(p,p') = 7^ a -i^(s + r a -f a s + )-i^ 7 (s_r a + f a s_) 

2 q z v 2 q ■ q v ' 



+ a. 



\Q Q " Q J 



+ ^M 9 _^i )(E _ r „_ f „ s _) 

\q q ■ q q • q 1 



(q ■ q 1 ) 



(9.i 



Comparing this with (19.85)) the requirement (18. 153j) of Hermiticity leads to the conclusion that 
the three free parameters a 2 , 04, a 6 in (19.85)) must be real: 



(9.89) 



9.4.7 The NG interpretation 

Ambiguity in extracting the NG part 



Let us now come back to the separation (19.3 ip of the vertex T%(p',p) into the NG and regular 
part. Taking into account the form (19.85)) of the vertex we can write 



NG 



(£+ T a - f a £+) + a 2 (E_ T a + f a £_) + a 4 |^ (£_ T a - f a £_) 



2 



rcg. 



amb. 



(9.90) 



- " / ;, - ( I + a 2 ) (£_ v;, • /„£ ) 



a 4 ^(£-T a -T a £_) 
q ■ q' y ' 



+ as 1 -—^ (S_ T a + f a £_) - <fr a (j/,p) 
q . g> v > 



amb. 



(9.91) 



Notice the presence of the terms proportional to the quantity r a (p',p)| am b.. Its aim is to 
parameterize the ambiguity in the identification of the NG part of the vertex, which we have 
already discussed in Sec. 19.3.11 In principle, r a (p',p)| amb can be apparently arbitrary, as the 
whole vertex T^(p',p) is independent of it. 

However, we can determine the V a (p' ,p)\ am \,, in the same spirit as we have determined (so far) 
the whole vertex T%(p',p). That is to say, on top of the natural requirement that T a (p',p) | am b. 
is free of any kinematical singularities, we can assume it to be a linear combination of the terms 
( I9.46p . to transform under G according to (18. 158)) . to be invariant under C and V in the sense 
of (19.81)) and (19.83)) . respectively, and to satisfy the Hermiticity condition (18. 153)) . As a result 
we find r a (p',p)\ amh , to be given by 

r ^»Lb. = & ^( S - T «-^ S -)' ( 9 - 92 ) 

where b G K. is its only free parameter. Thus, as advertised, the ambiguity of the separation 
(19.311) is parameterized by only one real number. 
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Unbroken gauge index 

Let us now focus on the NG part of the vertex, which we found to be 



K(p',p)\ 



NG 



- - (£+ T a - f a £+) + a 2 (S_ T a + f a £_) 



+ (^ + a 4 Mi)( S _T a -T a S_) 



9-9 



g • g 



(9.93) 



The r^(p',p)|NG contains the bilinear coupling between the gauge boson A^ and some linear 
combination of the NG bosons (this will be investigated in more detail in Sec. I9.6p . However, 
this linear combination is non-trivial if and only if the generator corresponding to A^ is broken, 
i.e., when the quantity (I8.26P vanishes. Therefore we demand 







NG 



0. 



(9.94) 



If we did not demand this, it could be possible to generate masses for the gauge bosons cor- 
responding to an unbroken subgroup. E.g., the photon would come out massive. That is why 
the requirement (I9.94p is so crucial. Upon its application to the NG part (I9.93P of the vertex 
we immediately find 



a 2 = 



(9.95) 



For the NG and the regular part of the vertex we thus have 



W.p)Ing 



i ,. ^ „ , r. q 2 



rcg. 



-(S + T a -f a S + ) + &JL- + a4 ±*ili (E_T a -f a S_) 
2 v \ q ■ q q ■ q 1 

\ 2 q ■ q q 4 q J 



b J— + a 4 ^^ ) (E_ T a - f a S_) , 
q ■ q q ■ q 1 



and the full vertex reads 



(9.96a) 



(9.96b) 



+ a 4 



(E+ T a - f a E+) - f ^ - a 6 ^|) (E_ T a + f a E_) 
' \2 q ■ q q ■ q J 

-lllVs_r o -T a E_). (9.97) 



2 g 



q 2 q ■ q' q 



Thus, the vertex r^(p',p), f!9.97p . has now only two free real parameters. 



9.5 Gauge boson mass matrix 

The vertex of the form (19.971) is the best what we can obtain by imposing various requirements 
on the vertex alone. Now we will return to our ultimate task of calculating the gauge boson 
spectrum and things will soon start to be less elegant. 
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9.5.1 Intermediate formula 



We are now going to calculate the gauge bosons mass matrix using the expression (19.421) . The 
needed coefficients of the expansion (I9.32p of the vertex (I9.97P read explicitly 



A a (p) = -S p T a + T a S p , (9.98a) 
B a a (p) = (^-2a 4 [ 7 a ^])(-S;T a + f a S;), (9.98b) 

C£(p) = 7 M T a + 2a 4 [ 7 ^|i](-S;T a + f a S;) -^(s;T a + f a S;). (9.98c) 



Notice that of the two parameters a 4 , a 6 of the vertex (19.971) the does not enter here, as 
it would enter only terms linear and higher in q in the expansion f!9.32j) of the vertex (I9.97p . 
Thus, the gauge boson mass matrix in the pole approximation (19. ip will depend only on a 4 . 

Upon plugging the coefficients (19.981) into the formula (19.421) and making some algebra we 
arrive at the gauge boson mass matrix M 2 b of the formal 



Ml 



^Tr j2£> L [S,T a ] D R {Y,\T b \ 



+ 2-p 2 (D'r [St, f a ] D L [S, T b j + D' R [St, f b j D L [S, T a ] 
+ l - (1 + 4(d - l)a 4 ) - d p 2 D L [S', T a j D R [St, f b j 



+ -p 2 lX,T a }lD R T b V\D' L \ 



(9.99) 



where D^, D R are given by (I8.34p . This can be expressed as a sum of the symmetric and 
antisymmetric part: 



M 2 ab 



M 2 ab \ s + M 2 ab \ A , 



(9.100) 



where 



M ab\ S 



M ab\A 



i- / Tr <! 2D i [S, TJ D R [£t T 6 JJ 



2 J (2n) d 

X - (1 + 4(d - l)a 4 ) ^ 2 [S', T„] £>« [St, f 6 ] + £> L [S', T ft ] £> R [St, f a ] 



+ 2-p 2 (D' R [St, f a ] £> L [S, T b j + D' R [St, T b j D L [S, T a ] 



+ d P 



IS, T a j {D R T b St, D' L j + [S, T 6 ] [Ufl T a St, £>'J 



(9.101) 



l— 



d d p 



2 J (2vr) 
1 



\X,T a }lD R T b X\D' L } - [S,T 6 ][DflT a St jD y 



(1 + 4(d - l)a 4 ) V £>l [S', T a ] £> R [St, f 6 ] - £> L [S', T ft ] D R [St, TJ 



(9.102) 



■'We will now use extensively the notation © in order to make the formulae more compact 
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9.5.2 Requirement of symmetricity 

We require that the gauge boson mass matrix be symmetric: 

M 2 ab \ A = 0. (9.103) 

Notice that the mass matrix M% b and, in particular, also the antisymmetric part M^Ja depend 
on the free parameter a 4 . Being experienced from the previous process of deriving the vertex, 
one might think that now it suffices just to set a 4 to some suitable value in order to fulfil (I9.103p . 

However, it turns out that for general fermion setting (given by the self-energy E and the 
generators T a , T a ) it is just not possible to find such a value of a 4 . It is a pathological feature of 
the present scheme (defined both by the vertex Ansatz (19.971) and by the loop diagram (I9.22p 
for the polarization tensor) that the resulting gauge boson mass matrix does not come out 
symmetric. 

Nevertheless, there is a good news. It turns out that in all of the applications of interest 
the quantity on the first line of the expression (I9.102p for M^Ja "miraculously" vanishes: 

A ab = 0, (9.104) 

where we introduced for the sake of later references the denotation 

A ab = -nr|[S,T a ][D Jl r 6 E+,D , i ]-[E j r 6 ][i5 fl T a Et,i5 , r ]J (9.105a) 



Tr<! T n Yt D' L T b ?lD R -T n Yt D T ,T h ?,D'„ 



+ T a £> L E T b D' R St - T a D' L E T b D R j 



(9.105b) 



In particular, this happens in both the Abelian toy model and the electroweak interactions; 
we will show it in detail in the respective chapters [TD] and [TTJ when discussing the gauge boson 
masses in these models. Thus, we will from now assume that the condition ( I9.104p does hold. 

Now, when we assume the condition (I9.104p . the situation greatly improves. It obviously 
suffices to set 

0l = -i-^ (9.106) 

in order to fulfil the condition (I9.103P by eliminating the term in M^ 6 |a, (I9.102p . proportional 
to 1 + A(d — 1)04. In fact, this elimination by setting (I9.106P is in fact necessary, as the term 
in question does not vanish in some applications of interest, unlike the term A ab , (I9.105p . 

At this point we can finally briefly comment on why we have not considered the scalar 
contribution to the gauge boson mass matrix. If we considered the scalars, we would arrive at 
the vertex of the same form as the fermion vertex (I9.97p . but this time without gamma matrix 
structure, which is in (I9.97P parameterized by the parameters a 4 a 6 . By properly adjusting one 
of these parameters (a 4 ) we were able to make the fermion contribution to the gauge boson 
mass matrix symmetric (at least in the cases satisfying the condition (19.1031) ). However, for 
the scalars this is not possible, simply because the scalar vertex is free of any free tunable 
parameters. This inability of making the scalar contribution to the gauge boson mass matrix 
symmetric is the reason why we neglect the scalars. 



11 Of course, we do not want 124 to depend on particular details of the theory (i.e., the gauge group <G and 
the fermion representations and self-energies), but rather to have the same value of 04 for all possible theories. 
Otherwise it would be certainly possible to make M^Ja vanishing by tuning 04 appropriately. 
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9.5.3 The final formula 

Thus, under setting (I9.106P of 04 and under the assumption (19.1041) we arrive at the final 
expression for the gauge boson mass matrix: 



2 J (2ttY \ 



M ab = io / 77^ Tr \ 2D l [S, T a j D R [St, f h \ 

2 



+ 2-p 2 (D' R [St, f a j D L [S, T b j + D' R [St, f b j D L [S, T a j) 

+ ~p 2 ([S, T a ] [D fl T b St, Dy + [S, T b j {D R T a St, D'J 

(9.107) 

Let us summarize some of the features of M 2 b , given by (I9.107P : 

• It is real. 

• It is symmetric. 

• Its signature can be, depending on the self-energy S, virtually arbitrary. (I.e., in partic- 
ular the positive definiteness is not guaranteed.) 

• The element M 2 b vanishes if at least one of the generators T a and T b is unbroken in the 
sense of (I8.26P (in the first two lines in (I9.107P it can be seen directly, while for the last 
line one has to utilize the condition (I9.104p ). 

• It is free of any undetermined parameters and thus in this sense unique. 

• It is UV-finite, as long as the self-energy S is suppressed at high momenta. 

Also recall that the formula ( I9.107P for M 2 b is applicable only under the condition (I9.104p . 

For the sake of later references let us also state the vertex T£(p',p) with the parameter a 4 
determined as (I9.106P : 

K( P ',P) = 7 ^ a -i^(S + T -T S + )-fi^-a 6 ^)(S_T a + T a S_) 

2 q z v ' \ 2 q ■ q q ■ q < J 

1 1 (4M_tMWr._f.s_). (9,08) 
4 a — 1 \ q z q ■ q q ■ q J 

Notice that it still depends on one real parameter, a§, which we nevertheless leave undeter- 
mined]^] It could be presumably determined in an analogous way as a 4 , i.e., by requiring that 
the whole H ab (q 2 ), not only the lowest order of its Laurent series (i.e., the M 2 b ), be symmetric 
(under the condition (I9.104p ). The vertex (I9.108P can be divided into the NG part and the 
regular part as 



- -fS+T a -T a S+) + b— -^-^ (S_T a -T a S_) 

2 K + ' \ q-q' Ad-lq-q' ]K > 



K( P ',P)\ = 7^ a -f^-a 6 ^4Vs_T a + f a S_) 
'reg. \2q ■ q' q ■ q J 



(9.109a) 



b—, ~ ) ( S - r " " f a S_) . (9.109b) 

q-q' 4 a — 1 q ■ q' 1 



12 Cf. footnote [7] on page 
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V 



iP A (p',p) 



< 



V 



Figure 9.3: Assignment of momenta of the effective vertex Pa(p',p), connecting the NG boson 
tta with fermions. Momentum conservation q = p' — p is implied. 



Figure 9.4: The bilinear coupling q^I a A(<l 2 ) between the gauge boson A^ and the NG boson tca- 



Again, the real free parameter b, parameterizing this separation, could be presumably de- 
termined by insisting on the symmetricity of the contribution of only the NG bosons to the 
polarization tensor for all q (see Eq. (19.1101) below). 



9.6 Nambu— Goldstone boson interpretation 
9.6.1 Introduction 

Since the symmetry G is by assumption spontaneously broken to some subgroup H C G, we 
expect appearance of the corresponding NG bosons - composite spin-0 massless particles. The 
number of the NG bosons is given as A^ng = ^o — Nr, where iVm are dimensions (numbers 
of generators) of G, H, respectively. We will denote the NG bosons as tta, A = 1, . . . , N N q. 

As the current f!8.2ip . corresponding to the broken symmetry G, is made of the fermion 
fields, the NG bosons are composites of the fermions and there will a direct coupling between 
the NG bosons and the fermion-antifermion pairs. These couplings can be parameterized by 
an effective vertex Pa{p',p), see Fig. 19.31 for assignment of the momenta. 

If the broken symmetry were global, the NG bosons would be seen in the spectrum as normal 
particles (asymptotic states) and they would interact with fermions via the vertices Pa{p',p). 
However, even if the symmetry is gauged and the NG bosons decouple from the spectrum, the 
couplings Pa{p',p) play an important role: They induce the necessary bilinear couplings of the 
gauge bosons and NG bosons, which can be only a loop effect, since the two types of bosons do 
not couple directly. Due to Lorentz invariance the bilinear coupling of the NG bosons tta and 
the gauge bosons A^ has the most general form g M J ay i(g 2 ), see Fig. (19 .4p . The bilinear couplings 
are of course crucial for decoupling of the NG boson from the spectrum and generating the 
gauge boson masses. In fact, the contribution of the NG bosons to the polarization tensor is in 



(1 
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Figure 9.5: The contribution IT^^Ing of the NG bosons to the polarization tensor, induced 
by the bilinear couplings l a A{q 2 \ 



1 



iW, P )| NG a% /\A/0" " 




p 



p 

Figure 9.6: The "anatomy" ( 19. 1 13j) of the NG part T^(p',p)\j<iQ of the vertex. 

terms of the bilinear coupling q^I a A{q 2 ) given by 

in M| NG = "i^W)W), (9.H0) 

see Fig. 19.51 i- e -> the NG bosons contribute only to the longitudinal part of the polarization 
tensor. 

9.6.2 Decomposition of r^(p',p) 

The starting point of our analysis is the full vertex T£(p',p). As already briefly discussed in 
previous sections, among other contributions to it there are also contributions from the NG 
bosons and the vertex T^(p',p) can be therefore decomposed as (|9.31aj) . We have already stated 
the general form (I9.31bl) of the NG part T%(p' ,p)|ng, 

rjjo/,p)| NG = ^r a (p',p)\ NG , (9.1H) 

which was in this form so far sufficient for our purposes. Recall that under our approximation 
scheme we have explicitly found 

UP',P)\ NG = 4(S + T Q -f a S + ) + (6^-i^M^ (S _ Ta _T a S_), (9.112) 

where b is some real undetermined constant, see (19. 109a)) . 

Now, when we have introduced the bilinear coupling of the NG and gauge bosons, we can 
investigate the "anatomy" of F%(p',p)\ng i n more detail. It turns out that F%(j/,p)\-kg can De 
expressed as (see also Fig. 



W,P)| NQ = q»hA{q 2 ) l ^PB{p\p), (9.113) 

where q^IaA^q 2 ) is the bilinear coupling of the gauge boson A^ to the NG boson tta, '^As/q 2 = 
{tta^b) is the propagator of the NG bosons and finally Pb(p',p) is the coupling of the NG boson 
7Tg to the fermions. 
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Figure 9.7: The one- loop contribution (I9.120P to the bilinear coupling q^I a A{q 2 ) between the 
gauge boson A^ and the NG boson tta- 

9.6.3 Expression for Pa(p',p) 

We will now investigate how to express the NG effective vertex Pa{p',p) in terms of T%(jJ , p)|ng 
and I a A{q 2 ), which may be useful in situations when the latter two quantities are known. 

Comparing the two expressions (I9.11ip and (19.1131) for T^(p' , p)|ng, we obtain the equation 

I a A(q 2 )P A (p',p) = -iT a (p',p)\ NG . (9.114) 

In the following it will be more convenient to suppress the gauge boson (a) as well as the NG 
boson (A) indices and utilize instead the matrix form. The equation (I9.114p in the matrix 
formalism then reads 

I(q 2 )P(p',p) = -irV,p)| NG . (9.115) 

Now we would like to extract P(p',p) from this equation. However, we cannot multiply the 
equation (I9.115P by the inverse matrix of I{q 2 ), simply because it may not in general exist: 
Recall that I{q 2 ) is after all, in general, a rectangular matrix and hence singular. However, we 
can do the following: We can multiply the equation (19.1 15j) from left with I T (q 2 ) (i.e., contract 
the equation (I9.114p with / a s(g 2 )) to arrive at 

I T (q 2 )I(q 2 )P(p',p) = -H T (q 2 )T(p',p)\ NG . (9.116) 

Recall that the matrix I(q 2 ) is N G x N NG , with N NG < N G . Assume now that the rank of I(q 2 ) 
is the maximal possible, i.e., N-^q, and assume this for all q 2 . Then the matrix I T (q 2 )I(q 2 ), 
which is .Wng x -Wng> has the rank N^g an d therefore is regular and invertible. We can therefore 
finally express the effective NG vertex Pa(p',p) as 

P(p',p) = -i[/ r (g 2 )J( g 2 )]- 1 / r ( g a )r(p', 1 ,)| NO , (9.117) 

or in components, 

P A (p',p) = -i([l T (q 2 )I(q 2 )Y l ) I aB (q 2 )T a (p',p)\ NG . (9.118) 

9.6.4 Loop expression for I a A(q 2 ) 

We asserted above that the bilinear coupling IaA^I 2 ) between the gauge and the NG bosons 
is a loop effect. Let us now check this issue closer. Recall that the NG contribution to the 
polarization tensor is in terms of I a A{Q 2 ) given by (19.1101) . Taking into account the loop integral 
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(19.221) for the polarization tensor we see that the same NG contribution should be given by the 
NG part of the vertex, T^(p + (/,p)|ng : 

in M| NG = ~ l^- d Tr { T a(P + ^P)L G G(p)^T b G(p + q)}. (9.119) 

If we substitute the expression (19. 113j) for T^(p+g,p)|NG in it and compare the resulting integral 
with the other expression (I9.110P for in^(g)|NG ; we obtain an equation containing only the two 
NG vertices I a A(q 2 ) and Pa(p',p). After some manipulation (involving the multiplication of 
the equation by I T (q 2 ) from left in order to obtain the invertible matrix I T (q 2 ) I(q 2 ) as above) 
we arrive at the explicit expression for I a A(q 2 ) in terms of Pa(p',p). 

/A d 
■—tp Tr{^T a G(p - q) P A (p - q,p) G(p)} . (9.120) 

This is diagrammatically depicted in Fig. 19.71 



9.6.5 Lowest orders in q 

Recall now the expansion (I9.32p of the vertex T£(p',p) in the lowest powers of q and the 
identification (I9.33aj) of r%(j/,p)\nGi corresponding to 

T a (p',p)\ NG = A a (p) + q a B a a (p) + 0(q 2 ). (9.121) 

The explicit form (19.1 12p of r a (p',p)| NG yields 

A a {p) = -(£T a -T a E), (9.122a) 

B a a (p) = -v a (Y,'T a -T a V), (9.122b) 

where we defined 

v a = p a + \j^\b a S- ( 9 - 123 ) 

From (I9.117P we get the corresponding expansion of the effective NG vertex Pa(p',p)'- 

P(p',p) = -i[J T (0)J(0)]- 1 / T (0)(A(p) + g QJ B a (p))+O( g 2 ). (9.124) 

Note that only 1(0) enters here, high terms in q 2 of I(q 2 ) are dispensable in the given order of 
the expansion (19 . 1 241) . 

Let us now take a closer look at 1(0). We saw that the NG part T%(p',p)\ng does contribute 
only to the longitudinal part of the polarization tensor. Of course, the regular part T%(p' , p)\ Ieg , 
can in principle contribute to it as well. However, in the considered lowest orders in q it is only 
T%(p',p)\ng which actually does contribute to it, see the expansion (I9.40p of U.^(q). We can 
thus, due to the expression (I9.110P for n^(g)| NG (and taking into account the transversality of 

Kb(<l)), write 

n ab (q 2 ) = \l aA (0) I bA (0) + O(q ) . (9.125) 

I.e., the gauge boson mass matrix is within the pole approximation (19. ip given by 

M 2 ab = I aA (0) I bA (0) , (9.126) 
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or in the matrix form, 



M 2 



/(0)/ T (0). 



(9.127) 




F, 



(9.128) 



as discussed above in Sec. I9.1.1[ and rewrite cosmetically the expression (19.1 24|) for P(p',p) as 



9.7 Summary 

Let us summarize the main points of this chapter. Before arriving at the final formula (19.1071) 
for the gauge boson mass matrix, several simplifying assumptions have been made. 

First of all, we specified the way of treating the polarization tensor. We argued that for 
the purpose of computing the gauge boson masses in the lowest (second) order in the gauge 
coupling constant it is sufficient to consider only the pole part of the form factor U ab (q 2 ) of the 
polarization tensor. For its very computation we chose the one- loop diagram (19. 22 p . Fig. 19. 2[ 
with the fermion lines given by the symmetry-breaking propagators of the form and properties 
considered in the previous chapter. 

In order to arrive at transversal polarization tensor, one of the two vertices in (19.221) had 
to be dressed and satisfying the WT identity (while the other had to be the bare one and 
thus not satisfying the WT identity). In principle, if the symmetry breaking dynamics yields 
the dressed fermion propagators, it should be capable of yielding in the same manner also the 
dressed vertex. However, we assumed, motivated primarily by the models presented in parts [I] 
and mi that due to the used approximation scheme (i.e., in our case the truncation scheme of 
the SD equations) we did not have the dressed vertex at disposal. Hence, the only way to arrive 
at the dressed vertex, satisfying the WT identity, was to construct it. 

A great part of the chapter was dedicated to this construction, which would not be possi- 
ble without making some non-trivial assumptions concerning the general form of the vertex. 
Namely, we imposed in Sec. 19.4.11 linearity well as in T a , T a , and in Sec. 19.4.21 the 

correct analytic structure. The rest was rather straightforward (though somewhat tedious): We 
imposed the indispensable WT identity, correct transformation behavior under both the con- 
tinuous and discrete symmetries and Hermiticity. Finally, we exploited one more time the NG 
boson interpretation of the vertex, already used before for constraining the analytic structure 
of the vertex. 

The vertex developed this way still contained two real free parameters. In order to determine 
them we returned to our ultimate task of calculating the gauge boson mass matrix and required 
it to be symmetric. This requirement actually applied only to one of those free parameters, as 
the other did contribute only to the higher orders of the Laurent expansion of the polarization 
tensor. 

At this point the troubles appeared. It turned out that there is no single value of the men- 
tioned free parameter of the vertex, ensuring the symmetricity of the gauge boson mass matrix 
for arbitrary gauge theory with arbitrary setting of fermion multiplets, unless the quantity A ab , 
(I9.105p . vanishes. Thus, we could not choose but assuming A ab = and write down the final 
unique formula (I9.107P for the gauge boson mass matrix under this assumption. 

Such result is of course not satisfactory in general. However, for our purposes of calculating 
the gauge boson masses within the Abelian toy model and the electroweak interactions in the 




(9.129) 
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following two chapters the formula (I9.107P will be in fact sufficient, as the condition A a ^ = 
will be in both cases satisfied. 



Chapter 10 

Application to the Abelian toy model 



In this chapter we apply the results from the previous chapter to the Abelian toy model, dis- 
cussed in part[fl However, we will not directly jump into the Abelian model (to be discussed 
only in section ll0.2\) , but rather gradually, step by step, decrease the level of generality consid- 
ered in the previous two chapters. This will eventually allow us to use some of the results from 
this chapter also in the following chapter, dedicated to the gauge boson masses in electroweak 
interactions. 



10.1 Some special cases 
10.1.1 Assumption [E,T ] = 



We start with the assumption that the self-energy S commutes with the generators T a (for all 
a): 

[E,T a ] = 0. (10.1) 

(Needless to say that this is, in general, not the same as the seemingly similar condition [S, T a J, 
(I8.26p . for the generator T a to be unbroken.) Notice that the analogous condition [S,T a ] = 
already follows automatically from this one due to the Hermiticity condition S = S, (j8.28p . 
Under this assumption the vertex (19.1081) . derived in the previous chapter, simplifies as 

iW.iO = 7 p r a -i^(s p , + E p )(r„-f )-(i^-a 6 l^)(E p ,-E p )(r« + f a ) 

iJ_^M_[^) (Sp ,_ Sr)(r ._ f .). (10 . 2) 

4 a — 1 \ q z q ■ q Q ■ Q / 

Let us now check the crucial condition f l9.104p . whose fulfilment is necessary for being able 
to calculate the gauge boson masses using the formula f)9.107p . Direct calculation reveals 

TT^,T a jlD R T b ^\D' L n = ~ 1r |(T a - f a ) (T h - T^^D* \ , (10.3) 

which is symmetric in the gauge indices a, b, so that (recall the definition (I9.105ap of A a b) 

A ab = Tr|[S,Tj[D i? T b St,D , L ]|-(ao6) (10.4a) 
= 0. (10.4b) 
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I.e., the condition ( I9.104p is indeed fulfilled. We can therefore safely use the expression ( I9.107P 
for the gauge boson matrix and we find 



M. 



1 



ab 



d d p 
(2vr) a 



Tr \ (T a - f a ) (T b - f b ) 



d 



P 2 (sst)'l (p 



(10.5a) 



This result can be further simplified by eliminating Y, in favor of £ (recall that 5] = TJPl + 
SPr). For this purpose one can use the fact that the commutation relations ( 110. ip hold not 
only for £, but also for E. This, together with the cyclicity of the trace and the commutation 
relations (ID.42|) leads to simplification of the mass matrix (UU.5a|) as 



M 2 ab 



d d p 



1 

~ l 2 ] (2vr) d 



Tr I (T a 



f a ) (T b - f b ) [sst - -/{^)'} (P 2 - SSt) 



-2 



(10.5b) 



Recall that in Sec. 19.5.21 we have set the parameter a 4 of the vertex (19.971) to the non-trivial 
value (19.1061) to ensure that the resulting gauge boson mass matrix is indeed symmetric, once 
the condition (19.1041) is satisfied. Nevertheless, let us, just for curiosity, calculate the gauge 
boson mass matrix using the formula (I9.99P with arbitrary a 4 : 



M 2 ab 



1 

— i— 
2 



d d p 
(2tt)° 



Tr 



(T a - f a ) (T b - f b ) [Est - -(1 + 4(d - l)a 4 y ( 



, -2 



t)'j ( P 2 -sst) 

(10.6a) 



d d p 



~ l 2 ] (2vr) d 



Tr \ (T a - f a ) (T b - f b ) [EEt - -(l + 4(d - l)a 4 )p 2 (ET?)'] (p 2 - EE f ) 



(10.6b) 



Thus, incidentally, we see that in the present special case (defined by (110. ip ) the gauge boson 
mass matrix is actually symmetric for any value of a 4 . Nevertheless, in the following we will 
keep the special value ( I9.106P of a 4 , as it follows from the general requirement that the formula 
( I9.107P be applicable, upon fulfilling the condition (I9.104p . for any theory (e.g., the electroweak 
interactions), in which the gauge boson mass matrix may not be symmetric for arbitrary a 4 
like in the present case. 



10.1.2 Case of V(1) N 

Moreover, let us now assume, on top of the assumption (110. ip . that the group G is Abelian. 
More precisely, we assume that the generators T a commute with each other, as well as with f a : 

[T a ,T b ] = 0, (10.7a) 
[T a ,f b ] = 0. (10.7b) 

For our purposes it will be moreover sufficient to assume that all fermions sit in the same 
representation of G. This implies that in the expressions 

T a = T La P L + T Ra P R (10.8a) 
= T Va t + T Aalb (10.8b) 

for T a (cf. Eqs. (I8.17p . (I8.18P ) the components T La , T Ra , as well as T Va , T Aa , can be considered 
as Hermitian matrices lxl, i.e., mere real numbers. 
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Gauge boson mass matrix 



Note that the generators T a , (110.81) . as being only some real linear combinations of Pl and Pr, 
now act only in the Dirac space, while the self-energy E operates only in the flavor space. Thus, 
since T a and E operates in different spaces, their product is a Kronecker product and the trace 
of their product can be written as a product of their traces: Tr[T a E] = Tr[T a ] Tr[E]. The gauge 
boson mass matrix (110.5bj) can be therefore written as 



M 2 ah 



Y^{{T a -f a )(T h -f h )y 

TAaTAb > 



where we denoted 



d d p 



Tr 



EEt- V(EEt)'] (p 2 -^) 



After Wick rotation this expression for /i 2 becomes 



d d p 



Tr 



W-- d p 2 (T,T))'] (p 2 + EEt)- 



(10.9a) 
(10.9b) 

(10.10) 
(10.11) 



From this expression one can in particular see that without additional assumptions about the 
behavior of the matrix function E(p 2 ) the positivity of fi 2 (and consequently the positivity 
of the mass squared of the gauge boson corresponding to the broken subgroup) is indeed not 
automatically guaranteed, as advertised above. 

The mass matrix (110.91) is of the expected form M 2 = FF T , (19.111) . with F being identified 
as the vector (i.e., matrix Nq x 1) 



F = 



( T A1 fi \ 



\ T A n g V ) 



(10.12) 



Thus, the mass matrix is singular, with rank 1, and the only non- vanishing eigenvalue 

Tr FF T = F T F (10.13a) 



M 2 A 



A'g 



a=l 



2 

A a 



(10.13b) 



expresses the mass squared of the gauge boson, corresponding to the spontaneously broken 
axial subgroup U(1)a- The remaining N& — 1 gauge bosons stay massless. 



NG boson coupling 

Consider now the expansion (19. 121j) of the NG part T^(p' ,p)|ng- F° r the simplified vertex (110.21) 
we have 

A a (p) = -S(T a -T ), (10.14a) 
B a a {p) = -v°"E'(T a -f a ), (10.14b) 

where v a is defined in (I9.123p . It can be, upon noting that T a — T a = STahJb, rewritten as 

A a {p) = -2r aA E 7 5, (10.15a) 
B<Z(p) = -TT aA v a Yl lh . (10.15b) 
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Recalling the expression (110. 12p for F, we thus find 

F T (A(p) + q a B<*(p)) = -2^ + ( q .v)^y 5 J2TL- (10-16) 

a 

Upon substituting this expression, together with the expression (110. 13p for F T F, into the 
formula ( 19. 129p for the NG coupling P(p',p), the quantities "Y^ a T\ a cancel and we finally 
obtain 

P(p',p) = 2i^(v + (q-v)^ l5 + 0(q 2 ). (10.17) 

Note that although our treatment of the NG boson was based on the gauge boson polariza- 
tion tensor and in intermediate stages of calculation the gauge coupling constant g appeared 
implicitly (through its presence in generators T a ), the final expression (110. 17ft for the NG boson 
coupling P(p', p) is independent of g, due to cancelation of J2 a ^Aa- This correctly suggests that 
the result (I10.17P holds irrespective of whether the spontaneously broken symmetry is gauged 
or not. 



10.1.3 Comparison with the Pagels— Stokar formula 

Assume now for simplicity that £ is just a real scalar function, without any non-trivial matrix 
structure (i.e., the number of fermion flavors is one). Then the Wick-rotated expression (110.111) 
for /i 2 reads 

s = 8 ^g-yw; (10 . 18) 

where we have also explicitly set d = 4. 

A similar expression has already been derived in the literature: It is the Pagels-Stokar (PS) 
formula [99], which can be in the present context for the sake of comparison recast as 

_ r d' P s»-fr»(g)' 
" PS " ! iw (ps + E*) 2 • (1019) 

We can see that there is a slight difference between the two formula? ( 110. 18|) and (110. 19ft : The 
coefficient at the term (S 2 )' in our formula ( 110. 18ft is twice as large as in the PS formula (110. 19ft . 

Origin of this discrepancy is easily revealed. It is the different value of the parameter in 
the expression ( 19 .9 7ft for the vertex T£(p',p) which makes the difference: For a general a± our 
expression ( 110. 18ft for fi 2 would be modified as 

as can be seen from (110.61) . Clearly, while our formula ( 110. 18ft corresponds to non- vanishing 
value ( I9.106P of a 4 , 

a 4 = ~, (10.21) 

the PS formula (110. 19ft corresponds simply to 

a A = 0. (10.22) 
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Pagels and Stokar introduced in Ref. [HH] the "dynamical perturbation theory", which, upon 
adapting on the present context, states roughly the same as what we did in Sec. 19.4.11 One 
keeps in the vertex only the terms linear in the gauge coupling constant g. This actually 
implies the form (I9.45p . i.e., the vertex must have the form of the bare vertex plus something 
which vanishes in the case of no SSB, since at order g there are no perturbative corrections 
to the vertex. However, Pagels and Stokar moreover assumed that the only non-perturbative 
correction to the bare vertex is the pole term g M / q 2 and overlooked the possibility that there can 
be also non-perturbative contributions regular in q = 0. Recall now that the present discussion 
concerns about an axial symmetry U(1)a, whose generator is T a = g^T a , with r a being a real 
number, so that the vertex (I9.97P within the simplifying assumptions about S made in this 
section reads 

K(P,P) = 9T1*t* - £+7 5 r a + 2gaA — j r £_7 5 r a . 10.23 

q 2 \ q 2 q ■ q' q ■ q ''J 

We can see clearly that insisting that only the pole term can be non-perturbative (i.e., propor- 
tional to S) indeed effectively corresponds to setting a 4 = 0. 

Notice for the sake of completeness that there also exists in the literature an improved 
version of the PS formula, introduced in [100J: 

/w- - S J(2^{ (p2 + E2) 3 pTtf?]- (ia24) 

Although our formula fllO.lSp is not identical to this improved one, it reduces to it if one neglects 
the terms proportional to (S') 2 . 

Pagels and Stokar have used for the fermion self-energy a rather crude Ansatz E = 4m 3 D /p 2 
(with p 2 being in Minkowski metric), where mo is the "dynamical quark mass", to estimate 
value of the pion decay constant J^, related to /i 2 as 

fl = y^ 2 ' ( 10 - 25 ) 

where N c = 3 is the number of colors. Using the value vtld = 244 MeV from [101J they were 
surprised to obtain from their formula (110. 19[) the estimate f n = 83 MeV (the same value is 
actually obtained also using the improved PS formula (I10.24p ). which is rather close to the 
experimental value /„- = 93 MeV. Interestingly enough, had they used rather the expression 
(110. 18p for fi 2 , instead of (110.191) . they would obtain f w = 96 MeV, i.e., the agreement would 
be even better. 



10.1.4 Mixing in U(l) 2 

Let us now discuss in some detail a special case from the previous sections with N = 2. Recall 
that the gauge boson mass matrix (110.91) has the explicit form 

M 2 = { J\ T tI A2 )» 2 , (10-26) 



Tai Ta2 T 



A2 



with the two eigenvalues 



My = , (10.27a) 
M 2 A = /i 2 (T 2 1+ T 2 2 ), (10.27b) 
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corresponding to the masses squared of the mass-diagonal gauge fields, denoted as Ay, A A , 
respectively. They are given by an orthogonal rotation of the original gauge fields A±, A^: 



A% \ ( cos6 -sm9 \ { A$ 



A" A J ' V sin^ cos 6 J V A% 



(10.28) 



For the mixing angle e there is the identity 



T 

tan# = -p, (10.29) 

TA2 



sine = - Tm (10.30a) 

/T 2 _i_ T 2 

V J A1 + J A2 

cose = J A2 2 . (10.30b) 

V T ll + T A2 



Consider now the interaction Lagrangian, reading in terms of the original fields A±, A% 

C = fa^Al + ^T 2 i)A* . (10.31) 

In terms of the mass-diagonal fields Ay, A A we have 

C = ^Ty^Ay + ^T A ^A1, (10.32) 

where the new generators Ty, Ta are given by the rotation of the original generators Ti, T 2 in 
much the same way as the fields themselves, (110.281) . i.e., as 



T v \ / cos# -sin^ UTi 
T A J V sine cosfl J \ T 2 

Explicitly in terms of components of the original generators Ti, T 2 we have 



;i0.33) 



Ty \ if T Vi T A2 — T V2 T A1 



Ta ) V T m + T 2 A 2 V TviTai + Tv2Ta2 + 75 + T ^ 2 



(10.34a) 



I / T V iT A2 — T V2 T A1 \ , I ( 



+ 75^=—= ^2 , ^2 • (10.34b) 



y/T*[+7% V + T V2 Ta2 ) " V ^ + ^2 

Note that Ty is non- vanishing due to the linear independency of the generators I\, T 2 , which 
is expressed by the condition 

detf^ 1 Tax ] = T V1 T A2 -T V2 T A1 ^ 0. (10.35) 

Also note that Ty is purely vectorial (i.e., it does not contain the axial 75-component). On 
the other hand the generator Ta is not purely axial: While its 75-component is certainly non- 
vanishing (at least one of T A i, T A2 must be non-zero due to the condition (110. 35p ). its vectorial 
component can be, in general, non-vanishing too. Evidently, the generator Ta is purely axial 
only if 

T V1 T A1 +T V2 T A2 = 0. (10.36) 
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Under this assumption the expression (110. 34p for Ty and T\ simplifies significantly as 

Ty \ _ 17^2 i rp2 ( T V1 /T A 2 



Tx j v ^ +t m ; } (ia37a) 

Tv2/Ta 



Tl l + T\ 2 ^ V l AV )- (10.37b) 

Note that at least one of these two expressions makes sense, as at least one the two quantities 
Tai, Ta2 is no n- vanishing, due to (110. 35p . 



10.2 Abelian toy model 
10.2.1 Mass spectrum 

We can now finally proceed to discussing the Abelian toy model, introduced in chapter [3J 
Assume that its symmetry group G = U(l)vi x U(l)v 2 x U(1)a is gauged. We denote the cor- 
responding gauge bosons and coupling constants as A y , A V2 , A A and gy iy gy 2 , g&, respectively. 
Recall that the axial subgroup U(1)a was spontaneously broken by the fermion self-energies, 
while the vectorial subgroups U(l)v; remained unbroken. We thus expect that the gauge bo- 
son A^ will acquire a non-vanishing mass, while the other two gauge bosons A y . will remain 
massless. 

In chapter [HI in the course of introducing the formalism for the quest of calculating the 
gauge boson masses, we assumed for convenience that all of the fermion fields present in the 
theory were organized in a single field if>. In the present case the theory contains two fermion 
species ipi and ip2, so we put them together as 

* - ( t ) ' (ia38) 

The corresponding representation of the symmetry generators then reads 

^ = ( Tl o V ' tI, ) • ( 10 ' 39a > 

Ta = ( T o A L ) • < io - 39b > 

where T iiV ., T^x are defined in terms of t^y., t it A, Eqs. (13. 6p . (13. 8p . respectively, as (no sum over 
j, cf. footnote [T] on page W2\) 

Ti, Vj = gy 3 t hVj , (10.40a) 
T,, A = g A ti,A, (10.40b) 

i.e., according to the definition (I8.152p . with the gauge coupling constants included in the 
generators. 

Consider now the self-energy S of the field ip. We assumed in chapter [3] that the vectorial 
symmetries U(l)v i; U(l)v 2 remained unbroken, i.e., in particular that there was no mixing 
between the two fermion species ipi and ip2- Therefore the off-diagonal elements of 5] must be 
vanishing: 



(10.41) 
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The assumption (110.41j) has two consequences. First, the self-energy T, commutes with all 
generators: 

[E,T„] = (a = Vi,V 2 ,A), (10.42) 

because the particular generators T i V and Tj A have no non-trivial matrix structure (up to 75 
in the case of Tj A, which commutes with X, anyway). We can therefore use the results from 
Sec. I10.1.1[ namely the satisfaction of the condition (110. ip and the simplified expression (110.51) 
for the gauge boson mass matrix. The second consequence of the diagonal form (110.411) of the 
self-energy X is that since the generators T a , (110.391) . are diagonal in the fermion species space 
as well, the one-loop expression (110.51) for the gauge boson matrix decouples into the sum of 
independent contributions of the fermion species ipi, ip2'- 

M 2 ab = M 2 ab \ 1 + M 2 ab \ 2 . (10.43) 

Due to the already mentioned fact that the generators T^ a , (110. 40p . are, up to some 75, just 
real numbers, we can use the results from Sec. 110.1.21 and write M 2 b |j in the form fl 1 . 9 [) : 



M 2 J 



^ Tr{ {T ha - f ita ) (T ijb - f hb ) }/i 2 1 . , (10.44) 



where 



fi \. = Si j— d J • 10.45 

Notice that this expression for /x 2 |j is considerably simpler than the analogous general expression 
(110.101) above, since Sj are now just complex scalar functions without any non-trivial matrix 
structure in the flavor space. 

Taking into account the forms of the generators Tj >a , namely the fact that T^a are pro- 
portional to 75, while T i y j are proportional to 1 (see definition (110. 40|) of T i<a in terms of 
t i>a , Eqs. (13. 6p . ( 13. 8p ). we find the contribution M 2 |j of ipi to gauge boson mass matrix to be 
explicitly given (in the basis Ay , Ay 2 , A A ) as 



M 2 | = \g 2 A Ql A ^l. (10.46) 




We therefore arrive at the final result that the gauge bosons Ay , Ay 2 , corresponding to 
the unbroken vectorial subgroup U(l)v 1 X U(l)v 2 , remain massless, while the gauge boson A A , 
corresponding to the spontaneously broken axial subgroup U(1)a, acquires non- vanishing mass, 
which is proportional to the symmetry-breaking fermion self-energies Si and £2. Explicitly thus 
the gauge boson mass spectrum reads 



M Yl = 0, (10.47a) 



My 2 = 0, (10.47b) 
Ml = glQU^X+vX) (10.47c) 
(recall that Q\ A = Q2A1 ^ ue ^° (EH})- Finally, the coupling of ipi to the (would-be) NG boson 



is 



see porn) . 



W,P) = 2i^(s j + (g-t;)S' t )75 + 0(g 2 ), (10.48) 



10.2. ABELIAN TOY MODEL 



207 



iT^P(p, k, q) 




Figure 10.1: Diagrammatical representation and assignment of momenta of the amplitude 
iT^ p (p, k, q) = (v4^v4 a v4 a )ipi, (110.49p . Momentum conservation is assumed: p + k + q = 0. 



At 



iTf vp (p, k, q) 




Figure 10.2: Diagrammatical representation of the particular amplitude iTl lup (p,k,q), (110. 50[) . 



10.2.2 Effective trilinear gauge boson self-coupling 

Spontaneous breakdown of the axial symmetry U(1)a manifests itself in the sector of the cor- 
responding gauge boson A A not only by giving the no n- vanishing mass M A , (I10.47cl) . to it, 
but also by generating various Green's functions, non-invariant under U(1)a- In particular, the 
three-point function (A^A^A^) can emerge. 

This function was analyzed in some detail in Ref. |57J. If we denote its 1PI part as 
iT^ yp {p, k, q) (see Fig. 110.11 for the assignment of momenta), it can be calculated in the lowest 
(third) order in the gauge coupling constant g A ag[j] 



iT^(p,k,q) = J2\ iT t UP (P^,q) + iTr P (k,p,q) 



(10.49) 



i=l,2 



where each particular iT- lvp (p, k, q) is given by the diagram in Fig. 110.21 with the fermion lines 
given by the symmetry-breaking propagator (I3.44al) and the vertices given as 'igAl p ti,A, where 

1 Likewise we did not consider the scalar contribution to the gauge boson mass Af A , we do not consider their 
contribution to \T^ vp {p,k,q) either. 
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Figure 10.3: The M 2 -dependence of the function f(m 2 ,M 2 ), (110. 54p . Both quantities are 
normalized by m 2 to be dimensionless; note that m 2 f(m 2 , M 2 ) is only function of M 2 /m 2 . The 
cusps appear at M 2 = 3m 2 and M 2 = 4m 2 . The former one also indicates the beginning of the 
imaginary part. 

the U(1)a generators t^A have been defined in (13. 8p . I.e., we explicitly have 

f d 4 £ 1 

(10.50) 

Notice that each iT pup (p,k,q) is logarithmically divergent. However, the full iT^ vp {p ) k 1 q) ) 
(110.491) . is UV- finite (provided the self-energies are non- increasing functions of momentum), 
as the logarithmical divergencies cancel due to the anomaly-free condition Qi,a + <?2,a = 0, 
( 13. 9p . On the basis of the same argument one can see that in the case of no SSB, i.e., when 
Si = S 2 = 0, the amplitude iT pup (p, k, q), given by ( I10.49p . indeed vanishes. 

For illustration, let us now evaluate the amplitude \T^ vp (jp, k, q) under certain approxima- 
tions. First, we set the fermion self-energies to be constant, S« = m;, where m« is a positive 
real number (i.e., in particular, it does not contain 75) and thus directly interpretable as the 
fermion's mass. Second, we put, for the sake of simplicity, all external momenta on their mass- 
shell: p 2 = k 2 = q 2 = M\. The momentum conservation p + k + q = enables us to easily 
compute the dot products of external momenta: p-k = p- q = k- q = — \M\. The amplitude 
( 110.491) then simplifies as 

iT^ip, k, q) = G cS [(q p k a - Pg>V% + iff - q u p a )k?e p \ p + [k p p a - p p k a )q?e p \ p , 

(10.51) 

which corresponds to effective Lagrangian 

C cS = G en e aMS (d a At)(d^Al)(d^Ai). (10.52) 



10.3. SUMMARY 



209 



Here the effective coupling constant G c g can be expressed as 

G cS = g\Y,QUf(™lMl). (10.53) 



i=l,2 

,2 T\/r2\ 



The function f(m , M ) is defined by the integral 

f(m 2 ,M 2 ) = [ dx . x ^~ x ^ arc t ari = _ (10.54) 



(here m 2 should be replaced by m 2 — i0 + whenever the correct branch choice of a multivalued 
analytic function is in question), which can be calculated analytically in some special cases: 

/(m 2 ,0) = ^- 2 , (10.55a) 
/(0,M 2 ) = (10.55b) 

More information about the shape of f(m 2 , M 2 ) can be extracted numerically, see Fig. 110.31 

10.3 Summary 

We did not directly assumed an Abelian symmetry (i.e., the mutually commuting generators), 
but rather started with generators commuting with the fermion self-energy. Already this simple 
assumption (allowing for satisfaction of the sine qua non condition ( 19.1041) ) led to a significant 
simplification of the formula for the gauge boson mass matrix, derived in the previous chapter. 
Only after this we continued with the very assumption of Abelianity, due to the specific form 
of the generators assumed to be 1 x 1 matrices in the flavor space. 

At this point we were ready to compare the results obtained so far with the corresponding 
results in the literature, namely with the Pagels-Stokar formula. We found a small discrepancy 
and associated it with the specific form of our vertex, ensuring the symmetricity of the gauge 
boson mass matrix (under the condition f l9.104p ) also for other than Abelian theories (for which 
the gauge boson mass matrix is incidentally symmetric in any case). 

The results mentioned in the first paragraph made the following computation of the gauge 
boson masses within the gauged Abelian toy model from part [U chapter [3J fairly easy. We 
arrived at the expected result that of the three gauge bosons only one (corresponding to the 
broken subgroup U(1)a) obtained mass, while the other two (corresponding the unbroken sub- 
group U(l)vi x U(l)v 2 ) remained massless. 
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Chapter 11 

Application to the electroweak 
interactions 

In this chapter we will calculate, using the procedure introduced in chapter® the gauge boson 
mass matrix for the electroweak theory in terms of the symmetry-breaking parts of the fermion 
propagators, considered in detail in partHIJ and will show that the spectrum will be the expected 
one, i.e., containing one massless gauge boson (the photon) and three massive gauge bosons, 
two of which (W ± ) with the same mass. 

11.1 Expected form the of gauge boson mass matrix 

The electroweak symmetry SU(2)l x U(1)y is assumed to be spontaneously broken by the 
fermion propagators down to the subgroup U(l) em : 

§U(2) L xU(l) Y — ► U(l) em . (11.1) 

Thus, we expect that three of the four gauge bosons corresponding to the full group §U(2) L x 
U(1)y will acquire a non-vanishing mass, while the fourth one (the photon), corresponding to 
unbroken subgroup U(l) em , will remain massless. 

Before starting the very calculation, we will first investigate more precisely what form of 
the gauge boson mass matrix we expect to obtain. We will employ for this purpose three 
mutually independent assumptions: electromagnetic invariance of the gauge boson mass matrix, 
masslessness of the photon and symmetricity of gauge boson mass matrix. 

11.1.1 Electromagnetic invariance 

Let us first find the form of the electromagnetic generator t em , (I4.22p . in the adjoint represen- 
tation (I8.95p . Its matrix elements are given by 

(% m ) ab = -iu, (n.2) 

where the coefficients f a b are defined as 

The particular commutators can be easily calculated, e.g., by taking t a =i,2,3 to be given by the 
Pauli matrices, t a =i,2,3 = and t a=i to be the unit matrix, t a=i = 1^x2, so that t em has the 
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form tem = o"3 sin #w + 1 cos #w One obtains 



[^em; ^l] 
[iemi ^2] 
[tern, t^} 
[tem, ^4] 



We therefore find 



%m = 2i sin 6 



w 



2i sin 6> w t 2 , 
-2i sin 9 w t 1 , 

0, 
0. 



/ -1 \ 

1 



\ / 



(11.4a) 
(11.4b) 
(11.4c) 
(11.4d) 



(11.5) 



Since the subgroup U(l) em is unbroken, the polarization tensor, and consequently also the 
gauge boson mass matrix M 2 , must be invariant under it. Operationally it means that M 2 
must commute with T em : 



[M 2 ,T cm ] = 



(11.6) 



as can be inferred from f l8.12ip . If we now, upon taking into account the explicit form (111.5)) 
of T em , apply this condition on the matrix M 2 , we find that M 2 must have the block diagonal 
form 



M 2 



M 2 W± 



(11.7) 



where M^ ± is a 2 x 2 matrix of the special form 



M 2 I A B 

M w ± ~ I _ B A 



:n.8) 



while Mf 7 is an arbitrary 2x2 matrix, i.e., of the general form 



Mf 7 



C D 
E F 



;n.9) 



and A, B, C, D, E, F are arbitrary complex numbers. 



11.1.2 Masslessness of the photon 

We have found the most general form of the mass matrix M 2 , consistent with the requirement 
( 111.6)) of the electromagnetic invariance. However, the fact that the subgroup U(l) em is unbro- 
ken implies not only such invariance of M 2 , but also vanishing of the mass of the gauge boson 
A^ m (photon), corresponding to U(l) em . In fact, the masslessness of the photon is not guar- 
anteed by the electromagnetic invariance ( HHSH of M 2 : Notice, that the mass matrix M§ of 
photon and Z boson, ( 111.9)) . is electromagnetically invariant, but still its spectrum is virtually 
arbitrary and in particular it admits a massive photon. The masslessness of the photon must 
be therefore assumed independently. We are now going to show how it constrains the form of 
the matrix Ml ,. 
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Let us first note that Mf , (111.91) . can be without loss of generality expressed also in the 
form 

2 ( 9 2 a -gg'b 



- { -wc ) • <»■"» 

where the coefficients a, b, c, d are regular for g = g' = 0. It can be understood by noting that 
the polarization tensor is calculated using the one-loop integral (I9.22p (cf. also Fig. 19. 2p with 
two vertices, where the vertex connected to A3 or A4 is proportional to g or g', respectively. 
The matrix M§ , (jll.lOj) . is written in the basis (A3, A4), hence we can denote it also as 

Mf 7 = Mf 7 | (3)4) (11.11) 

to make the basis explicit. For the present considerations it will be however more convenient 
to have it expressed in the basis (A^, A^ m ), given in terms of the (A3, A 4 ) one by (14.231) . The 
matrix M§ 7 can be therefore transformed from the basis (A3 , A4) to the basis (A^, A^ m ) as 

M l\ M = °wMl 7 | (34) 0^. (11.12) 

Taking into account the explicit form (Ill.lOp of M§ J (3,4), we find 



2 , 1 / A + <?V 2 (6 + c) + ^' 4 d <?V (a - b) + (c - d) 

iW ^l(em,z) - ^gT^gl2 \ g* g > ( a - c) + gg> 3 (b - d) g 2 g' 2 (a - b - c + d) 



;n.i3) 



Now we can easily apply the assumption that the photon A^ m must be massless. It implies 
that all a, b, c, d must be the same: 

a = b = c = d. (11-14) 

(In fact, this results already from a less strong assumption that M§ |( cm) £) is diagonal, i.e., that 
A% and A^ m are mass eigenstates. The masslessness of the photon then follows automatically.) 
Thus, upon defining 

/x| 7 = a = b = c = d , (11.15) 
the matrix M| in the basis (A^, A^ m ) acquires the form 

M 2 I - f 92 + 9 ' 2 M « 2 flll6) 

and in the basis (A3 , A4) the form 

r2 I f ^ 2 \ ..2 



«jriw, = (_; 9 - ;? j^- ( n - i7 > 

11.1.3 Symmetricity 

Finally, we assume that the mass matrix M 2 is symmetric: 

M 2T = M 2 . (11.18) 
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The part M§ , ()11.17p . is already symmetric, hence this assumption applies non-trivially only 
on M^±, f UTSj) . and yields 

B = 0, (11.19) 

so that 

M 2 W± = ( o ° ) ■ (11.20) 

We can now similarly as above argue that 1 is proportional to g 2 , so that M^ ± can be expressed 
as 

M 2 W± = ° 2 )/4 ± , (11.21) 

where /j, 2 v± is regular for g = 0. Needless to stress that since M^ ± is proportional to the 
unit matrix, it is invariant under any regular transformation and thus, in particular, it has 
the same form in both bases (A^A^) and (1^ + ,1^_), related to each other by the unitary 
transformation (14.261) . 



11.2 Quark contribution 

Since the polarization tensor is calculated at one-loop level, it will be a sum of separate contri- 
butions from the quarks and the leptons: 



iW) = iOT)L + iC(? 



;n.22) 



This is in direct analogy with the expression ( I10.43P of the gauge boson mass matrix in the 
Abelian toy model as a sum of independent contributions from the two fermion species ipi 
and ip2- In this section we will calculate the quark contribution U^(q 2 )\ q , while the lepton 
contribution n^(g 2 )|^ is postponed to Sec. 111.31 

The quark contribution to the polarization tensor is given by 



d d p 
(2n) d 



Tr TUp + q, p) G q (p) YT g , b G q (p + q) 



11.23) 



where iV c = 3 is the number of colors. For the vertex we use the Ansatz ( 19.108]) derived in 
Sec.lDTl 



2q 
1 q'" 



y t — t y 



a 6 



2q ■ q' q ■ q' 



1 1 



Q 



4 d — 1 \ q 2 q ■ q' q ■ q' 
with the generators T g>a given by (14. 73 p . We also use the notation 



V T — T V 



11.24) 



11.25) 
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in agreement with ( 19.55ft . Recall that a§ in (111.24ft is an undetermined parameter, which 
will nevertheless not enter the final formula for the mass matrix. All quantities (vertices and 
propagators) are here expressed in terms of the quark doublet field q = (^), Eq. ( 14.66ft . Since 
the vertex (111.241) satisfies by constructions the WT identity 

q^aip'iP) = G q (p')T q>a -f q>a G q (p) (11.26a) 
— $ — ^q,p' T qA + T q>a , (11.26b) 

the polarization tensor fl 1 1 . 2 3 [) is transverse. 

The polarization tensor U^ b (q 2 )\ q is a 4 x 4 matrix in the gauge space. It can be therefore 
considered 2 block matrix, with each block itself being also a 2 x 2 matrix. Now it is 

important to note that the off-diagonal blocks actually vanish, so that n^(g 2 )| Q can be written, 
upon suppressing the gauge indices, in the block matrix form 




(11.27) 



This is due to the fact that the trace over the two-dimensional electroweak space of a product 
of two generators in the integral HI 1 .23j) (one sitting in the vertex T^ a (p + q,p) and the other 
being a part of the bare vertex •y^T q ^ b ), with one being antisymmetric (T^i, T ?i2 ) and the other 
symmetric (T gj3 , T q i), is zero. There are also the fermion propagators (both full and 1PI), but 
as they are diagonal in the considered space, they do not affect the argument. The subscripts 
W ± and Z7 on the right-hand side of (11 1.27ft are to suggest that the corresponding quantities 
are the polarization tensors of the indicated gauge bosons, with no mixing between them. Since 
the whole n^(g 2 )| g is transversal, so must be also the particular IT^ ± ab (q 2 )\ q and n^ ab (g 2 )| q . 

In other words, the quark contribution to the gauge boson mass matrix is indeed of the 
expected form (111.71) . We can therefore now treat the quark contribution to the masses of W 
and Z separately. 



11.2.1 Masses of W ± 

The quark contribution M^±| 9 to the mass matrix M^ ± , ( 111.21ft . of W ± is now given by the 
polarization tensor ( 111.23ft with gauge indices restricted to a,b = 1,2, by means of the pole 
approximation (19.1ft described in detail in chapter |9j In order to use the corresponding general 
formula (19.107ft for the gauge boson mass matrix, we have first to check satisfaction of the 
condition A ab = 0, (19.104ft . where A ab is given by 

A a b = Tr | T q)a D' qL T q)b S g D qR - T 9jQ D qL T q)b T, q D' qR 

+ f^^S.T^^St-f^^S.T^^Stj. (11.28) 

Notice in particular that in each of the four terms in ( 111.28ft there is one generator without 
the bar {T q ^ a or T q ^ b ) and one with the bar (T g a or T q ^ b ). Recall now the form ( I4.73aft of the 
generators T q ^ a with a = 1,2: T qA = g^-Pi, implying T qta = q^Pr. Now since the chiral 
projectors Pl, Pr commutes with anything in (111.281) and due to their property PlPr = 0, 
we conclude that each of the four terms in (111.281) vanishes and the condition (19.104ft is indeed 
fulfilled. 
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We can now plug the quark self-energy S 9 (given by (I5.65P and (I5.66P ) and the generators 
T q ,i, T q ^ into the formula (19.1071) and we arrive at the result of the expected form (cf. (111.211) ) 



where 



Mi 



g 2 

g 2 



2 



;n.29) 



2 

-i-N c 
2 c 



d d p 
(2n) d 



Tr 



+ 



(K Si) - -/ (K Si) '1 D dL D uL - 2 y (E„ St ) 



d 1 



n n' — n' n 

^dL ^uL ^dL ^uL 



D uL D' dL -D' uL D dL 



11.30) 



11.2.2 Masses of Z and 7 

Let us continue with the quark contribution M§ \ q to the Z and 7 mass matrix (I11.17p . which is 
given by the polarization tensor (I11.23P with a, b = 3, 4. We can make the following observation: 
Since both the generators T q>3 , T q ^, (14 .75 p . and the self-energy S 9 , (I5.65p . are diagonal in the 
two-dimensional space of the quark species (up-type and down- type), so is for a = 3, 4 also the 
vertex F^ a (p',p), flTO^ . itself: 

r?») - ( r '">' p) r J p , p) ) . (n.31) 

Consequently, the contributions from up-type and down-type quarks to the gauge boson polar- 
ization tensor decouple and the polarization tensor can be written as 

n f 7 >% = E n ^> 2 )lr ( 1L32 ) 

f=u,d 

Here each n^ ab (g)|/ is given by 

m%Jfi)\ t = -N c J^ d Tr{r^ a (p + q, P )G f (p) 1 »T f , b G f (p + q )}, (11.33) 

where Gf(p) and T^ h are given by (15.681) and (14. 76 p . respectively. The vertex T^ a (p + q,p) is 
given by the formula (111.241) with the subscript q changed to / = u, d and since it satisfies the 
corresponding WT identity, n^ ab (g)|/ is transversal. 

Recall the explicit form (14.761) of the generators 7/^, T/ 4. They are just real linear combina- 
tions of 1 and 75, i.e., they are of the same special form which was considered in section [10.1.21 
Thus, using the results from there (including fulfilment of the condition (19.1041) ). we readily 
obtain the quark contribution M\\ q in the form 

f=u,d 

in agreement with the desired general form (111.171) . ensuring the masslessness of the photon. 
The parameters /i| 7 |/ are 




(11.35) 
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which is, up to a factor, of the same form as the analogous parameter /z 2 |j, ( 110. 45p . in the 
Abelian toy model. 



11.2.3 Comparison with the Pagels— Stokar formula 

The formulae similar to those ( 111.301) . (I11.35P for fJ%y±\ q , ^% 7 \f=u,d have been already presented 
in the literature [13] • They have been derived as a straightforward generalization of the Pagels- 
Stokar result [99] . 

We have already encountered similar situation in Sec. I10.1.3[ when we compared our result 
to the PS result [99] and discussed the discrepancy between them. In fact, now the problem is 
exactly the same: Our results (lll.30p . ( I11.35P do not correspond to those from Ref. [43j and 
the reason lies again in the different choice of the parameter a 4 of the vertex (I9.97P . While we 
set a 4 to the value (I9.106p . the results in |43j correspond to the vanishing value a 4 = 0. 

Let us discuss in more detail this issue for the coefficient [i 2 v ±\ q , ( lll.30p . (The discussion 
of the coefficient /i|J/=u,d, f lll.35j> . would be exactly the same as in Sec. 111.351 ) Assume now 
that a 4 in the Ansatz ( I9.97P has a general, undetermined value. Then the quark contribution 

-2 I 

w ± \q 



M? jr +\ n can be written as 



Mi 



2 




9 



) (/4±|, + a&±L /s ) + ( _° 2 o ) ^U/a' ( 1L36 ) 

where {J> 2 v ±\ q is the contribution already computed in (111.301) and the coefficients /i^±|a 4 /s> 
^w±\ a4 ,/A of the symmetric and antisymmetric part of M^ ± \ q are given as 



2 



a 4 /S 



2 



a 4 /A 



-i-N c (l + 4(d-l)a 4 ) 



-i-iV c (l + 4(d-l)a 4 ) 



d d P T r 1 2 



E„ St' + E'^J 



K st + E d 5$ 



d d p 
(2?r) a 



Tr < i-p 

a 

•1 2 



v yV 



^d 



K^i + ^d 



DdL D u l 
D U L DdL 
DdL D u l 
D U L DdL 



11.37a) 



11.37b) 



One can see that antisymmetric part of M^ ± | 9 , proportional to fJ^±\ a4 ,/A, is indeed in general 
no n- vanishing, unless one sets a 4 as in (19.1061) . 

Consider, however, the case of only one fermion generation. In such a case the self-energies 
E u , E d (and consequently also D uL , Ail) are just complex numbers, without any matrix struc- 
ture, and thus commuting. The coefficients /i^±| a4 /s and ^ 2 v ±\a i /A then simplify as 



2 



2 



a 4 /S 
a 4 /A 



m\ 2 ' )D u Dd 



-i l -N c (i + 4(d - 1)04) j-0^ d i-/ ( [K s;' - e; k] 

+ [E d E' d -E d E* d '])D u D d . 



'11.38a) 



where 



D u = 
Dd = 



1 



P 2 - l s «| 2 ' 
1 

P 2 - |E d | 2 ' 



(11.38b) 

(11.39a) 
(11.39b) 
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Consider now further simplifying assumption of real self-energies: 



(11.40a) 
11.40b) 



Under this assumption each of the two square brackets in (111.38bl) vanishes and consequently 
^w±\a A /A vanishes too: 



2 



a,4 /A 



0. 



:iiav, 



We stress that this happens for any value of a^. The mass matrix M' 2 V± \ q , (111.361) . now acquires 
the symmetric form 



Mi 



w ± I 



g 2 

g 2 



-2 

l Jj W ± \ q J 



where 



-2 



2 ,2 
f J 'W ± \ q I f I W ± 



-i-N c 
2 



d d p 



(2tt) c 



a 4 /S 

Tr 



(^ + S^)-i(l-4(d-l)a 4 y(S- + S-) 
2 



d 



p 2 (Zl-Z 2 d ){D' u D d -D u D' d )\. 



(11.42) 

(11.43a) 
D u D d 

(11.43b) 



If we now set a± = 0, we reproduce the result from [45] . We stress again that this result is not 
correct, as it holds (i.e., seems to be correct in the sense that the gauge boson mass matrix 
is symmetric) only in the very special case of S u , being real numbers. Once one considers 
a more general case of H u , being either complex or matrices (or both), setting to be 
anything but the unique non- vanishing value (I9.106P gives wrong results (i.e., non-symmetric 
gauge boson mass matrix). 



11.3 Lepton contribution 

The lepton contribution to the polarization tensor reads 

1 f d d p 



where the vertex is given by 



2 J (2 



7T 



d Tr <) r ^,a(P + <?, P) (p) YT*t,b Gy l {p + q) 



11.44) 





S, 






(I q^ 


\2q 


• 9 


1 1 




4d- 


- 1 



7 - ^6 



4 d — 1 y q 2 q ■ q' q ■ q' 



Svj,. T\g, a — Tip. a Svj/ 



11.45) 



and where 



(11.46) 
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as usual. Notice that all quantities under the trace in (jll.44p are written in the Nambu-Gorkov 
basis ^e, (I4.88p . which is a real field, therefore there is the extra factor of 1/2 in (lll.44p . Since 
the vertex (I11.45P satisfies the WT identity, the polarization tensor Il^(g)^ is transversal. 

The generators T^i, T^ t ^ are off-diagonal in the two-dimensional electroweak space, while 
T^ f ,3, 7*^4 are diagonal, see (I4.104p . Since the propagators are in this space diagonal too, 
we conclude, on the basis of the same arguments as in the quark case, that Yl^(q 2 )\£ has the 
block- diagonal form 

with each block being a 2 x 2 matrix in the gauge space. It follows that both particular polar- 
ization tensors n^ w± (q 2 )\e and z ^(q 2 )\e are transversal. Again, the lepton contribution to 
the gauge boson mass matrix is therefore of the form (lll.7p . 

11.3.1 Masses of W ± 

The lepton contribution M^ ± |^ to the W ± mass matrix (lll.2ip is calculated in completely the 
same way as the quark contribution M^ ± | q above, i.e., using the formula (I9.107P for the gauge 
boson mass matrix, with gauge indices a,b = 1,2. Before using it, however, we have to check 
the condition f)9.104p . i.e., vanishing of the quantity 

A a b = Tr | Tm e 

,a ^<& e Dq, e T-q/ l fi Dq/ e T\s, e a D-q, e Tfygfi -D-^ t 
+ T\jf i>a D$i e E^ T\p tt b D c q, i E^ — T^, eta Dq, e E$ £ T^ feJ D c ^S^|. (11.48) 



Recall first the form of the relevant generators TV 1; TV 



2- 



where P + is given by (I4.105ap and where the t^ j0 are denotations for 

1 

7-*<,i = -75^2' (11.50a) 

r^, 2 = ig~. (11.50b) 

(See also definitions (I4.104al) and f!4.104bl) of TV^i and TV^2, respectively.) Recall also that 
E$ £ , f)5.119p . is diagonal in the electroweak space and so is thus also -D* £ , (I5.133p . The first 
term in (111.481) can be therefore expanded as 



a ^iiv TV^& E^ D% e 



Tr P+ E* e D% e P + r^ >a E^ D% v X 

Tr |4 4j0 Pj E^ D'^ P + E»„ D% v } . (11.51) 



Recall now that E$ e , (I5.117P and (15.118bp . is off-diagonal in the 2-dimensional Nambu-Gorkov 



space of \l/ e , f ]4.87bp . Therefore D% e = (p 2 — Ejp E^ ) is in this space diagonal and E^ e D% 
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is again off- diagonal. Since the only non-vanishing block element of P + is the upper left one 
(we consider P + to be 2 x 2 block matrix in the Nambu-Gorkov space), we arrive at 



One can find analogously 



Pl^ c D% e P + = 0. 



11.52a) 



;il.52b) 



Thus the quantity (jll.5ip . i.e., the first term in A a b, ( lll.48p . vanishes. Similarly can be treated 
also the remaining three terms in ( I11.48P and shown to be vanishing as well. Thus, we conclude 
that the condition (I9.104p is indeed fulfilled. 

We can now freely use the formula (I9.107P to find 



M, 



g 2 

g 2 



2 



11.53) 



where H^±\t can be expressed, e.g., as 
d d p 



2 



1 

-1- 

2 



(27T) 



Tr 



- -/ (E^ M E^ M ) [(Pj D* e ) (P + D„ v y - (pT D^)'(P + £>„„) 

- lp 2 {^ e EjJ \(P + D* v ) (Pj AO' - (P + £>*J'(P^ £>* e ) 



+ 



(11.54a) 

This form of n\ v ±\i is relatively compact and elegant in the sense that the charged leptons 
and neutrinos are treated in it symmetrically, on the same footing. However, one can consider 
the Nambu-Gorkov components f)5.12ip . (I5.118bl) and ( 15.1301) of S^ e and D^ u) D\ De , 

respectively, and express the fJ^±\t in a less compact form as 



2 



1 

— i- 
2 



d d p 
(2vr) d 



Tr 



D eL D' uL - D' eL D uL 



+ 



+ 



(sJ D E+ £ + M uR E^) - -/ (SJ D E* £ + M uR Ei D )'' 



d 1 



d n' — n' n 



D vL D' eL - D' yL D eL 



11.54b) 



This latter form of fi 2 v ±\e can be used for a crosscheck, since one can see from it more clearly 
that in the case of Dirac neutrinos (E„l = M vR = 0, implying also D vM = 0) the lepton 
contribution fi 2 v ±\e would be formally the same as the analogous quark contribution fi 2 v ±\ g , 
expressed by flll.30p . 
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11.3.2 Masses of Z and 7 

Again, as before with the quarks, the generators T^ j3 , T* € ,4, (14. 1 1 2j) . are block-diagonal in 
the two-dimensional electroweak space. Thus, since the self-energy E^, (I5.119p . is also block 
diagonal, so is for a = 3,4 also the vertex r(£ a (p',p), (jll.45j) : 

KJP',P) = ( ^"f' P) n } p , p) ) • (11.55) 

Consequently the contributions from the neutrinos and charged leptons to the polarization 
tensor decouple and we can write 

f=v,e 

where each contribution n^ afc (g 2 )|j is given by (a, b = 3,4) 

^"zlaMf = ~J^Tr{r^ a (p + q, P )G^( P )YT^, b G^ f (p + q)}. (11.57) 

The vertex T^, a (p + q,p) is of the same form as (111.451) satisfying the WT identity so that 

n z7,af>(<?)l/ is transversal. 

In contrast to the quarks where we calculated the contributions from the up-type and the 
down-type quarks at the same time, now this is not convenient due to substantial differences 
between the two types of leptons. We will therefore calculate the contributions from the charged 
leptons and neutrinos separately. 



Contribution of charged leptons 

We start with the charged leptons, as they are substantially easier than the neutrinos. Since 
the number of the left-handed and the right-handed charged leptons is the same (i.e., n) and 
since the Majorana components of the charged leptons' propagators vanish, the Dirac basis 

gUSD, 

e = e L + e R} (11.58) 

makes sense. The expression (I11.57P for the polarization tensor n^ afe (g)| e can be therefore 
rewritten from the basis \l/ e into the basis e (using the results from appendix [Dl section ID. 41) as 

^zlaMe = -J^ d Tr{r^ a (p + q,p)G e (p)YT eib G e (p+q)}, (11.59) 

where a, b = 3, 4. The point is that now we are in the same situation as before with quarks, 
since the basis e corresponds to the quark bases u and d. Therefore we can use the results from 
Sec. 111.21 about quarks. We obtain the charged lepton contribution Mf \ e to the Z and 7 mass 
matrix as 



-99 9 



where 



Of course, this is (up to the missing factor of N c ) the same as the quark expression (111.3 
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Contribution of neutrinos 

Let us continue with the neutrinos. Since this time the relevant generators T^„,3, Tq, v ^ do not 
commute with the self-energy E^, we cannot make use of the results from Sec. 110.1.21 In 
particular, we have to first of all check to condition (I9.104p . The quantity A a b now reads 

A a b = Tr | Tijf Vs a D'^ v 7V„,& D% v — T^ Vt0i D^ v T^ u>h D% v 

+ Ty Uta Dy u T<s, v j,D% u — Ty Vta D' iS!u T^^D^ . (11.62) 

Notice that the generators T^ vt3 , T^, v i have the form (cf. (14.1 13j) ) 

?K,a = Ty^ajs P+ v , (11.63) 

where 

^,,3 = -g\i (11.64a) 
r^,4 = g'\, (11.64b) 

and P +v is given by (14.105b|) . The quantity A a b, flll.62p . can be therefore rewritten as 



A a b — —T\s> v ,aJ<i! v ,b Tr / P+ u D'^ v P +u D% v — P+u P +u D% v 

+ P+u P +v D% v — P +u D'i Slv P+u D% v Xj^ | . 

(11.65) 

Now it turns that the following identities hold: 

Tr^P+^D'^P+^Dl] = Tr {p +u ^D^P +u ^D%^, (11.66a) 

Tr^P +v D 9v Il 9v P +v D% u Jl\ f \ = Tr [p+vD'y^P+vDl^y (11.66b) 

Each of these identities can be proven, apart from using the cyclicity of the trace, by inserting 
1 = 7o7o and using the relations like = 70 70 and D^ v = j D^ /v r yo, stemming from 
the Hermiticity condition (I5.89P for the self-energy X^. Thus, the first and third term in 
( I11.65P cancel with the second and fourth term, respectively, so that A a t, vanishes and the 
condition ( I9.104p is indeed satisfied. 

Hence we can use the formula (I9.107P for the gauge boson mass matrix. The explicit 
calculation reveals the neutrino contribution to the M| mass matrix to be of the form 

M iyl = (/ gg , -fi)A,\., (11-67) 
where fJ,%J v can be, likewise in the case of /J^±\i, (jll.54p . expressed in two ways. The more 
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compact form of (i 2 z J u reads 



2 [ 



1 



d d p 
2 

~ d 



Tr 



(^*„,M ^*„,Af) ^P 2 (^*„,M ^% v ,m) {P+v Di&J) (P+u DyJ) 



p 2 (E^ M Et ) {P+ V D* V ){P+ V D* U )' -{P+ V D* V )'{P+ V D* V ) 



+ 



D^ v P+u Dy v 

(11.68a) 



while the less elegant form is 



— l- 



(2vr) a 



Tr 



D vL D' vL -D' vL D vL 



+ 

+ 
+ 



(Sj D Zl L + M uR St J _ _p* E t £ + M ^ s t D )' 



D D' — D' D 



(E;,Z)S^ D ) — -p 2 (Ej D S^) 



;il.68b) 



Again, the latter form allows for a crosscheck as one sees more clearly that in the case of Dirac 
neutrinos (£ vL = M uR = and D vM = 0) this expression for \^ Z A V would be the same as the 
analogous expressions /i|J/ for / = u,d,e, Eqs. ( II 1.351) and (111.611) . 



11.4 Summary 

We have calculated the gauge boson mass matrix M 2 in the basis A%, a = 1,2,3,4, using the 
results from chapter [9] and partially also from chapter [TUJ We found it to be exactly of the 
expected form 

M 2 = ( M t 1 ) • (11-89) 



with 



M Zl 



M l = ( _ 9 L ~ 9 J )/4 7 , (11-70) 



M W± = [ ( S ( n - 71 ) 



-99 9 
2 C 
. 9 

cf. fTTTT|) and (fTTTTTj) . flTT^T]) . 

The factor /i| 7 was found to be a sum of separate contributions of the up-type and down- 
type quarks, neutrinos and charged leptons 

/4 7 = /4 7 L + /4 7 | d + /4 7 L+/4 7 | e > ( n - 72 ) 
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where the particular contributions (jl%J u , A*| 7 |d and fJL%J v , A^Je are given by (11 1.35ft and 
( 111.68ft . ( 111.61ft . respectively, while p^ v± is a sum of separate contributions from the quark and 
lepton doublets: 



lAv± — V-wAq^ ^wAe.i (11.73) 



where ^L ± | g , ^±\i are given by (111.30ft . (111.54ft . respectively. 
The mass spectrum is now given by 



M 7 2 = 0, (11.74a) 
M 2 Z = (g 2 + g' 2 )» 2 Zj , (11.74b) 
M 2 W = g 2 fi 2 w± , (11.74c) 

i.e., it contains the massless photon, the massive Z boson with mass squared M\ and the two 
massive W + and W~ bosons with the same mass squared M^. 

Let us finally comment on the p-parameter, defined in (I6.25P and rewritable using (111.74ft 

as 

p ss (11.75) 

Recall that experimentally p is close to 1, which corresponds to approximate custodial sym- 
metry. Since in our case the gauge boson masses M^, M§ depend on unknown^ details of the 
momentum-dependencies of the fermion self-energies, we cannot address directly the issue of 
the value of the p-parameter. Nevertheless, we can at least crosscheck our results by verifying 
whether in the case of exact custodial symmetry they yield p = 1. In the quark sector the 
custodial symmetry corresponds simply to S u = S^, while in the lepton sector it corresponds 
to T, u d = S e and T, u l = M v r = (provided n = m, i.e., the number of fermion generations 
and the number of right-handed neutrinos are the same)o Under these assumptions we have 
/4 7 L = /4 7 U = and p| 7 |„ = p| 7 | e = 2p^±|^, so that p| 7 = and the p-parameter 

(111.751) is consequently indeed equal to 1. 



1 Recall that the present analysis of the gauge boson masses pretends to be as model-independent as possible, 
i.e., it does not rely on the very mechanism of how the fermion self-energies are actually generated. 

2 This situation can be accommodated within the model of strong Yukawa dynamics, discussed in part [ill 
by assuming (on top of n = m and M u r — 0) that y u = yd, Vv = He and Ms = Afjv, which corresponds to 
custodially symmetric Lagrangian. One can easily verify that under these assumptions the SD equations indeed 
allow for the custodially symmetric solution E u = E^, E^d = E e and E„£ = (and Us = IIjv = IIstv). 



Chapter 12 
Conclusions 



Nominally the main topic of the thesis was to explore the possibility of breaking a symmetry 
by strong Yukawa dynamic. First in part [I] we introduced the raw idea on an example of the 
Abelian toy model and eventually in part [TT] we applied it on a realistic model of electroweak 
interactions. Let us now recapitulate shortly our results and make a brief comparison with the 
main competing models: the SM (and generally all MCS) and the ETC models. 

The main dynamical assumption of the presented model (or mechanism) is that the pre- 
sumably strong Yukawa interactions, linking together the fermions and scalars, give rise to 
the fermion and scalar propagators that break spontaneously the symmetry in question. One 
should in particular note that the fermion masses are generated directly in the course of SSB, 
not as a mere consequence. The fact that the fermion mass generation is in this way intimately 
connected with SSB can be thus viewed as an appealing feature of the presented model. This 
is to be contrasted with the situation in MCS, where the SSB is a matter of only the scalar 
sector alone and the fermion masses may or may not be subsequently generated, depending 
on whether they have the Yukawa couplings with the condensing scalars. In this respect the 
presented model is closer to ETC models, where the presence of fermions is also vital for the 
SSB to happen, although the very mechanism is different. 

One of the drawbacks of MCS is certainly the number of free parameters: There are (de- 
pending on the number of scalars) at least as many theoretically arbitrary Yukawa coupling 
constants as fermions, intended to obtain mass. The presented model obviously suffers from 
this problem too. Even though the Yukawa coupling constants are comfortable in the sense 
that they explicitly break the chiral and flavor symmetries, their large number suggests that 
there should exist a more fundamental underlying theory capable of predicting them. In this 
respect the SM as well as the presented model should be viewed as effective theories valid only 
up to some scale. 

On top of just formulating the model in terms of its particle content, introducing suitable 
formalism and writing down the equations of motion we also performed its numerical analysis. 
However, we did not pretend to make any phenomenological predictions but rather aimed merely 
to demonstrate viability of the proposed mechanism of SSB and eventually to find some of its 
generic features. This allowed us to make substantial simplifications of the relevant equations: 
We considered only a subset of the whole possible particle spectrum and looked only for the 
symmetry-breaking parts of the propagators, while neglecting the symmetry-preserving ones. 
Moreover, the very fact that the SSB is assumed to be triggered primarily by the scalar and 
fermion two-point functions, as opposed to the scalar one-point functions in MCS, allowed us to 
make for the sake of simplicity further approximations: We neglected the scalar self-couplings, 
needed in MCS but dispensable in the presented model, and also we directly assumed that the 
scalars do not develop VEVs. These assumptions were operationally manifested by the absence 
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of tadpole (i.e., constant) terms in the SD equations for the propagators of both the scalars and 
fermions. However, it should be also said honestly that without neglecting the tadpole terms 
we actually did not manage to find solutions of the SD equations. 

The numerical analysis, done under the above assumptions, revealed that the SSB indeed 
does happen, provided that the Yukawa coupling constants are large enough (larger than cer- 
tain critical values) so that the dynamics is strong and hence in non-perturbative regime, as 
anticipated. 

One of the particular numerical findings was that the large fermion hierarchy can be accom- 
modated while keeping the Yukawa coupling constants to be of the same order of magnitude 
(although for the price of certain fine-tuning of their precise values). This rather appealing 
feature is to be compared with the situation in the MCS (and in particular in the SM): As 
the fermions masses differ by as much as six orders of magnitude (leaving aside the neutrinos) , 
so do inevitably also the Yukawa coupling constants, which is for dimensionless numbers con- 
sidered unnatural. Clearly, the point is that while in the MCS the fermions masses depend 
linearly on the Yukawa coupling constants, in the presented model this dependence is due to 
its non-perturbative character non-linear. 

Another finding was that the scalars generally tend to be heavier than the fermions by orders 
of magnitude. Namely, we found that they are at least hundred times heavier, but it is conceiv- 
able that upon carrying out the numerical analysis with less over-simplifying assumptions they 
could be even heavier. This is actually reassuring for several reasons. First, the scalars in fact 
need to be heavy already from phenomenological reasons: in order to be compatible with the 
suppression of FCNC and in order to be (possibly) able to render the p-parameter to be close 
to one. Second reason is rather theoretical: Since in the presented model the scalar masses 
are not proportional to the scalar self-couplings (and their VEVs), there are no upper limits 
on their sizes and therefore we do not have to deal with the usual hierarchy problem notorious 
in the MCS (without SUSY). The large scalar masses can be thus interpreted as indeed being 
proportional to the theory's cut-off and accordingly the presented model is to be understood 
as an effective theory valid only up to the scale of the scalar masses. 

Obviously, many questions remain unsolved. They are mostly connected with the unknown 
particle spectrum of the theory. Since the theory is strongly interacting, appearance of bound 
states must be expected. They are, however, difficult to predict, with the only exception of 
the "would-be" NG bosons (or, equivalently, the longitudinal polarization states of the W ± 
and Z bosons), whose presence is guaranteed by the existence NG theorem. On top of these, 
it would be in particular worth knowing whether there exists also an excitation, mimicking 
the SM Higgs boson and unitarizing the scattering amplitudes. Due to strong and accordingly 
non-perturbative nature of the dynamics these questions are difficult to answer and the only 
way to tackle them would be probably to resort to some kind of lattice simulations. 

Despite the thesis name, the specific model with strong Yukawa dynamics, developed in 
parts [I] and [III is by no means its only subject. Equally, if not more important achievements 
are two model-independent issues, discussed in the following two parts. 

In part II III we considered the fermion flavor mixing in the situation when instead of con- 
stant, momentum-independent fermion mass matrices, occurring in particular in MCS, one has 
at disposal rather their momentum-dependent generalization, the self-energies. The main mo- 
tivation for dealing with this issue was of course the above discussed model of strong Yukawa 
dynamics, where the fermion self-energies serve as agents of the SSB. However, such situation 
is typical also for other models with dynamical symmetry breaking, like, e.g., the currently de- 
veloped model [5TJ EH] of strong gauge flavor dynamics, or, at least in principle, the "more 
mainstream" ETC models. 
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Specifically, we considered the case of quarks and investigated how the quark self-energies 
affect the flavor mixing in interactions of the charged, neutral and electromagnetic currents. 
Our approach was to calculate first in the leading order in the gauge coupling constants the 
corresponding amplitudes (i.e., the decays of gauge bosons into the fermion-antifermion pairs) 
by means of the LSZ reduction formula. In order to make a link with the usual notions like the 
"CKM matrix" or the "mass-eigenstate basis", we constructed an effective Lagrangian, corre- 
sponding to the calculated amplitudes. We found that the effective CKM matrix defined this 
way is in general not unitary and that the FCNC, as well as the flavor-changing electromag- 
netic transitions, can be present already in the leading order in the gauge coupling constants. 
All these findings are related to the fact that the notion of a mass-eigenstate basis is in this 
situation merely an effective one and that it cannot be obtained from the weak interaction 
eigenstate basis by a unitary transformation. It should be, however, stressed that all these 
peculiarities depend crucially on the details of the quark self-energies momentum dependen- 
cies, which have been considered to be virtually arbitrary. In particular, in the special case of 
constant self-energies (or, equivalently, the mass matrices) the results of our analysis naturally 
reduce to those familiar ones from the SM (and generally MCS). 

In part IIVI we occupied ourselves with the other model-independent issue, which was the 
precise mechanism of generation of the gauge boson masses in models like the presented one of 
the strong Yukawa dynamics. That is to say, we considered a rather general situation when a 
gauge symmetry is broken down to some of its subgroups by formation of self-energies of the 
fermions, which are coupled to it. What is important is that the very mechanism of the fermion 
self-energies generation is not essential, so that the analysis and the outcomes of part [IV] are 
applicable on a wider class of theories, including also the mentioned model of gauge flavor 
dynamics and the ETC models. 

The general strategy was to calculate the gauge boson polarization tensor in one loop, with 
one insertion of the bare vertex and the other of the full vertex, satisfying the WT identity. 
This is actually nothing else than what was already done in the "classical" references [97, 98J, 
just this time more systematically and under more general assumptions. What was new was 
the construction of the full vertex, especially of its part that cannot be uniquely determined 
from the WT identity. Namely, we introduced the new term proportional to the transversal 
quantity q^[4, d'] — q 2 [j^, (where q is the momentum carried by the gauge boson), which has 
not been considered in the literature yet. We showed that this term is necessary in order to 
arrive at a symmetric gauge boson mass matrix. Taking it into account we also found some 
minor correction to the Pagels-Stokar formula. 

Having said that the new term in the vertex is necessary for the gauge boson mass matrix 
to be symmetric, it must be also added that it is not sufficient. Depending on the details 
of the theory in question (namely on its gauge group and its fermion representations) it may 
still happen that the gauge boson mass matrix comes out non- symmetric. The point is that 
within our approach there is actually no known way how to cure this situation. Although in 
the theories of interest (i.e., in Abelian theories and in the electroweak theory) the gauge boson 
mass matrices still "miraculously" come out symmetric, in general they do not, which obviously 
questions our approach (and correspondingly also the approach of Refs. [97J [98]). Investigation 
of these shortcomings and seeking for their resolution is subject to further research. 



CHAPTER 12. CONCLUSIONS 



Appendix A 

Fermion charge conjugation 



As the main text deals with Majorana fermions, it relies heavily on the notion of charge conju- 
gation. Thus, in order to make the text reasonably self-contained, we review some facts about 
it. They will be used mostly in appendix \C\ when quantizing Majorana field and in appendixWi 
when introducing the Nambu-Gorkov formalism for fermions. 

A.l Properties of the charge conjugation 

Let ip be a solution of the classical Dirac equation 

(i$-m)i) = 0. (A.l) 

If we demand the charge conjugated field ip c , 

^ c = CV T , (A.2) 

to be also a solution, then the matrix C must satisfy the relation 

C~\C = - 7 J. (A.3) 

Taking into account this equation together with the properties of gamma matrices under Her- 
mitian conjugation (provided g^ u is given by (Tj[|)) 

ll = 7o7/.7o, (A.4) 

we arrive at two independent relations for C: 

1 , = (CCt) 7M (CCt)- 1 , (A.5a) 

7/1 = (CC^iCCT 1 - (A.5b) 

They are evidently satisfied if 

CC ] = al, (A.6a) 

CC* = bl (A.6b) 

for some (non-zero) complex constants a, b. These are arbitrary at this moment, yet they can 
be fixed by imposing another conditions that the operation of charge conjugation should fulfil. 

The first condition we can impose is the natural requirement that double charge conjugation 
is an identity: 

OAT = 1>- (A.7) 
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By requiring this we can easily find that 

b = -1. (A.8) 

For figuring out the second condition the following observation is crucial: if ^ is a solution of 
the Dirac equation with positive (negative) energy, then ip c is a solution with negative (positive) 
energy: 

(f-m)i) = -<=>- {f + m)^ c = 0, (A. 9a) 

(f + m)ip = (p-m)i! c = 0. (A.9b) 

This suggests that we could identify u c (p) with v(p) (and vice versa). Another observation, 
although without an impact on the determination of a, is that charge conjugation does not 
change the spin of the particle, i.e., 

(7^ = +^ (l^ c = +^ c , (A.lOa) 

(jfifip = -ip <J=^ (7^)V C = -V> c , (A.lOb) 

where s is the space-like spin four-vector, orthogonal to p. To conclude, we see that the charge 
conjugation interchanges the particle with its antiparticle, but it protect its spin state. Hence 
we see that u c (p, s) is proportional to v(p, s) (and vice versa) and we are free to normalize the 
operation of charge conjugation in such a way that 

u c (p, s) = v(p,s), (A. 11a) 

v c (p, s) = u(p,s), (A. lib) 

assuming that u(p, s) and v(p, s) are properly normalized according to 

u(p,s)u(p,s) = 2m, (A. 12a) 

v(p, s) v(p, s) = —2m. (A. 12b) 

Then the constant a can be fixed as 

a = 1. (A.13) 
Summarizing our results, we see that matrix C is unitary, 

C f = C-\ (A.14) 

and antisymmetric , 

C T = -C. (A. 15) 

We conclude that now the matrix C is defined uniquely up to an arbitrary phase factor. 

These results are valid in any representation of gamma matrices (provided that the Her- 
miticity properties of gamma matrices (1A.4f) hold). Sometimes it may happen, however, that 
by a suitable phase transformation the matrix C can be made real. Then for its inverse there 
is a nice relation 

C- 1 = -C. (A.16) 

Incidentally, this happens in the most widely used representations, i.e., in those of Dirac, Weyl 
and Major ana. 
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In derivation of (lA.lOj) we have used the identity 

C-V? = 7 5 T , (A-17) 

which follows simply from the basic relation (1A.3|) . From this we see that the commutation 
properties of C with 75 are obviously representation-dependent. For example, in Dirac and Weyl 
representations we have [C, 75] = 0, while in Majorana representation there is {C, 75} = 0. 

In order to justify the above statements about reality of C and about the commutation 
properties of C with 75 in particular representations of gamma matrices we present here the 
explicit forms of C and 75 in the mentioned representations: 

C = i 7 2 7° = ( L ~T V 75 = ( ? n ), (Dirac) (A.18a) 

,2„,0 



-i<7 2 J ' '° V 1 



C = i 7 V = ( 7 2 4 ) , 7 5 = ( J ^ ) , (Weyl) (A.18b) 

C = i 7 ° = ( ° ? 1 , 75 = ( ? ° 1 • (Majorana) (A.18c) 



ifT 2 ; ' '° ^0-(7 2 

We see that in all cases C is real and as such it is defined uniquely up to a sign. 

Let us consider the eigenstates of the operation of charge conjugation. Since the charge 
conjugation applied twice is an identity, its eigenvalues should be ±1. Thus, it should be 
possible to write an arbitrary bispinor ip as a linear combination of the two charge conjugation 
eigenstates corresponding to the eigenvalues ±1. Indeed, it is the case: Upon defining^ 

V>i = -^(r + ip), (A.19a) 

^2 = -^ c -^), (A.19b) 

we can decompose an arbitrary bispinor ip and its charge conjugate counterpart ip c as 

^ = -^=(ipi + iip 2 ), (A.20a) 

r = -^(^1-^2). (A.20b) 

Clearly the fields ipi and i^2 are the desired charge conjugation eigenstates corresponding to 
the eigenvalues +1 and —1, respectively. Moreover, the fields ipi^ have the important property 
of being Majorana fields, since they satisfy the Majorana condition 

^1,2 = V>i,2. (A.21) 

More issues about the Majorana fields are discussed in appendices O and O Now let us only 
remark that since we can consider the Majorana fields ipi^ as "real" fermion fields, the decom- 
position flA.20j) is a direct analogue of the decomposition of a complex scalar field <fi into its 



real and imaginary parts, i.e., <p — (0i + 1^2) /V%, where both 12 are real fields. 

Finally, it is also useful to introduce the following definition: Let A be a matrix in the Dirac 
space; then we define its charge transpose A c as 

A c = CA T C-\ (A.22) 



1 Convenience of the factors of ^= in the definitions (|A.19[) will be justified later when discussing quantization 
of Majorana field. 
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where C is the matrix of charge conjugation. It satisfies 

(AB) C = B C A C . 

In this formalism the relations ( 1A.3j) and flA. 17[) can be compactly rewritten as 



it 



"7m 



75 



(A.23) 



(A.24a) 
(A.24b) 



A. 2 Plane wave solution 

The solution of the classical free Dirac equation can be expressed in terms of plane waves as 



/ d 3 pN p \b(p, s) u{p, s) e~ ipx + d*(p, s) v(p, s) e ip ' x 



(A.25) 



where the normalization factor N p is defined as 



N n = 



(27r) 3 / 2 (2po) 1/2 



(A.26) 



and the zeroth component po of the on-shell four-momentum p is po = a/p 2 + m 2 > 0. The 
quantities b(s,p), d(s,p) are some undetermined complex numbers with dimension 



[b(s,p)} = [d(s,p)} = M-*' 2 



(A.27) 



^j c ( x ) = J2 / d 3 p N p b*(p, s) u c (p, s) e ip x + d(p, s) v c (p, s) e~ ip - 
= ^2 [d 3 p N p \d(p, s) u(p, s) e~ ip - x + b\p, s) v{p, s) e ip 



where M is an arbitrary mass scale. Using the results above, the charge conjugate solution is 
then 



(A.28a) 
(A.28b) 



Hence the charge conjugation at classical level consists effectively only of interchanging 

b(p,s) < — > d(p,s). (A.29) 

Let us now see how the operation of charge conjugation is implemented at quantum level. 
The process of quantization consists of promoting the numerical coefficients b(p,s), d(p,s) to 
operators, acting on the Fock spaced and satisfying certain anticommutation relations. The 
charge conjugation can now be implemented in terms of the unitary operator Uc as 

^ c = U C ^U ] C . (A.30) 

As a consequence of the requirement (ip c ) c = ip the operator Uc is also an involution, i.e., 

Uc 1 = U c . (A.31) 



2 We follow the convention and spell the family name of the Russian physicist BjiaflHMnp AjieKcaHflpoBHH 
<E>ok as "Fock" , although it would be more appropriate to spell it as "Fok" . 
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This property together with the property of being unitary implies that Uq is Hermitian. The 
operator Uc commutes with the c-number partH of ip and acts non-trivially only on the creation 
and annihilation operators in analogy with 0A.290 as 



U c b(p,s)Ul = d(p } s) } 
U c d\p,s)Ul = 6t(p,s). 

To be specific, if the solution of the quantized Dirac equation is 

ip(x) = ^ d 3 pN p b(p, s) u(p, s) e~ ip ' x + d\p, s) v(p, s) e 
±s J 

then for it charge conjugate we have 

^ c ( x ) = ^ [d 3 pN p \d(p,s)u(p,s)e- ipx + b\p,s)v(p,s)e ip - 



ip-x 



(A.32a) 
(A.32b) 



(A.33) 



(A.34) 



3 However, for a numerical multiple k E C of ip it still holds (kip) c = k*ip c . 



APPENDIX A. FERMION CHARGE CONJUGATION 



Appendix B 

Quantization of Dirac field 



The aim of this appendix is to review various approaches to the canonical quantization of 
the Dirac Geld and to set up the formalism to be used in the subsequent appendix £3 when 
quantizing the Majorana held. 



B.l Naive unconstrained Hamiltonian procedure 

The classical textbook approach to quantize the Dirac field uses the language and methods of 
the (unconstrained) Hamiltonian mechanics. One begins with the classical]] Dirac field, defined 
by the Lagrangian 

£ = — rmfcij) , (B-l) 

with the dynamical variable ip being a complex four- component quantity. In accordance with 
the Hamiltonian mechanics, its conjugate momentum tt^ is defined aa^| 



which leads to 



7T 



= n/> f . (B.3) 

The complex conjugate bispinor ip' is the other independent dynamical variable, with the 
associated conjugate momentum n defined analogously to ^ (and being actually the Hermitian 
conjugate of ix^). The space of all ip, ip\ ir\ n (as functions of the spatial coordinate x 
with fixed time coordinate) constitutes the phase space. There is an important notion of the 
Poisson bracket, which is a bilinear antisymmetric map on the space of all smooth functions (or 
functionals, since we are dealing with a field, i.e., with a system of infinite number of degrees 
of freedom) on the phase space. For two such functions /, g, it is defined as (the subscript P. 
stands for "Poisson" ) 

r f x (tf to 89 $f V (i> -+ \ (nA , 



1 Throughout this appendix we will consider only commuting classical variables. The introduction of anti- 
commuting (Grassmann) classical variables will become indispensable only in appendix [C] when discussing the 
canonical quantization of Majorana held. 

2 Notice that we define the canonical momentum conjugate to the dynamical variable ip as tv , i.e., with the 
dagger. By this we follow the conventions that the quantity with (without) the dagger is a horizontal (vertical) 
vector (cf. the case of ip and ip A similar convention will be adopted also in definitions (|B.f 21) . (|B.14|) . (|B.15|) 
below. 
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The fundamental Poisson brackets are those of the phase space coordinates themselves (under- 
stood as the Dirac delta distributions on the phase space) and read 

{ip a {t,x),4{t,y)} P . = 5 ab 5 3 (x-y), (B.5a) 
{iP a (t,x),ip b {t,y)} p = 0, (B.5b) 
{7rt(t,x),4(t,y)} p = 0, (B.5c) 

and similarly for ip' , tt. Now the process of canonical quantization consists of two main steps: 
First, the dynamical variables ip, ip^ (and consequently also their conjugate momenta tt', tt) 
are promoted to be operators on the Hilbert space of states (i.e., on the Fock space). Second, 
one postulates that they satisfy the equal-time anticommutation relations of the same form as 
the fundamental Poisson brackets (1B.5I) . up to an additional factor of i on the right-hand sides. 
Using the explicit definition of the conjugate momenta in terms of ip, ip', these equal-time 
anticommutation relations read 

{if; a (x)M(y)} e . t . = 5 ab 5 3 (x-y), (B.6a) 
{ipa(x),My)} e . t . = 0, (B.6b) 
{if)l{x),ifj\{y)} ex = 0. (B.6c) 

However, the procedure described above is merely a mnemonic approach, leading inciden- 
tally to the correct result via an incorrect way. One way of seeing that there is a problem is the 
following: Instead of the non-Hermitian Lagrangian (IB . 1 1) we could have equally well considered 
the Hermitian Lagrangian 

1 - *i 

C = —ip\$ip — mif)if> , (B.7) 

which is completely equivalent to ( IB.lj) . because it differs from (1B.1|) only by a total divergence 
and thus gives the same action and consequently the same equations of motion. However, now 
the conjugate momentum for the dynamical variable if) is 



7T 



1 



~i^ , (B.8) 

which differs from the result (1B.12|) by a factor of 1/2! This factor enters (via the procedure 
described in the previous paragraph) also the equal-time anticommutation relations of the 
quantized field. Hence it looks like that there is an ambiguity in the process of the canonical 
quantization, because it is possible to arrive at two different sets of anticommutation relations 
(differing by a factor of 1/2) and it is not a priori clear which of them is the correct oneJl 

Let us now localize the source of the problem. When passing from the Lagrangian formalism 
to the Hamiltonian formalism, one has to determine the operator of Hamiltonian via the dual 
Legendre transformation. In order to do so, the equation (IB. 21) has to be inverted, i.e., the 
velocity ip has to be expressed as a function of the conjugate momentum 7rL This is possible if 
and only if the Hessian matrix 

W = — ^ (B.9) 

dtp 2 



3 One could argue that while differentiating with respect to ip we considered ip' to be a constant (and vice 
versa) and this might be the source of the problem. However, it turns out that this is not really the case. 
Indeed, doing everything carefully, taking as dynamical variables the real and imaginary parts of ip, i.e., having 
in total eight real scalar dynamical variables rather than two complex four-component variables ip, ip> , the 
result would be the same. 
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is invertible. (Analogously for ip> and it.) In our case of the Dirac Lagrangian (regardless of 
whether in the Hermitian or non- Hermit ian form) the Hessian is not only singular, it is actually 
identically vanishing, W = 0, and the equation flB.2j) (neither of its component) cannot be 
invertedjj This means that the right-hand side of the equation (IB.2j) has no ^-dependence 
(otherwise it could have been inverted) and thus it is a constraint of the type $(?/>, 7r) = on 
the phase space. In fact, this could have been seen already before when we found that ix ~ ip: 
Since ip and n are linearly related to each other, knowing the ip in a single spacetime point 
allows one to determine 7r in that point. 



B.2 Dirac constrained Hamiltonian procedure 

We see that the ordinary Hamiltonian approach does not work here because of the presence of 
constraints on the phase space. There is, however, a method how to deal with such a constrained 
Hamiltonian system, developed by Dirac [1021 1103] 1104] . We will not describe here his method 
in the full generality (interested reader can find details in the original works mentioned above, 
as well as in [[10 5]) but merely apply it for the purposes of the present case of the Dirac field. 

In order to show that both the Hermitian and non- Hermitian Lagrangians (IB. 7j) . (IB . 1 1) give 
unambiguously the same quantization, i.e., the same equal-time anticommutation relations 



(IB.6j) . we will consider the Lagrangian of the generic form 



X _ « _ j 

C = -ipi$ip - mipip + ot-d^ip^ip) (B.lOa) 



;i + a)^7"(^)-(l-a)(^)7^ - mipip . (B.lOb) 



Here we parameterize by the arbitrary complex parameter a the whole class of equivalence of 
all Lagrangians, which differ only by a total divergence term. They all give consequently the 
same Euler-Lagrange equations of motion: 

(i$-m)ip = 0. (B.ll) 

The choice of a = 1 corresponds to the non-Hermitian Lagrangian (IB.ll) . while a = yields 
the Hermitian Lagrangian (IB.7j) . respectively. Since a is completely unphysical parameter, we 
expect that the resulting equal-time anticommutation relations should have no a-dependence. 
Note that using the naive approach without constraints there would be the factor of 2/(1 + a) 
on the right-hand sides of (1B.6|) . which is precisely something we would like to get rid off. 
Consider first the conjugate momenta for our dynamical variables ip and ip*: 

dC i 

i> — ► 4 = 177 = + (B.12a) 
dip * 

r)C i 

— ► tt 2 = -j- = --(l-a)V- (B.12b) 

oip\ * 

Now we can calculate the canonical (or naive) HamiltoniaiJl "He as usual via the dual Legendre 



4 However, even though the Hessian is singular, still there is generally no problem in expressing the Hamil- 
tonian only in terms of the dynamical variables and the conjugate momenta and not the velocities. E.g., in our 
case of identically vanishing Hessian, it will be shown that the Hamiltonian is a function only of the dynamical 
variables themselves, there is no dependence neither on the conjugate momenta, nor on the velocities. 

5 We will use freely the same term "Hamiltonian" for both the Hamiltonian density H and the Hamiltonian 
H itself (defined as H = J d 3 xH). 
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transformation: 

n c = n\ip + V> 2 7T 2 - C (B.13a) 
l + a)$7- (VVO - (l-a)(VV>) -tV> + mif)if;. (B.13b) 



We see that the canonical Hamiltonian does not depend on the conjugate momenta (as remarked 
in footnote H] on page 1237}) . This means that the corresponding Hamilton equations are not 
consistent - they give different dynamics than the correct Euler-Lagrange equations (IB. lip . 

In order to solve the problem we first note that the definitions of the conjugate momenta 
( 1B.12|) are independent on the velocities if), if)' and hence they constitute the constraints on the 



phase space: 

4(4,^) = ^-^(1 + 0)^ = 0, (B.14a) 

2 (tt 2 ,^) ee ^+1(1-0^ = 0. (B.14b) 
Now we introduce the total Hamiltonian, which is the canonical one plus a linear combination 



of the constraints ri , 



n T ee Uc + <f>l\i + \l<h (B.15) 



The total Hamiltonian is equivalent to the canonical one on the subspace of the phase space 
where the solutions of equations of motion lie, since in such a case the constraints are supposed 
to vanish. 

Let us now turn our attention to the "Lagrange multipliers" Ai, A 2 . We need some condition 
to determine them. The natural requirement is that the constraints (IB. 141) hold constantly 
during the time evolution of the system, governed by the total Hamiltonian flB. 15[) . I.e., we 
demand 

4 = {<f>\,H T } p = 0, (B.16a) 

h = {<p2,H T } p = 0. (B.16b) 

Now the question is whether these two conditions are enough to determine both the multipliers 
Ai, A 2 . If not, it would mean that in addition to the primary constraints (IB. 14}) there are some 



other constraints in the theory. These so called secondary constraints can be found via the 
iterative Dirac procedure of consecutive adding new constraints and corresponding Lagrange 
multipliers to the total Hamiltonian until the requirement of time-independence of all such 
constraints leads to determination of all Lagrange multipliers. 

In the present case of the Dirac field it turns out that the conditions (IB. 16}) do really fix 
the Lagrange multipliers uniquely as 

Ai = +i{(f>2, H c } p = 7o7 • (W) - imj if> , (B.17a) 
A 2 = -i{0i,#c} P . = -(VVO-T + im^ ( R17b ) 

and consequently, the primary constraints (IB. 14[) are the only ones in the Hamiltonian formu- 
lation of theory of Dirac field. Using the explicit form of the Lagrange multipliers we can write 
the total Hamiltonian ( IB. 15}) ag^| 



Ht = tti7 ■ (VV>) + (VV>) ■ 7^2 — im(7Ti , — ip7r 2 ) ■ (B.18) 



3 We use here for conjugate momenta the same notation of Dirac conjugation as for the bispinors, i.e. 



7r = 7r'7o. 



B.2. DIRAC CONSTRAINED HAMILTONIAN PROCEDURE 



239 



It is easy to convince oneself that the Hamilton equations of motion of the total Hamiltonian 
(IB. 18}) are equivalent to those ( IB.llj) of Euler-Lagrange, provided one uses the definitions of 



the conjugate momenta (IB. 12[) . 

So far we have only shown how to treat correctly the dynamics at the classical level. Con- 
cerning the quantization, we have already seen that postulating the equal-time anticommutation 
relations as analogues of the fundamental Poisson brackets (which of course hold in the same 
form (1B.5}) for all a by the definition) yields inconsistent (because a-dependent) equal-time an- 



ticommutation relations. Dirac suggested that instead of the Poisson bracket {■, -}p. we should 
take its generalization - the Dirac bracket {•, -}d.- The advantage of the Dirac bracket is that 
it incorporates the structure of the constraints. For example, using the Dirac bracket the time 
evolution is generated not by the total Hamiltonian, but merely by the canonical one: 

/ = {f,H T } p = {f,H c } D . (B.19) 

Moreover, the Dirac bracket of any function / on the phase space with any second class con- 
straint $j is vanishing: 

{/,*«}„. = 0. (B.20) 

Before we proceed to the definition of the Dirac bracket, certain classification of the con- 
straints must be done. Those constraints whose mutual Poisson bracket are all vanishing are 
called the first class constraints. It can be shown that the first class constraints are associ- 
ated with some non-physical degrees of freedom, they in fact generate gauge symmetries. This 
type of constraints arises for instance in the Yang-Mills theories. The other constraints (which 
have at least one non-vanishing Poisson bracket with the others) are called the second class 
constraints. 

Now let us introduce the vector $ of all second class constraints and calculate the antisym- 
metric matrix C of the Poisson brackets of all its entries: = &j}p.- This matrix can be 
shown to be regular Now we can define the Dirac bracket of any two functions f,gon the 
phase space asj 



{f,g} D . = {f,9h-{f,*a} p Cti{* b ,g} pr (B.21) 

It is easy to convince oneself that the Dirac bracket not only shares some properties with the 
Poisson bracket - it is bilinear, antisymmetric, satisfies the Jacobi identity (and, of course, it 
reduces to the Poisson bracket in absence of any second class constraints), but it also satisfies 
the "constraints compatible" conditions advertised above (cf. (IB. 191) and (IB. 20}) ). 

Let us now turn back to our case of the Dirac field. Explicit calculation reveals that 
{(/>!, 02}p. = — {02,0i}p. = — i and hence the constraints (f>\, 02 are of the second classic The 

7 If it were not, there would exist such a basis in the vector space of the second class constraints that the 
matrix C would have a diagonal form, with at least one zero on the diagonal (provided we have a special case 
of diagonalizable matrix C). Accordingly there would be some constraint(s) with vanishing Poisson bracket 
with all other constraints. However, this contradicts our assumption that we are dealing with the second class 
constraints only. 

8 We are using here the summation convention also for the space indices. More precisely, yet less clearly, 
since the proper definition of the matrix C is Cij(x, y) = {^i(x). $j(y)}p. (omitting the time dependence), the 
second term on the right-hand side of (|B.21|) should be fd 3 a:d 3 y {/, $ a (x)} p C~^(x,y) |$fc(y), g} p . 

9 This is connected to the fact that we were able to determine uniquely the Lagrange multipliers Ai, \\ from 
the equations (|B. 16|) . If the constraints (/)[, <f>2 were of the first class, the multipliers would remain undetermined 
(at least at the first stage of the iterative Dirac procedure) . 
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corresponding matrix C reads 

C = C- 1 = ( ° ^(a - y) . (B.22) 

Plugging this into the definition of the Dirac bracket, we arrive at the fundamental Dirac 
brackets (omitting the trivial ones): 

{Mt,x),7c[ b {t,y)} D = -±^S ab 8 3 (x-y), (B.23a) 
{iPt(t,x),7r 2 , b (t,y)} B = l -^5 ab 5\x - y) . (B.23b) 

If we now express the conjugate momenta tt\, 7r 2 in terms of ip, ip^ (Eq. (IB. 12[) ) . the factors of 
(1 ± a)/ 2 cancel each other and we arrive at the desired a-independent result 

{i> a (t,x),ii>l(t,y)} D = 5 ab 5 3 {x-y), (B.24a) 

which leads to the correct equal-time anticommutation relations (1B.6j) . 



B.3 Faddeev and Jackiw method 

The above described Dirac method is a sort of "classical" method of quantizing constrained 
Hamiltonian systems. However, there exist an alternative, easier method developed by Faddeev 
and Jackiw |106[ 1107] . which gives the same answers using much less effort. Their method is 
well suited for systems, whose Lagrangian is linear in the first time derivatives (velocities) and 
consequently considered singular from the traditional Hamiltonian point of view. 

In the Faddeev-Jackiw approach the system of the Dirac field actually turns out to be 
unconstrained. The key observation is that if one understands the phase space as the set of 
all possible states of the system, or, equivalently, as the set of all initial conditions of the 
corresponding equations of motion, then for the case of the Dirac field (with first-order Euler- 
Lagrange equations) the configuration space and the phase space actually coincide. This is 
the very reason why introducing the conjugate momenta in fact means introducing artificial 
constraints. 

In order to apply the Faddeev-Jackiw method, it is useful first to introduce some new 
simplifying formalism. Instead of dealing with two independent four-component dynamical 
variables ip and ip^ separately, it is useful to combine them to make a new single eight-component 
variable \ 

*-(£)■ (R25) 

which now constitutes the configuration space (i.e., the phase space) (Notice that % ls 
actually a variant of the Nambu-Gorkov field, to be discussed in appendix 0) The Lagrangian 
( IB.lOj) can now be written in terms of x as 



i T 



£ = -x 

2 



(A - A 0T ) + a(A° + A 0T ) x-H, (B.26) 



10 Alternatively, we could define \ as eight-component real vector x = V / 2(^^)- However, this is equivalent 
to our choice (|B.25[) , since both bases are related to each other through a unitary transformation. 
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where the canonical Hamiltonian "H, (IB. 13|) . (we omit the subscript C) is now rewritten as 



i T 



H = - x 



[A - A T ) + a(A + A 7 )] ■ (V X ) + \m X T (B + B T ) X ■ (B.27) 



The matrices A 11 , B are defined as 

or more suggestively, using the familiar notation 70 = (3, 707 = a, 

*°=(°° n ), A=(l° n ), B=(° H ° n ). (B.29) 



1 j ' V a / ' V f 3 

The corresponding Euler-Lagrange equations read 

i(A°-A^)x = S -f (B.30a) 

= i(A - A T ) ■ (V X ) + m(B + B T ) X ■ (B.30b) 

It is straightforward to check that these equations are equivalent to those in the usual form 
flBTTj) . 

In analogy with (IB. 19j) Faddeev and Jackiw postulated that the time-evolution of a function 
/ on the phase space is governed by the Hamiltonian (IB. 27}) as 

/ = {f,H} FJ , (B.31) 

with the Faddeev- Jackiw bracket {-, -}f.j. defined as 

{/•«},, - (B.32) 

For determining the unknown 8x8 matrix Q we notice that the time-evolution of the phase 
space coordinates themselves is 

X = {X,H} FJ = Q 6 -^. (B.33) 

Now comparing this equation with the equation of motion (1B.30|) we readily see that the matrix 
Q is given by 

Q = -i(A° - A 07 )' 1 . (B.34) 
or explicitly, in terms of 4 x 4 blocks, 

(B.35) 

It is interesting to note that due to the form of the matrix Q the Faddeev-Jackiw bracket is 
antisymmetric, which implies that it also satisfies the Jacobi identity {/, {g, /i}f.j.}f.j. + cycl. = 
0. This, together with the Leibnitz rule {f,gh}p,j, = g{f,h}pj, + {/, <?}f.jA means that the 
Faddeev-Jackiw bracket defines a Poisson structure on the phase space in the same way as the 
Poisson and Dirac brackets do. 
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As a basis for the quantization we will use, as usual, the "fundamental" Faddeev-Jackiw 
brackets 

{ X i(t,x), Xj (t,y)} F j, = n tl 5 3 (x-y), (B.36) 

which in terms of ip and if)\ using the definitions of Q, (IB.35j) . and x> (jB.25[) . read 

{i> a (t,x),4(t,y)} F:s = -i5 ab 5 3 (x-y), (B.37a) 
{iP a {t,x),ip b {t,y)} F ^ = 0, (B.37b) 
{^ a (t,x),4(t,y)} FJ = 0. (B.37c) 

Clearly, these Faddeev-Jackiw brackets give upon quantization rise to the correct equal-time 
anticommutation relations ( 1B.6|) without the unwanted a-dependency (and with less effort than 
the Dirac procedure). 



Appendix C 

Quantization of Majorana field 



In this appendix we quantize the Majorana held. Although we can use (and will use) for that 
purpose the technique introduced in the previous appendix on the example of quantizing the 
Dirac held, there are also certain substantial differences, due to which it is worth dedicating a 
special appendix to it. 

C.l Necessity of Grassmann variables 

A fermion field if), satisfying the Majorana condition [108J 

^ = (CI) 

is called the Majorana field. It can be quantized in a similar way as the unconstrained Dirac field, 
which was done in appendix [Bj There is one important conceptual difference, however. When 
quantizing the Dirac field, we started with a Lagrangian of a classical Dirac field. This field 
was consider to be commuting, the property of being anticommuting was introduced only when 
promoting the classical field to operator field and introducing the equal-time anticommutation 
relation. At the classical level there was no problem with the commutation of the field variables, 
at least not when analyzing the dynamics and introducing various types of brackets. The only 
problem was that the Hamiltonian was unbounded from below, but this did not concern us 
(at the classical level; at the quantum level this was cured by the anticommutation of the field 
operators) . 

On the contrary, for Majorana field one has to introduce the property of being anticommut- 
ing from the very beginning, already at the level of classical Lagrangian. The reason for that is 
that when imposing the Majorana condition on commuting fields, the Lagrangian itself turns 
out to be identically vanishing. Let us see it in detail. For the mass term we have (we omit 
here the unnecessary factor of m) 



£ mass = W> (C.2a) 

= (C.2b) 

= -iFC^Cj? (C.2c) 

= -(^) T (C.2d) 

^mass • (C2e) 



Thus, it must be £ mass = 0. In the steps in (1C.2I) we mostly used the results from appendix [Aj 
concerning the charge conjugation. The key step, however, was in line (lC.2dl) . when the assump- 
tion of commutativity of fermion fields came into play. If we had assumed rather anticommuting 
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fields, there would be opposite sign in (1C.2d|) . Let us continue with the kinetic term (again, 
omitting the factor of i): 

Ainctic = ipi^il)) (C.3a) 

= (c.3b) 

= -*p T C-\C(d^ T ) (C.3c) 

= [(d^h^f (C.3d) 
= W) T ^. (C.3e) 

Most of the steps here were analogous to those in (1(120 . This time the commutativity of ip was 
used in line ( IC.3dj) . On the other hand, the kinetic term flC3a|) can be rewritten also using the 
integration by parts as 

^kinetic = -(d^h^ + d^ij^). (C.4) 

Thus, as long as we can neglect the total divergence d^^^^ip), we again see that Ainetic = 

— £ kinetic; so that Ainetic = 0. 

We will thus suppose that the components of the bispinor if) are anticommuting (Grassmann) 
variables: {ip ai iph\ = = {ip a ,ipl}. The Lagrangian reads 

C = -ipi$ip — -mipip (C.5a) 

= -^i^ip mipip . (C.5b) 

2 2 



Unlike the case of Dirac field, both of the forms of Lagrangian (IC.5I) for Majorana anticommut- 



ing field are exactly equal to each other and are perfectly Hermitian. There is no possibility to 
add a total divergence term of the type d^^^i/j) , to the Lagrangian, since for (anticommuting) 
Majorana fermion the bilinear ip^y^ip identically vanishes^ 

The extra factors of 1/2 in the Majorana Lagrangian (10.51) (as compared to the Dirac 
Lagrangian) are coming from the decomposition of a Dirac field ip to two Majorana fields ipi^ 
(cf. ((S2Q}): 

i> = ^O+i^). (C.6) 

Plugging this decomposition to the Dirac Lagrangian one can rewrite it as a sum of two Majo- 
rana Lagrangians ran I.e., the Dirac field ijj can be understood as two independent Majorana 
fields ipi,2 with equal masses. The factor of I/a/2 in the decomposition (1Q.6j) ensures that the 
creation and annihilation operators of the eventually quantized Majorana fields ipi^ are properly 
normalized, as will be shown below. 



1 This is related also to the fact that a Majorana field, as being basically a real fermion field, cannot be 
charged under any U(l) symmetry, whose Noether current would be otherwise proportional just to the (actually 
vanishing) quantity 'ip^ip. 

2 As a matter of fact, this is possible again only due to the fact that the field variables anticommute. I.e., 



in such case upon plugging the decomposition (|C.6|) to the Dirac Lagrangian the result is diagonal in the 
Majorana fields ^1,2- On the other hand, in commuting case there would be rather off-diagonal terms of (e.g., 
i/>i ^2) instead. 
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C.2 Quantization 

For quantizing the Majorana field we will use the method of Faddeev and Jackiw, described 
in appendix [B] When quantizing the Dirac field, our independent dynamical variables were ip 
and ip*. Now these variable are no more independent, in fact they are proportional to each 
other as a consequence of the Majorana condition flC.lj) . Hence we will take ip as our only 
dynamical variable. The Lagrangian (10. 5|) can be rewritten only in terms of ip (using the 
Majorana condition and the assumption of anticommutation) as 

C = -^C-^-H, (C.7) 

with the Hamiltonian 

H = -^ T C~V W)-^ T C-^, (C.8) 

where C is the matrix of charge conjugation, introduced in appendix |X] The corresponding 
Euler-Lagrange equations are 

-iC-^oV* = ^ (C9a) 
dip 

= -iC' 1 ^ ■ ( W) - mC- V , (C.9b) 

which can be rewritten in the usual covariant form as the Dirac equation 

(0-m)ip = 0. (CIO) 

Now we will determine the fundamental Faddeev- Jackiw brackets (see Sec. IB.3I of the pre- 
vious appendix), which will later serve as a basis for the quantization of the system: 

{Mx)Mv)} FJ . = %8 3 (x-y). (C.ll) 

The unknown 4x4 matrix Si will be determined from the requirement that the time evolution 
is given by 

i> = {^,H} FJ = SI—. (C.12) 
Comparing this with the equations of motion (IC.9I) we find the matrix Si as 

si = (-icrSor 1 = hoc (C.i3) 

and arrive at the fundamental Faddeev- Jackiw brackets 

{i; a (x),My)} F j. = KloC) ab 5 3 (x-y). (C.14) 

(Note that in contrast to the case of the Dirac field, discussed in appendix [Bl now as a conse- 
quence of anticommutation of ip the Faddeev- Jackiw brackets are symmetric, since (7oC) T = 
7oC) Moreover, we can use just derived brackets of the type {ip,ip}pj,, (10.140 . to derive 
also those of the type {?p*, 4>*}fj. and {?p, 4>*}fj., using only the Majorana condition and the 
properties of the charge conjugation: 

{r a (x),r b (y)} FJ . = i(C- l l0 ) ab 8 3 (x-y), (C.15a) 
{Mx),r b (y)} F .j. = -iS ab 8 3 (x-y). (C.15b) 
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Applying the prescription of canonical quantization on the above Faddeev-Jackiw brackets 
(1C14|) and (1C15|) we readily arrive at the equal-time anticommutation relationsEI 

{^ a {x)^\{y)} ct = 5 ab S 3 (x-y), (C.16a) 
{ij a (x),My)} e ,. = -(loC) ab S 3 (x-y), (C.16b) 
{i>l(x),i>l(y)} et = -(C- l lQ ) ab 5\x-y). (C.16c) 

The first anticommutator (1C.16al) of the type {ip, V^}e.t. is the same as in the Dirac case. 
However, the other two of the type {ip, V'je.t., (1C.16bj) . and {if)\ V^je.to (lC.16c[) . while trivial in 
the Dirac case, are now non-trivial, which is novel and important feature of the Majorana field. 



C.3 Creation and annihilation operators 



Recall that general solution of the quantized Dirac equation in the plane wave expansion 
(cf. (EQ3]) ) reads 



[ d3 P N v b(p, s) u{p, s) e~ ip - x + d\p, s) v(p, s) e ip - x , (C.17) 



where the annihilation and creation operators b(p, s), b\p, s) and d(p, s), d\p, s) satisfy the well 
known anticommutation relations^ 



(C.18a) 
(C.18b) 



{b(p,s),b\p',s')} = 5 ss ,5 3 ( P -p') 
{d(p,s),d\p',s')} = S^S^p-p') 



These anticommutation relations are implied by the equal-time anticommutation relations of 
the Dirac field f lR6]) . 

We have seen that the Majorana field is a solution of the ordinary Dirac equation (IC.lOj) 
constrained by the Majorana condition (IC.lj) . Thus, applying the Majorana condition on (1C.17j) 
we readily arrive at the general Majorana solution of the Dirac equation [109J: 



i/j(x) = \^ d 3 pN p a(p,s)u(p,s)e ip ' x + a\p, s) v(p, s) e ip ' x 



(C.19) 



Now the Majorana equal-time anticommutation relations (IC.16P imply that the annihilation 
and creation operators a(p, s), a\p, s) satisfy 



{a(p,s),a!(p',s')} = 6 ss/ 5 3 (p-p') 



(C.20) 



For completeness let us also note that the unitary operator of the charge conjugation Uq 
(introduced in appendix [X]) now acts trivially on Majorana creation and annihilation operators 
(cf. Eq. (pP2jl ): 



U c a(p,s)Ul = a(p,s). 



(C21) 



3 Again, only one of the following three anticommutators is independent, the other two can be derived from 
it using the Majorana condition. 

4 We list here (as well as below in (|C.20[) ') only the independent non-trivial anticommutators. 
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Return now to the decomposition (1C.6P of a Dirac field ^ to a sum of two Majorana fields 
■01,2- Denoting the annihilation operators of the Majorana fields ipi^ as ai^{p,s) and plug- 
ging the plane wave expansions flC.171) . flC.19j) into the decomposition flC.6j) . we see that the 
annihilation operators ai i2 (j>, s) are expressed in terms of b(p, s), d(p, s) as 

ai(p,s) = -^=(d(p,s) + b(p,s)) , (C.22a) 
a 2 (p,s) = -j=(d(p,s)-b(p,s)). (C.22b) 

Now it is straightforward to calculate the anticommutation relations {a,i(p, s), a\(p, s)}, i — 1, 2, 
using the Dirac anticommutation relation (10. 18[) and to check that they do correspond to the 
Majorana anticommutation relations flC.20j) . including the correct factor of 1 on the right-hand 
side of flC.20j) . This is the very reason why we have included the factor of 1/ \/2 in the definition 
of the Majorana fields ipx^ in the decomposition flC.6j) . 



C.4 Propagators 

Another novel property of the Majorana field, important when doing perturbation expansions 

i—i 1 — 1 

and using the Wick's theorem, is that apart from the contractions of the type ipip and ipip there 

i — i JZ~L i — 3- i -1 

are also contractions of the type ipip and ifiif}. The contractions of the type ipifj and ipip are the 
same as for the Dirac fieldjU 

(0\T{^(x)m}\0) = iG(x). (C.23) 
i—i r~L 

The contractions of the type ipip and ipijj are now easily calculated by straightforward application 
of the Majorana condition to f1C23[) : 

(0|T{^(a;)^ T (0)}|0) = -\G(x)C , (C.24a) 
(0|T{^ T (s)^(0)}|0) = iC^Gix). (C.24b) 

This result can be calculated also directly by inserting the plane wave expansion of the Majorana 
field flC.19j) to the left-hand sides of (IC.24j) . using the integral representation of the Heaviside 



step function and taking into account the relations 



^2u(p,s)v T (p,s) = -(f + m)C, 

±s 


(C.25a) 


^2v(p,s)u T (p,s) = -{f-m)C, 

±8 


(C.25b) 


J^w T (p, s)v(p, s) = C^ift-m), 

±8 


(C.25c) 


^^v T (p, s) u(p, s) = C~ 1 (ft + m). 


(C.25d) 



±s 



Let us now investigate in more detail the propagator G(x), flC.23j) . under the assumption 



3 We are using compact matrix notation, more precisely we should write (0\T {i(} a (x)ipb{y)} |0) = iG a b(x — y). 
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of Majorana condition (IC.10 : 

iG(x) = (0|T{^(x)^(0)}|0) (C.26a) 

= (0|T{^ c (x)^ c (0)}|0) (C.26b) 

= -C(0|T{^ T (z)^ T (0)}|0)C7- 1 (C.26c) 

= CiOlT^^^jlOfC- 1 (C.26d) 

= iG c {-x), (C.26e) 

where G c is defined in (IA.220 . We have thus arrived at the important property of the propagator 
of a Majorana field: 

G{x) = G c {-x). (C.27a) 

The same also holds in the momentum representation (we use the same symbol G for both the 
position and momentum representations): 



G(p) = G c (-p) 



(C.27b) 



Appendix D 
Fermion propagator 



In this comprehensive appendix we discuss various issues connected with propagators of fermion 
fields. We first assume the most general case of arbitrary number of left-handed and right- 
handed fermions and catalogue all possible ways how to comprise them into a single field, 
allowing for more compact treatment. Out of these we pick two, the standard Dirac field and 
the Majorana field in the Nambu-Gorkov formalism, and discuss them in more detail. We also 
eventually show how to switch, under certain conditions, between the two descriptions. Finally, 
we also discuss in some detail some special issues for propagator of the Dirac Geld, namely its 
diagonalization and asymptotic behavior. 



D.l General case 

Let ipL be an m-plet of left-handed and %[>r an n-plet of right-handed fermions. We can now 
construct the following 16 bilinears: 

tpL^L, ^r4>R, ^L^R, ^r4>L, (D.la) 



(^Wl) c , ^rY^rY, ^lY^rY, ^rY^lY, (D.lb) 
(^l) c ^l, (ii> R ) c $ R , (^lY4>r, (4>rY*Pl, (D.lc) 

M^l)\ M4>rY, M4>rY, M4>l) c . (D.id) 

Out of each of these 16 bilinears ^1^2 we can make the full ({ipifa)) of 1PI ((0i'02)ipi) propa- 
gator (we use the shorthand notation (ipifa) = Jd 4 x {0\T[ipi(x) Vj 2 (0)]|0)e -ip ' x ). The intention 
of this appendix is to systemize somehow these propagators and to find out some compact 
notation for them. 

First we investigate the Lorentz structure of the propagators. Since the propagators depend 
only on momentum p, they can only be linear combination of four independent Lorentz matrices 
ft, ^75, 1, 75, or, in more convenient basis, of ftPi, ftPR, Pl, Pr- The coefficients of the linear 
combination are Lorentz scalars, i.e., they can depend only on p 2 . At the same time, the 
coefficients are matrices in the flavor space. 

For the full propagators we can employ the chiral projectors Pl, Pr and use the fact that 
multiplication of fermion fields with the chiral projectors "commutes" with the T-product. I.e., 
for instance, we have {^r^r) = {Pr^r^rPl) = Pr{^r^r)Pl- Therefore the quantity (iPr^r) 
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must be of the form pP^ (times something containing no gamma matrices), since all other 
possibilities (^Pr, Pl and P R ) vanish after enclosing with Pr and Pl. 

On the other hand, for 1PI propagators this approach is no longer possible. A better 
approach is to view the 1PI propagators as two-point interaction vertices, stemming from the 
Lagrangian. E.g., the Lagrangian £ = %l) R i$ip R = ip R P L i$P R ip R = ip R i$P R ip R) viewed as an 
interaction Lagrangian, gives rise to the "two-point interaction vertex" (ip R ip R )i-pi = iftPn- 

Applying these (rather mnemonic) rules to all possible propagators (both full and 1PI), 
constructible out of the bilinears (ID.ip . we obtain: 



{^r^r) 


= ifP L A RR , 


n 


X 


n, 


(D.2a) 


{^l^l) 


= ipP R A LL , 


rn 


X 


m , 


(D.2b) 


(^l^r) 


= \Pl Alr , 


rn 


X 


n, 


(D.2c) 


(^r^l) 


= IPrArl, 


n 


X 


m , 


(D.2d) 



(VwMipi = ipPRdRR, nxn, (D.3a) 

(V'iV'i}iPi = iftPLULL, mxm, (D.3b) 

(^l^h)ipi = iPrcilr, mxn, (D.3c) 

(V^lKpi = iPLdRL, nxm, (D.3d) 



Mr, 


)Mr, 


) c ) 


= \fP R B R R, 


n 


X 


n, 


(D.4a) 


Ml. 


)Ml. 


) c ) 


= ifP L B LL , 


m 


X 


m , 


(D.4b) 


Ml] 


)Mr, 


) c ) 


= iP R B LR , 


m 


X 


n, 


(D.4c) 


Mr 


)Ml. 


) c ) 


= iPlBrl, 


n 


X 


m , 


(D.4d) 



Mr, 


Mr) 


— iPi Crr , 


n 


X 


n, 


(D.6a) 


Ml 


Ml) 


= 'iPr Cll , 


rn 


X 


m , 


(D.6b) 


Ml] 


Mr) 


= ipP L C LR , 


rn 


X 


n, 


(D.6c) 


Mr. 


Ml) 


= ifP R C RL , 


n 


X 


m , 


(D.6d) 



Mr)MrY)ipi = ipP L bRR 


5 


n 


x n , 








(D.5a) 


Ml) c (^l) c )i P i = ipP R b LL 


1 


rn 


x m , 








(D.5b) 


((^l) c (^) c )ipi = iP L b LR , 




rn 


x n , 








(D.5c) 


Mr) c (^lT)i P i = iP R b RL , 




n 


x m , 








(D.5d) 


Mr) c 4>r)ipi = IPrCrr, n 


X 


n, 


(D.7a) 


MlY$l)xp\ = iPlCll, m 


X 


m , 


(D.7b) 


MlMr)ipi = ^PrClr, rn 


X 


n, 


(D.7c) 


MrY$l)xpi = iPPlCrl, n 


X 


m , 


(D.7d) 



(M^rT) 


— iPr Drr , 


n 


X 


n, 


(D.. 


8a) 


(?MV^) c )ipi 


— i-Pt, d RR , 


n 


X 


n, 


(D.9a) 




= iP L D LL , 


rn 


X 


m , 


(D.i 


3b) 


OM^lDipi 


= iPr d-LL , 


rn 


X 


m , 


(D.9b) 


(M^PrY) 


= ifP R D LR , 


rn 


X 


n, 


(D. 


8c) 


(M^rY)ipi 


= ifP L d LR , 


rn 


X 


n, 


(D.9c) 




= ifP L D RL , 


n 


X 


m , 


(D.i 


3d) 


(M^lY)ipi 


= ifP R d RL , 


n 


X 


m . 


(D.9d) 



The factors of i are just conventional. The form factors A, B, C, D, a, 6, c, d are matrices in 
the flavor space (with indicated dimensions) and may depend only on p 2 . This dependence is 
not explicitly indicated. For the special case of momentum-independent form factors a, b, c, d 
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the 1PI propagators are equivalent to the Lagrangian 

£ = ipR0a RR tp R + ^L\$a LL i\) L + ip R (i R L ipL + ^lo-lr^r 

+ fer^WW + ^ L ) c i$b LL ^ L ) c + ^ R ) c b RL ^ L y + (^ L ) c b LR ^ R ) c 

+ (^rTcrr^Pr + (4>l) c c L l?Pl + {$r) c \$c ri $ l + (i> L ) c i$c LR il) R 

+ 4>RdRR(ip R ) c + ^ L d L M c + $ R i0d RL (ip L ) c + ^ L i$d LR ^ R ) c . (D.10) 

However, not all of these propagators are independent or unconstrained. Using the prop- 
erties of the charge conjugation (see appendix [SJ we can write the dependencies between the 
form factors as 



Brr 


— RR > 


(D.lla) 


bRR 


T 

_ a RR > 


(D.12a) 


B LL 


4 T 

— LL ■> 


(D.llb) 


b LL 


T 

— a LL > 


(D.12b) 


Blr 


— A RL J 


(D.llc) 


b L R 


T 

_ a RL J 


(D.12c) 


Brl 


A T 

— A LR ■> 


(D.lld) 


b RL 


T 

_ a LR J 


(D.12d) 



c RR 


— ^RR ) 


(D.13a) 


CRR = 


C RR > 


(D.14a) 


Cll 


— U LL ) 


(D.13b) 


cll = 


Cll > 


(D.14b) 


Clr 


— J 


(D.13c) 


clr = 


CRL i 


(D.14c) 



D RR 


— U RR i 


(D.15a) 


d RR 


— a RR > 


(D.16a) 


D L l 


= Dll, 


(D.15b) 


d L L 


— U LL i 


(D.16b) 


B L r 


= Dl L , 


(D.15c) 


d L R 


— a RL ■ 


(D.16c) 



Even though one takes into account the fact that not all of the propagators are independent 
of one another, there are still quite a lot of independent propagators. Nevertheless, it turns out 
that it is not necessary to treat them all separately. It is possible to construct a new field ^ 
out of the original fields ipL, 4>r in such a way that its propagator (^S/ 1 ^) , (vI"l r ) 1PI contains all 
the propagators listed above. 

The are basically four ways (denoted in Tab. ID. II as ^i, ^2, ^3, ^4) how to construct the 
field based on two independent criterions: First criterion is whether m = n or m 7^ n. 
Second and more important criterion is whether we demand invariance of the propagator under 
the phase (i.e., U(l)) transformation 

U(l) : — ► M = e ie ^ L , (D.17a) 

U(l) : ij R — )• [i) R ]' = e i9 ^ R . (D.17b) 

The point is that this invariance forbids the propagators of the type (V 1 !?/^)' (^i^)- Thus, if 
this invariance holds, there are less propagators to be included in (vl/ 1 ^). 

We will not discuss here all three possibilities listed in Tab. ID.il Considering the applications 
in the main text, we will analyze here in more detail only the Dirac case with m = n and the 
Majorana case with m 7^ n, i.e., the fields denoted in Tab. ID. li as and ^4, which we rename 
for our purposes as if) and respectively. We will investigate the "anatomy" of the propagators 
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m = n 


m 7^ n 


Dirac case 


ty x = ib T + ib R 




Major ana case 


3 " v n ) v (^) c + (^) c ) 


4- 2+ 2 \^r + ^rY J 



Table D.l: Four possibilities how to organize the fields ipL, ip R into a single field, based on two 
independent criteria. We discuss in more detail only the fields and ^4, denoted in the text 
as ip and respectively, together with the relations between them. 



(if>if>) and fifty) and show that they really incorporate all the particular propagators that they 
should. Finally, we will also see how the most constrained field if) can be implemented as a 
special case of the most general field ty. 

D.2 Dirac field 

We will investigate first the most special, or most constrained case, requiring satisfaction of 
both conditions mentioned above: The same number of the left-handed and the right-handed 
fermions and at the same time invariance of their propagators under the phase transformation 



(ID.17j) . On the other hand, however, it is also the most familiar it applies to all charged 



fermions. 

D.2.1 General treatment 
Propagator in general 

Since n = m, we can define new field ip, 

if, EE lfj L +lfj R} (D.18) 



and its full, free and 1PI propagator: 



iGV = (if>4>), (D.19) 

is* = u4) , (D.20) 

-iS^ = (^)ipi- (D.21) 



These are related to one another as 



= S?-G?. (D.22) 

The full and 1PI propagators have the form 

iGj, = (ipip) (D.23a) 

= (VwM + (Ml) + Mr) + Ml) (D.23b) 

\ A RR + fP R A LL + Pl A lr + P R A RL ) (D.23c) 
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and 



-iS^ = (V^) 1P i (D.24a) 

= (4>RlpR) 1P1 + (^L^L)lPI + (^L^RtXPl + {^R^LjXPl (D.24b) 

= i (fP R a RR + fP L a LL + P R a LR + P L cl R l) , (D.24c) 



respectively. One can easily see that all the four particular propagators in ( 1D.23bj) and in 



(lD.24bj) are invariant under the phase transformation (1D.17j) . which now in terms of the field 
ip read 

U(l) : V — > Wl' = e "V- (D.25) 
Free Lagrangian and propagator 

Let us now consider the most general free Lagrangian, made of the fields ipL, ipR and invariant 
under the phase transformation flD.171) : 

L = 1p Licfflj) l + tp R 'l$1p R IpLTTlDlpR 1pR m \)1pL j (D.26) 

where trd is in principle arbitrary complex m x m = n x n matrix. The subscript D stands 
for "Dirac" , since these are the "Dirac mass terms" . In terms of ip the free Lagrangian can be 
easily rewritten as 

£ = ^ - ^ D P L + m D P R )iP . (D.27) 

If we denote 

m = m ] D P L + m D P R) (D.28) 
we can write it even more compactly as 

C = $i$ip - $rmp . (D.29) 
The free propagator iS^ = (ipip)o can be easily achieved by inverting the free Lagrangian: 



^ = [f-{m} D P L +m D P R )\ (D.30a) 
= (f + m D )(p 2 -m ] D m D y l P L + (f + m ] D )(p 2 -m D m ] D )- 1 P R . (D.30b) 

In terms of m, flD.28[) . we can write also 

Sip = \_f — JTi] 1 (D.31a) 
= (p + m^)(p 2 -mm^y 1 (D.31b) 
= (p 2 - m ] my 1 (f + m ] ) . (D.31c) 

D.2.2 Simplifying assumptions 

With respect to the applications in the main text, we are now going to make some simpli- 
fying assumptions concerning the free and 1PI propagators and to arrive at expressions the 
corresponding full propagator. 
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Hermiticity 

We first make the assumption about Hermiticity of the self-energy E^: 

E^, — E.^ 



(D.32) 



(where E^ = 7 E^7 ). Notice that the free propagator already satisfies analogous condition: 



5*,/ 



04 



(D.33) 



This is in fact just the condition for the free Lagrangian to be Hermitian. Consequently, since 
the full propagator can be expressed in terms of those free and 1PI as = (S7 1 — E^) -1 , the 



condition (ID.32j) for the self-energy induces an analogous condition for the full propagator: 

GV = (D-34) 

These conditions for the 1PI and full propagators imply the following relations among their, 
until now independent, components: 



for the full propagators and 



A RB . 
A ll 
A rl 



o-rr, 

Q-LL 
a RL 



RR ' 

A ] 

LR 



RR 1 



b LR 



(D.35a) 
(D.35b) 
(D.35c) 

(D.36a) 
(D.36b) 
(D.36c) 



for the 1PI propagator. 



No wave-function renormalization 

We may set 



O'RR 

(III 



and rename the remaining coefficients qrl 



Q>LR 



dLR 

aRL 



— E 



D ■ 



The subscript D stands for Dirac. The self-energy E^, flD.24j) . then recasts as 



Pl + £.d Pr 



Now if we further assume that the bare propagator is just S^ 1 = ft, the components 
propagator G^, (ID. 23}) . are 



Arr 
All 
A L r 
Arl 



Dr, 
D l , 

Dr 



Dr^ d , 



(D.37a) 
(D.37b) 

(D.38a) 
(D.38b) 



(D.39) 
of the full 

(D.40a) 
(D.40b) 
(D.40c) 
(D.40d) 
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where we denoted 

D R = (p 2 -^ D Z D y\ (D.41a) 

D L = (p'-E^y 1 . (D.41b) 

Let us explicitly state the commutation relation 

T, D D R = D L Z D , (D.42) 



used in (lD.40cp and (lD.40dp . Also note that D^, D R trivially commute with 7^, since D^, D R 



do not contain any 75. 

It is convenient to introduce also another notation. Let us define 

D R = (^-S+S^) -1 = D L P R + D L P L , (D.43a) 

D L ee (p 2 -S^S;) _1 = D L P L + D R P R . (D.43b) 
The commutation relation of Dl, D r with reads 

£> L £^ = 5^£> R , (D.44) 



which is much the same as the commutation relation (1D.42j) . On the other hand, the commu 



tation relations with 7^ are now non-trivial, due to presence of 75 in D^, D R : 

YD L = D R <f, (D.45a) 
YD R = D L -f. (D.45b) 

Expressions of the full propagator 

Consider now the full propagator G^, given in terms of S^, as 

= {f-H^y 1 . (D.46) 

The inversion can be done in terms of E^, with the chiral projectors shown explicitly, as 

= (p + Z D )D R P L +(p + tf D )D L P R , (D.47) 

which is analogous to the expression (ID.30P of the free propagator S^. Using the definitions 
(ID.43P it is also possible to express G$ in terms of £^ in more compact way, with the chiral 
projectors "hidden": 

= (jf + (D.48a) 
= D^ + Ej), (D.48b) 
in analogy with the expression (1D.31|) for the free propagator S^,. 

Diagrammatics 

Let us finally state here the Feynman rules for the self-energy (1D.39|) and the full propagator 
(jD.48|) . The self-energy line is 




(^)ipi = — <r( = -i(^ D P L + E D PR) (D.49a) 

= -iE^ (D.49b) 
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and its chiral components read 

(0r0fl)iPi 



1PI 




— i S_d Pr . 



-i £{> P L 



For the full propagator we have 

W> = 



with the chiral component not including p: 



{^R^l) 




i(P + Z D )D R P L + i(fi + tf D )D L P R 



iS^P L P fl = iD R tf D P R , 



and the chiral component proportional to p: 



(^r^r) 



1> 



R 



ipD L P R . 



ipD R P L . 



(D.50a) 
(D.50b) 



(D.51a) 
(D.51b) 

(D.52a) 
(D.52b) 



(D.53a) 
(D.53b) 



D.3 Majorana field in the Nambu— Gorkov formalism 

Now we relax both assumptions made in the previous section, i.e., we do not anymore require 
invariance of the propagators oi ipL, ipR under the phase transformation (1D.17|) and we assume 
that the numbers of ipi and ip R are in general different: m 7^ n. 



D.3.1 General treatment 

Propagator in general 

We define the new field called the Namby-Gorkov field, as 

* = 



and denote its propagators as 



fa + ^r) c 



iG^ = (m), 

iSi, = (M) , 
-iS* = (**)ipi- 



(D.54) 



(D.55) 
(D.56) 
(D.57) 
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Again, the self-energy is related to the full and free propagators as 



q — l — 1 



(D.58) 



Clearly, the definition ( ID. 54)1 is consistent with the assumption m ^ n. Moreover, the 
propagators really do incorporate the particular propagators like, e.g., (^i^r), breaking the 
invariance under (ID . 1 7[) . Let us see it explicitly. The full propagator reads 



iG* 



+ 



(MM) (M^r) 
(M$l) c ) Mr) 

(MM) Mr) 
(MM) (M^r) 

> L A + pP R B + P L C + P R V^ 



Ml) (M$r) c ) 

(MM (MM) 

(MM (MM) 

Ml) (MM) 



(D.59a) 

(D.59b) 
(D.59c) 



while the 1PI is 



{^L^LtlVl 

(MMipi 

((^L) C iL)lPI 
(lpRlpL)lPl 



+ 



(MM°)ipi 
(MM)ipi 

((^l) c [^) c )ipi 
(^r(^rY)ipi 



+ 



((^l) c (^l) c )ipi 
(MM c )ipi 

(MM°)ipi 
((^) c (^l) c )ipi 



i [fP L A m + fP R fiiPi + P L Cipi + Pr Pipi) 



(D.60a) 

(MMpi 

(lpRlpR,)lPI 

(tPl$r)iPI 
((iPrY^r} ipi 

(D.60b) 

(D.60c) 



where we denoted 



A 



B = 



C 



V 



B LL 
D RL 

A ll 

Crl 

D L l 

Brl 

Cll 
A rl 



Clr 

Arr 

D L r 

Brr 

A L r 
Crr 

B>LR 

Drr 



(D.61a) 
(D.61b) 
(D.61c) 
(D.61d) 



Api 
Bipi 
Cipi 
£>ipi 



o-ll 


d L R 


crl 


bRR 


b L L 


clr 


dRL 


O-RR 


cll 


b L R 


Q>RL 


dRR 


d L L 


&LR 


bRL 


crr 



(D.62a) 
(D.62b) 
(D.62c) 
(D.62d) 



Indeed, we can see the propagators, non-invariant under ( 1D.17j) . are really included. In 
fact, all of the possible propagators (El, (El]), (|D~6|) . (jDT8]l and dD~3|) . (IDT5|) . (ID"?]) . (IDT9|) . 
that can be made out of the fields ipL, ipR, are included in the propagators (1D.59|) and ( ID.60p . 
respectively. In this sense the formalism \l/ is the most general one. 

For completeness, let us also derive how the U(l) transformation (ID. 17[) looks in terms of 
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the field 
U(l) : 



e i9 P L + e~ w P R 

e w P R + e- ie P L 



-1756 



^1756 



-1750-3 1 



(D.63a) 

(D.63b) 
(D.63c) 
(D.63d) 



The matrix 03 acts of course in the Nambu-Gorkov doublet space. 

The field \I/ is a Majorana field, since it satisfies the Majorana condition (1A.21j) : 



(D.64) 



as can be readily seen from its definition (ID. 541) . As shown in appendix [Cj the full propagator 
must therefore satisfy the condition 



G»(p) = GU-P)- 



(D.65) 



The same condition must be satisfied also by the free propagator Sy, which is after all merely 
a special case of Gq, in the case of no interactions. Thus, self-energy must satisfy it too: 



E*(p) = 



(D.66) 



The conditions (ID. 65}) and (1D.66|) for Gy and S$ are in fact equivalent to the conditions (ID. 11}) . 
(ID. 13j) . (ID. 15}) and ( ID. 12}) . (1D.14[) . f ]D.16[) . respectively, discussed already above. In terms of 
the matrix formalism (1D.61I) and (ID. 62p they can be more compactly rewritten as 



A = 




(D.67a) 


Am 


— °ipi 5 


(D.68a) 


C = 




(D.67b) 


Cipi 


- C T 

— L-1PI ) 


(D.68b) 


V = 




(D.67c) 


Pipi 


- "D T 


(D.68c) 



Free Lagrangian and propagator 

The most general free Lagrangian of the fields ipL, ipR, non- invariant under (1D.17|) . reads 

C = i> L i$^L + i>R\$ipR - {^Lm D ip R + -^Lm L {il) L ) c + ~{$R) c m R 'il) R + h.c.j . (D.69) 

Here mp is a rectangular mxn matrix, while the m^, m R are square matrices with dimensions 
n x n, m x m, respectively. Moreover, the matrices mi, m R can be taken without loss of 
generality symmetric: 

rriL = ttil , (D.70a) 
m R = ml, (D.70b) 
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since their antisymmetric parts do not contribute to the Lagrangian. Let us see it on an example 
of, say, m R : 

(4>R) c m R 4> R = -^rC^uiri/jr (D.71a) 

= -[iplC-'rriR^nf (D.71b) 

= -^IC-V^r (D.71c) 

= ^Rfml^R. (D.71d) 

(In the second line, (1D.71b[) . we used the antisymmetricity (1A. 15[) of the matrix C of charge 
conjugation, which compensated for the minus sign due to anti-commuting character of the 
fermion field, occurring when taking the transpose.) Therefore the antisymmetric part of uir 
must vanish in the bilinear ipRmR(ijjR) c . For mi the argument would be the same. 
In terms of the field \1/ the free Lagrangian (ID. 691) can be rewritten as 

C = I^_I^ m ^ + I^(^ L7 ^L) + ^ M (^7^), (D.72) 
where we defined the matrix m, 

m = m j P L + mP R , (D.73) 
in terms of the symmetric matrix m: 

m = ( m h mD V (D.74) 
\S m R J 

The total divergencies in (ID. 721) do not contribute to the action and we will accordingly dismiss 
them in the following. 

The free propagator Sq, is now obtained easily by inverting the free Lagrangian (1D.72j) . 
Likewise in the Dirac case, we can express it either in terms of m, (ID.74[) . as 

= [p-{nJP L + mP R )Y l (D.75a) 
= (p + rri){j) 2 — m^m) _1 P^ + (fl + m))(p 2 — mm))~ l PR : , (D.75b) 

or more compactly, in terms of m, (1D.73[) . as 

Sq, = [p -my 1 (D.76a) 
= (f + m 1 )(p 2 - mm ] y l (D.76b) 
= [p 2 — m)rn)~ l {]f> + m^) . (D.76c) 

Notice that both expressions flD.75j) and flD.76j) for Sq, are formally the same as their Dirac 
counterparts (ID.30I) and flD.3ip . respectively, for S^. One can verify that Sq, indeed satisfies 
the condition 

S*(p) = SU-P), (D.77) 

due to obvious symmetricity of m, 

m = m T , (D.78) 

or equivalent ly, due to 

m = m c . (D.79) 
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D.3.2 Simplifying assumptions 
Hermit icity 

We are again free to demand 

£* = E*. (D.80) 

Since the free propagator Sy already satisfies S<$ = Sy, the condition (ID.80|) implies, by means 
of the relation (1D.58[) . similar condition for Gy: 

Gy = G*. (D.81) 



Assuming ( 1D.81P and ()D.80j) we obtain, on top of the conditions (ID . 6 7|) and ( 1D.68[) . also the 



following conditions for the particular components flD.6ip . (ID.62[) of the propagators: 

A = A\ (D.82a) A 1P i = A\ P1 , (D.83a) 

B = B\ (D.82b) B im = B\ PI , (D.83b) 

C = V\ (D.82c) Cipi = V\ pl . (D.83c) 



No wave-function renormalization 

We may set 

Aim = 0, (D.84a) 

B 1P1 = (D.84b) 

and rename the remaining self-energy Cipi = T>\ pl as 

V lPl = -£*, (D.85a) 

Cipi = ~4 ■ (D.85b) 

The self-energy E$ hence takes the form 

P L + ^P R . (D.86) 

As an aside, notice that 

£ c „ = ElP L + ^lP R} (D.87) 
so that the condition (ID.66j) is in terms of £$ equivalent to 

= (D.88) 



where we ignore the momentum argument, since for E^, as being a function of p 2 , the change 
of sign in f lD.66j) does not matter. 

The chiral components A, B, C, V of the full propagator Gy can be now expressed as 

A = D%, (D.89a) 

B = D*, (D.89b) 

C = Z*Dl = (D.89c) 

V = Z\,D* = D^El, (D.89d) 
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where we denoted 

= (p 2 -E^Ei) _1 . (D.90a) 

Notice that due to the symmetricity of E^ we have 

Dl = (p 2 — E^ E^) _1 , (D.90b) 

so that there is no need to introduce independent denotations (e.g., D* L , D* R , in analogy with 
D L , D R , (lD.4ip ) for the two quantities (1D.90p . This time the commutation relation of D* with 
E$ reads 

E* = D* E^ (D.91) 

and the commutation relation of D* with 7^ is again of course trivial. 
Like in the previous section, it is again useful to define 

D* = (p 2 -E^S;) _1 = D^Pl + DIPr. (D.92a) 

Note that since 

D% = (p'-Xi^y 1 = DlP L + D*P R , (D.92b) 

we again do not need to introduce two independent denotations for the two quantities (ID .92[) . 
in contrast to the Dirac case f)D.43[) . The commutation relation ( ID.9ip translates in terms of 



D* as 

E^ D% = £>*E*. (D.93) 

Commutation relation with 7^ is this time non-trivial: 

YD* = D%Y, (D.94a) 
YD% = D 9 j». (D.94b) 

Expressions of the full propagator 
The full propagator of the field 

= [f — E^) 1 , (D.95) 
can be again expressed in terms of E#, with the chiral projectors shown explicitly, as 

G* = (f + ^)DlP L +(f + Y,\)D*P Rl (D.96) 



which is analogous to the expression (ID. 75ft of the free propagator S*. Using the definition 



(1D.92P it also possible to express G* in terms of E^ in more compact way, with the chiral 
projectors "hidden": 

G* = (f+-Zl)D* (D.97a) 
= Dl(p+^l), (D.97b) 

in analogy with the expression (1D.76P for S*. 
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Propagators in the Nambu— Gorkov doublet space 

Let us introduce some denotation for the components of the self-energy E$ in the Nambu- 
Gorkov doublet space 



E D 



(D.98) 



where the components El, En are symmetric matrices, so that the Eq, is symmetric too. Let 
us also introduce some denotation for the corresponding blocks of Dq,: 



Dm = (p 2 -^^)- 1 (D.99a) 

p 2 -(E L E* L + E D E D ) -(E L E* D + E D E* R ) 
-(El El + E R E D ) p 2 - (E R E* R + El E* D ) 



D\s Dl 



(D.99b) 
(D.99c) 



It is possible to invert D^, flD.99bj) . explicitly, i.e., to express the blocks D L , D R , D M in terms 
of El, En, Ed- One can use for this purpose the formula for the block-wise inversion 



A B \ I (A-BD^C) -(A-BD^C) BD' 1 

CD) y~D- l C(A-BD- 1 Cy l D^ 1 + D~ l C(A — BD~ l C) 1 BD~ l 

(D.lOOa) 

A' 1 + A- 1 B(D - CA- 1 By 1 CA- 1 -A- 1 B(D - CA^B)' 
— (D — CA- l B) ^CA- 1 (D - CA^B) ^ 

(D.lOOb) 

holding provided A and D are square matrices; one can choose the appropriate form of the 
inversion according to which of the inversions (A-BD- l C) , D- 1 or (D - CA~ l B) , A~ l 
do exist and which do not. However, for general El, En, Ed the explicit forms of Dl, Dn, Dm 
would not be neither very elegant nor illuminating. Nevertheless, in order to get some feeling 
about it, we are going to do it for two special cases: We consider vanishing the Dirac self-energy 
Ed and non- vanishing Majorana self-energies El, En, and vice versa: 

• Let both E L = 0, E R = 0. Then 

D L = (p 2 -E D E D y\ (D.lOla) 
D R = (p 2 -E D E D y\ (D.lOlb) 
D M = 0. (D.lOlc) 

Note that in this case the form of Dl, Dn in terms of Ed coincides with the definition 
( 1D.41j) of Dl, Dn in the context of a Dirac field. 



Let Ed = 0. Then 



D L = (p 2 -E L E\y\ (D.102a) 
D R = (p 2 -E R E R )-\ (D.102b) 
D M = 0. (D.102c) 
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We have seen that in both cases Dm = 0. This is not a coincidence. One can see from 
(Irl99|) clearly that D M is proportional to the off-diagonal blocks of p 2 — E^, Xjj, (both of which 
are related to each other only by the Hermitian conjugation): 

D M oc E l E^ + E d E^. (D.103) 

This should be understood as 

Z L Z* D + Z D Z* R = => D M = 0. (D.104) 

Let us finally show how the relation (1D.91|) is translated in terms of the Nambu-Gorkov 
blocks (QX99J) : 

(D.105a) 
(D.105b) 
(D.105c) 



D L X L + D M Xl = ^ L Dl + ^ D D T 



M 5 



Dr S/j + D M E^, — Ti R D R + Ej D* m , 
D M Z R + D L Z D = E L D* M + E D D R . 



Diagrammatics 

The line corresponding to the 1PI propagator S# is 



ipi 



o 



-iS*. 



(D.106a) 
(D.106b) 



Notice that it has no arrows, as the field \& is real. The lines corresponding to the chiral 
components of E^ (i.e., corresponding to the fields ipL, i/jr) are 

TpL -~ IpR 



i^L^R.) 



IPI 




(M$r) c ) ipi 

((v>fl) c/ 0fl)lFI 

(M4>l) c )ipi 
((^l) c ^l)ipi 




IpR 

i>R 





i>R 
i>R 

tpL 




— i Tj D P r 



-^rPl, 



-iXrPr 



-iXlPr 



(D.107a) 
(D.107b) 
(D.107c) 
(D.107d) 
(D.107e) 
(D.107f) 



The full propagator G^ is 



i{f + Y^)DlP L + i{f + H\)D*P R (D.108a) 
i(P + Vl)D* = iDlty + Vl), (D.108b) 
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again without the arrows. The chiral components without f are 



and proportional to f are 









i(E D D R + E L D* M )P L = i(D L E D + D M E R )P L , 

(D.109a) 
x(E* D D L + E R rf M )P R , 

(D.109b) 
i(D L E L + D M E T D )P L , 

(D.109c) 



i(E L Dl + E D Dl)P L 



i(D T L E[ + D* M E* D )P R 



i{E R D T R + E^D M )P R 



i(tf L D L + X* D Dl)P R , 

(D.109d) 

i{D R Z R + D T M Z* D )P R , 

(D.109e) 



i(DlE R + Dlj: D )P L = i(E R D R + Y;lD* M )P L 



(D.109f) 



(Ml) 



(^lT^r) 

(MM) 

((M^l) 

(MM) 



R 



ipD R P L 



i>R 
i^R 



IpR 
IpR 



ifD* M P L 



ipD M P R . 



(D.llOa) 
(D.llOb) 
(D.llOc) 
(D.llOd) 
(D.llOe) 
(D.llOf) 
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D.4 Relations between the Dirac and 
Nambu— Gorkov fields 

The Nambu-Gorkov formalism \1/ is more general than the more usual if) one, as it releases all 
the special assumptions made when working with if>. Therefore the quantities written in terms 
of ip must be expressible in terms of ^ . And vice versa, the quantities written in the ^ basis 
should be expressible in the ip basis in the special case of n = m and with the invariance under 
(ID. 17}) . This section is devoted to the problem of translating quantities from one basis to the 



other. 



D.4.1 Basic relations 

We start by stating the basic relations between the fields ip and 

m = P^ + pt<0 c , (D.llla) 
ip = P f tf, (D.lllb) 



where we introduced the quantity P as 



P = ( p L ) , (D.112a) 



R 



so that 



P = (Pr,Pl), (D.112b) 
P ] = (Pl,Pr), (D.112c) 

Pt = ( p R ). (D.112d) 



L 



Taking into account the definition of P, the relations (ID. Ill}) can be seen rather directly from 

the explicit expression of \I/ and ip in terms of ipL, 4>r, Eqs. flD.54|) and (ID. 18[) . respectively. 
The quantities (ID. 112[) satisfy 

ptp = i = p_pt ? (D.113a) 

pp = o = P+Pt, (D.113b) 

as well as the relation 

P t = P c . (D.114) 
In practical calculations one may find useful the expressions 

PP = ( ^ P n) = ^i-i75<r 2 ), (D.115a) 

p]p] = ( p. 7 ) = l(^ + h^ 2 ), (D.115b) 






Pl 


Pr 








Pr 


Pl 





Pl 








Pi? 


Pi? 








Pl 



^ = ( \ L ^ ) = ^(1-75^3), (D.115c) 

^ = ^ V p L J = ^ + 75^). (D.llSd) 

We will occasionally call the quantities (ID.112[) the projectors, although, strictly speaking, only 
their combinations PP^ and P^P are true projectors. 
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D.4.2 Propagators 



From the above considerations one can infer the relations between the full propagators G$, and 



G*(p) = PG^p)P + P^G^{-p)P\ 

as well as the relations between the self-energies and S^: 

£*(p) = pt£^)pt + P5^(-p)P, 
S^(p) = P£*(p)P. 



(D.116a) 
(D.116b) 

(D.117a) 
(D.117b) 



Notice that the "Majorana" symmetries (1D.65j) and (ID. 661) of these expressions for G^(p) and 
respectively, are evident upon taking into account the relation (ID. 114ft . Explicitly we 
can write G^(p) and £*(p) in terms of the chiral components of the most general forms (ID. 23ft 
and (lD.24j) of G^(p) and £^(p), respectively as 



S*(p) 



£ l Pl + A ll P r ) Al T P R + A 



LR 



Pt 



AlrPl + A-m Pr 



(a LL P L + a T LL P R ) 
a-RL Pl + a[ R Pj 



R 



'rr Pr + Arr Pl) 



a LR, Pr + o_rl Pl 
{urr Pr + «rr Pl) 



Assume now that the self-energy X^(p) has the special form (1D.39|) : 

S^, = E^, + Efl Pr . 
The matrix expression (ID.118bft for then acquires the form 





Svjl 



£</> Pr + E^ Pj, 




which is expressible in the form (ID. 86ft . 
with E^ given in terms of T, D as 



E^ Pl + E# P 





D 



E D 




(D.118a) 
(D.118b) 

(D.119) 

(D.120) 

(D.121) 

(D.122) 



Notice that this corresponds to the general form (ID. 98ft of E^ up to the missing Majorana 
components E^, E#. 

Similarly can be treated the full propagators. Assuming the G^p{p) to be of the form (1D.47I) 

Gip = {p + Z D )D R P L + ty + Yt D )D L P R , (D.123) 
corresponding to S^, of the form (ID. 119[) . we find Gy(p) to be 



r , ^JEPl + DlPr) (Z d Dr)Pl + (^ d D l ) t Pr 

[ & D D R )1P L + (Z? D D L )P R f{D R P L + DlP R ) 



Comparing this with the expression (ID. 96ft for G^ we find 









Dl 



(D.124) 



(D.125) 



which is just a special case of (lD.99cft with vanishing Majorana component D 



M- 



DA. RELATIONS BETWEEN THE DIRAC AND NAMBU-GORKOV FIELDS 



267 



D.4.3 Vertex 
Full vertex 

Although this appendix is predominantly devoted to the fermion propagators, it is worth spend- 
ing few words here also about the fermion-fermion-gauge boson vertex, due to applications in 
the main text. The full three-point function in question has in both bases tp, the same general 
structure 

(A»W) ~ G i ,(p')r;(p',p)G4p), (D.126a) 
{A"m) ~ G^{p')T%{p\p)GM. (D.126b) 

We omit here the gauge boson propagators as well as the gauge indices at the vertex functions, 
as they are irrelevant for the present discussion. 

We will now derive the relation between the proper vertices T^(p',p), T^(p',p), like we did 
before for the self-energies Taking into account the expression (ID.lllaj) of ^ in 

terms of ip and the properties of the charge conjugation, we arrive at 

g^p) ?W,p) g»(p) = pg4p) ^(p',p) gm p + p ] g$(-pO rj c (-P, -p') g c ^- p ) . 

(D.127) 

In deriving it one must also take into account properly the definition of the Fourier transform 
and be consistent with assignments of the momenta in both terms on the right-hand side of 
(ID. 1271) . as well as the fact that (A^ijjif) ) = (A^^ijj) = due to assumed Dirac character of 
the field ipE On the other hand, we may also use the expression (ID.116aj) of G^(p) in terms of 
G^{p) to arrive at 

G^p')Y%{p',p)G^p) = 

p G4 P ')Pr»(p',p)PG4p) p + pt G c { _ pl) pt T%y t p) pt g^-p) pt . 

(D.128) 

(Again, the "cross terms" , proportional to G^(p') . . . G^(p), G^{p') . . . G^(p), are not considered 
for similar arguments.) We can now compare the two expressions (ID. 1271) . (ID. 1281) and use again 
the projectors (1D.112|) : First we multiply the them from left by Pt and from right by pt and 
then from left by P and from right by P. The projectors project out two separate equations: 

PT»(p',p)P = r{(p',p), (D.129) 
Ptr£(p',p)pt = t; c (-p,- P '). (D.130) 

This implies that the T^,(p',p) in terms of T^(p',p) is given by 

T%{p',p) = P^T;(p\p)P^ + PT; c (-p,-p')P. (D.131a) 

Conversely, one can now easily obtain expression for T^(p',p) in terms of 

r»{p',p) = PT%(p\p)P (D.131b) 
by applying the projectors (ID. 1 12[) on (ID.131ap and taking into account the relations (ID.l 13[) . 



1 It is unnatural to assume that the propagator is invariant under phase transformation, while at the same 
time the vertex is not. 
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Bare vertex and generators 

The formulae (ID. 1311) can be now exploited by considering the bare vertices 

tW'^Le = 91%, (D.132a) 
W^Le = 91%, (D.132b) 

where t^, are the symmetry generators of the symmetry G in question in the respective 
bases (recall that we suppress the gauge indices) and g is a gauge coupling constant. This 
corresponds to the interaction Lagrangian 

C = g^j%ipA^ (D.133a) 
= g^l-ft^A^ (D.133b) 

and to the symmetry transformation 

G : t/j — ► [ip]' = e ie ^^, (D.134a) 
G : * — ► [*]' = e ie **^. (D.134b) 

Upon plugging the bare vertices (ID. 132|) into (1D.131|) we arrive at the generator ty expressed 
in terms of 

t* = P^P f - P ] %P , (D.135) 

and vice versa: 

= PH^P. (D.136) 

Since t$ is in general a linear combination of only 1 and 75 (or, equivalently, Pl and Pr), we 
can write the matrix form of ty, (ID. 135j) . as 

The Lagrangian ( ID. 1331) in the basis -0 can be also expressed in the chiral bases tpi, 4>r as 

C = g^L^U^LA^ + g^gft^nAp, (D.138) 

where t^ L , t^ R do not contain any 75. It corresponds to the symmetry transformations 

G : — > fokj' = 6^*^, (D.139a) 
G: Vfi — >• foM' = e iei ^V«- (D.139b) 

The generators t^, and are related to each other by 

H = U L P L + t^ R P R . (D.140) 
Now we can express the generator ty in terms of t^ L , t$ R as 

fj _ ( ' HlPl-^ Pr \ (BUI) 

~ { H R P R -tl R P L )- (D.141) 
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D.5 Diagonalization of the Dirac propagator 

Regarding the application in the main text (namely in chapter [7]) we will now consider diago- 
nalization of the propagator of the Dirac field xp, introduced in section ID. 21 We will not do 
it in full generality but rather restrict ourselves to the special case discussed in section ID. 2. 21 

D.5.1 Diagonalization 

Consider the Dirac self-energy E^ of the form (ID.39I) . Using the bi-unitary transformation 
(which is a special case of the more general singular value decomposition) we can diagonalize 
its part Ed a^l 

Zd(p 2 ) = V\p 2 )M(p 2 )U(p 2 ), (D.142) 
where U, V are some unitary matrices and M is a diagonal, real, non-negative matrix: 

M(p 2 ) = diag(M 1 (p 2 ),M 2 (p 2 ),...,M n (p 2 )). (D.143) 

It is convenient to introduce unitary matrix 

X(p 2 ) = V\p 2 )P L + U\p 2 )P R , (D.144) 

as it will allow us to write more compact formulae, without the necessity to use explicitly the 
chiral projectors Pl, Pr. It can be used to diagonalize E^, as 

E^(p 2 ) = X\p 2 )M{p 2 )X\p 2 ), (D.145) 

where X = 70X^70 . Then the propagator G$ can be diagonalized as 

(This expression is correct, since the matrices in the nominator and denominator commute with 
each other, as they are both diagonal.) 

The spectrum is easily revealed by looking for the poles of the propagator G^(p). Thus, 
taking into account its diagonalized form (ID. 1461) . we have to solve the pole equation 

detfp 2 -M 2 G» 2 )) = 0. (D.147) 

Due to the diagonality of M(p 2 ) we have det(p 2 — M 2 (p 2 )) = Yli=i {p 2 ~ M 2 {p 2 )) and conse- 
quently the equation (ID. 147ft decouples into n partial pole equations 

p 2 - M 2 (p 2 ) = (i = 1, . . . , n) . (D.148) 

We will for the sake of simplicity assume that each partial pole equation (ID. 148|) has exactly 
one solution p 2 = m 2 , 

m 2 -M 2 [m 2 ) = 0, (D.149) 



2 We now indicate explicitly the momentum dependencies, as they are going to be important for the present 
discussion. 
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which is necessarily non-negative due to reality of M(p 2 ). 

We can now expand the function M 2 {p 2 ) about p 2 = m 2 as 

M 2 (p 2 ) = M 2 (m 2 ) + (p 2 -m 2 )M 2 '(m 2 ) + 0((p 2 -m 2 ) 2 ) (D.150) 

(where M 2 '{m 2 ) is the derivative of M 2 {p 2 ) with respect to p 2 at m 2 ), so that the left-hand 
side of the pole equation (ID.148|) reads 

p 2 -M 2 (p 2 ) = (p 2 - m 2 )(l-M 2 \m 2 ))+0((p 2 -m 2 ) 2 ). (D.151) 

Thus the asymptotic behavior of (p 2 — Mfip 2 ))^ 1 around p 2 = mf reads 

1 1 1 



p 2 - M 2 (p 2 ) P 2^ m 2 i _ M 2 '(m 2 ) p 2 - m\ 



+ regular terms . (D.152) 



We now make the simplifying assumption, consistent with our systematic neglecting of the 
wave-function renormalization throughout the text, that the derivative M 2 '(m 2 ) vanishes: 

M 2 \m 2 ) = 0. (D.153) 

Under this assumption we can write the asymptotic behavior of the full propagator G^(p), 
(ID. 1461) . for the momentum going on-shell aqj 

Gihip) > — ^- ^ it- + regular terms , (D.154a) 

p 2 ->m'f p 2 - mf 

V (v) V (v) 

G*(-P) > 2 2 + regular terms, (D.154b) 

where we denoted 

Uiip) = X(m 2 )e iUi (p), (D.155a) 
Viip) = Xim^eiViip) (D.155b) 

and their Dirac conjugate defined in the usual way as U = W^7o, V = V^7o (interpretation of 
these symbols is discussed more below in section [D.5.2j) . The symbol is the z'th canonical basis 
vector of n-dimensional flavor vector space, i.e., with the j'th component given by (ej)j = <5jj. 
Symbols Ui(p), Vi(p) are the standard bispinor solutions of the momentum-space Dirac equatiorjj 



(f - m^ Ui{p) = 0, (D.156a) 
(f + mi)vi{p) = 0. (D.156b) 

Having defined the momentum-dependent matrices V(p 2 ), U(p 2 ) (Eq. f lD.142j) ). it is now 
useful to define their momentum-independent counterparts V, U in such a way that their 
elements on position i,j are given by 

(V) tJ = (UK 2 )),,, (D.157a) 
(U) tJ = (U(m 2 )) tJ} (D.157b) 

3 There is no summation over the fermion index i. Any summations over the fermion indices will be always 
denoted explicitly. 

4 We suppress the polarizations indices in Eqs. (|D.156p as well as sums over them in Eqs. (|D.154|) . 
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i.e., explicitly 



V 
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We can also for convenience define the constant matrix X as 

X = V^P L + WP R . 



(D.158a) 



(D.158b) 



(D.159) 



Obviously, for constant (momentum- independent) U, V we have V — V, U — U and conse- 
quently X = X. In this case the matrices V, U and X are also unitary, which need not to be 
true in general. 



D.5.2 Interpretation of the U, V symbols 

Let us add a brief comment on how to interpret the symbols £/j, Vj. Assume for that purpose 
that the self-energy is a constant (i.e., momentum-independent) matrix, i.e., effectively a 
mass matrix in the Lagrangian. Then the plane-wave solutions to the Dirac equation 

(i#-E^ = (D.160) 

with positive and negative energy (we assume p > 0) read 

i) + (x) = U(p)e~ [p - X , (D.161a) 

tfj.(x) = V(p)e +ip - x , (D.161b) 

where the quantities U, V satisfy 

-S^)W(p) = 0, (D.162a) 

+ S^)V(p) = 0. (D.162b) 

Now using = XWJi with M = diag(mi, . . . ,m n ) (i.e., momentum-independent version 
of Eq. (1D.145|) ) we arrive at 

U(p) = ^le^,^) = ^Uiip), (D.163a) 

i i 

V(p) = ^Xe.^E^Vib), (D.163b) 

i i 

which (for momentum- independent X) coincides with definitions (lD.155h . Thus, we can under- 
stand the symbol Ui(p) (Vi(p)) as the polarization vector of the fermion (antifermion) of z'th 
flavor with mass mj, or as a generalization of the usual polarization vector U{(p) (vi(p)) in the 
case of multicomponent fermion field ip. 
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Appendix E 

Nambu— Gorkov formalism for scalars 



In this appendix we redo for scalars the analysis done in the previous appendix for fermions, 
although this time in much more modest way. That is to say, we consider an unspecified 
number of complex scalar fields and look for a notation (scalar version of the Nambu-Gorkov 
formalism), allowing for a compact treatment of their propagators and other quantities. 

E.l Nambu— Gorkov doublet 



Consider n complex scalar fields 



1, . . . , n, organized into the n-plet 0: 
( 01 ^1 

\<Pn J 



(E.l) 



Assume that the theory containing this multi-component field <fi is non-invariant under the 
phase transformation 



U(l) 



(E.2) 



at this moment regardless whether due to explicit or spontaneous symmetry breaking. In any 
case, non-invariance under (IE.2j) means that apart from the propagators of the type ((fx/)'), 
invariant under (IE.2j) . there will be also non- vanishing propagators of the type (0</> T ), non- 
invariant under (IE. 21) . 

In order to treat this situation, we introduce, similarly to the case of fermions (section ID. 31 
of previous appendix), the Nambu-Gorkov field $ for scalars, defined in terms of the field <j) as 



(E.3) 



Here <p c is the charge conjugate of 4>, defined aa3 



f4\ 



(E.4) 



1 This time, in contrast to fermions, we do not dedicate a separate appendix to the charge conjugation of 
scalars. 
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Thus, $ is explicitly given as 



0tT 



(E.5) 



WW 



Notice that charge conjugation of $ is given as 

$ c = 

or in other words, it is just a linear combination of $ itself: 

$ c = eri$. 



(E.6) 



(E.7) 



where 01 operates in the two-dimension Nambu-Gorkov space. Compare this relation with 
analogous Majorana condition (IC.ip for fermions. 

E.2 Free Lagrangian 

Assume that the free Lagrangian of the field is 

Uee = (8^(8^) -^M^, (E.8) 

where M 2 is a Hermitian n x n matrix. Notice that we assume for simplicity, regarding the 
applications in the main text, that the free Lagrangian ( 1E.8P is actually invariant under the 
phase transformation ( ]E.2|) . In terms of the new field $ it acquires the form 



C ivcc = l -(d^)\d^)- l -&Ml<5> 



where 



Ml = 



M 2 



< Mf 
The free propagator of the field </>, 

iD^ = (00t) o , 

corresponding to the Lagrangian (1E.8|) , reads of course 

D, = (P'-MIY 1 
The corresponding free propagator of the field $, 

is easily expressed in terms of as 





DJ 



(E.9) 

(E.10) 

(E.ll) 
(E.12) 
(E.13) 

(E.14) 



E.3. PROPAGATORS 



275 



E.3 Propagators 



Consider now the full and 1PI propagators of the Nambu-Gorkov field $: 

tf) (00 Ct ) 
) c c t) 

. / A B \ 
= 1 



(0 c 0t) 



and 



-ilL 



ipi 



ipi 

(0 C f )lPI 

a b 
c d 



ct) 



IPI 



^ c ct >lpl 



(E.15a) 
(E.15b) 

(E.15c) 

(E.16a) 
(E.16b) 

(E.16c) 



respectively. Notice that both propagators indeed include the components invariant under (IE.2j) 
(i.e., the diagonal entries in the matrix forms (IE.15bj) . (IE.16bj) ). as well as the components non- 
invariant under flE.2j) (the off-diagonal entries). Notice also that the expressions (IE. 15[) . (IE. 16|) 
diagrammatically correspond to 



(E.17) 



- # -o-- 



V 



o 
o 



o 
o 



/ 



The condition (IE.7|) for $ induces the following conditions for the propagators: 

Imposing these conditions on the matrix forms (1E.15cH and (1E.16c[) we find 

B = B T , 
C 
D 

and 

b 



C 1 



A i 



c 
d 



d T . 



(E.18) 



(E.19a) 
(E.19b) 

(E.20a) 
(E.20b) 
(E.20c) 

(E.21a) 
(E.21b) 
(E.21c) 
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respectively. 

Moreover, one can assume that the propagators are Hermitian: 



G$ = G\, (E.22a) 
n$ = Iljj,. (E.22b) 



This yields 



A = A\ (E.23a) 

C = B\ (E.23b) 

D = D\ (E.23c) 

and 

a = a\ (E.24a) 

c = 6 f , (E.24b) 

d = oft. (E.24c) 

As a result of the two conditions (IE. 19[) and (IE.220 we obtain 

G* = ( # * T ) , (E.25) 
a 



n $ = ( , a t i ) , (E.2G) 



where 



and 



A = A\ (E.27a) 
B = B T , (E.27b) 



a = a f , (E.28a) 
6 = b T . (E.28b) 



E.4 Another basis 

The relation (IE. 71) resembles the Majorana condition (1C.1I) for fermions. Indeed, while Majorana 
fermion field is a real field, so is also the scalar field satisfying condition (1E.7j) . This can be 



seen more clearly in another basis. The complex field <fi can be decomposed into its real and 
imaginary part 

= -Lfa + ifa) (E.29) 



in such a way that 



V2' 



ifl - • (E.30) 
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Now we can define a new, strictly real field $' in terms of 4>r, cj)f. 

$' = ( t R ) . (E.31) 



n 

It is now straightforward to see that the fields $ and are actually related by the linear 
transformation 

$ = U& , (E.32) 

where 

^ -!(;_;) (E.33) 

is a unitary matrix. Now in terms of $' the condition ( 1E.7j) just reads 

$' c = (E.34) 

As we do not use the basis extensively in the main text, we do not present here expression 
for the propagators and other quantities in its terms. Nevertheless, let us, just for curiosity, 
observe how the free Lagrangian (1E.9P looks in it: 

Uee = \{d^{d^')-^Ml^' , (E.35) 



where 



M|, = U^MlU (E.36a) 



2 1 -mi - Mf ) Ml + M t 



2T 



(E.36b) 



Notice that mass matrix M|, in the strictly real basis $' is not only Hermitian, but also real, 
due to Hermiticity of M?. 
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